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1 Introduction

Given a sequence of initial points pl.o €R? i=0,...,n+1, we consider the general corner cutting scheme
defined by the subdivision rules

i =(—a)pf +aipl,, Py =B ol +1=B1IpS, (1)
for k=0,1,2,... and i =0,...,2¥n, where
k k k_ ak
a; >0, B; >0, 1—a;—p; >0. 2)

Denoting by P, the polygonal chain that is formed by connecting the points po" Yooy lei .41 With line segments,
the corner cutting scheme (1) for creating P, from P, can be understood as follows. We first generate the
points pS™! and pft} by trisecting each line segment [pf, pX || of Py in the ratio a¥ : 1—a* — ¥ : F. We

then keep the central pieces [ pzkl.“, pzkl.frll ], i=0,...,2%n of the trisected line segments and connect them with

new line segments [ pzkl.ﬁll, pzkl.“], i=1,...,2%n, which cut off the corners of P, (see Figure 1). Since the cut
ratios a¥ and ¥ may depend on both k and i, this scheme is non-uniform in general.

Note that scheme (1) can also be applied to a closed initial control polygon with n vertices p/,..., p? by
simply setting p? = p? and p?, | = p? and making sure that af = af, and ¥ =Bk for k>0, so that the first
and the last segment of each P, are identical and trisected in the same ratio.

Uniform corner cutting schemes with a;.‘ = ﬁik = w > 0 for all k and i date back to the work of de
Rham [7, 8], who studies the case w = % and proves that the sequence (P;) converges to a differentiable limit
curve P =lim_,, P. Helater generalizes this result[9] and shows that the limit curve P is continuous (C°) for

any w < % and continuously differentiable (C!) for any w < % He also discovers that P is a piecewise quadratic

k
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Figure 1: The corner cutting scheme (1) creates the polygonal chain P, from P, by first trisecting each line segment
[pk,pk,] of P in the ratio a* : 1—a¥ — BF : B¥ to give the new points pX+! and p}*!, and then replacing each corner

[pk+l, pk, pk+1] with the line segment [ pf*!, pf+1]
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Figure 2: Initial data, data generated by the first three subdivision steps, limit curve, and signed curvature of the limit
curve (from left to right) for the uniform corner cutting scheme with w = } (top) and the non-uniform corner cutting
scheme with cut ratios in (5) (bottom).

curve for w = ;11 (see Figure 2, top), a fact that was independently observed by Chaikin [3] and proven by
Riesenfeld [22], who more specifically notes that the limit curve is the quadratic B-spline with control points
pe,...,pY,, and uniform knots (—2,—1,..., n+2). For the asymmetric setting, where a¥ = @ >0and f = >0
for all k and i, de Rham [10] further proves that P is C°,ifa+ 3 <1and C!,if2a+ f<1and a+28 < 1.

Gregory and Qu [17] generalize de Rham’s results to the non-uniform setting, where the cut ratios may
depend on k and i, and show that the limit curve is C 0 if

a>0, B >0, a+p<l, 3)
and C!, if _ _
a>0, B >0, 2a+pB <1, a+2p <1, 4)
where
a= lim miinai.“, Ezk@omiaxaf, B = lim miin[jl.’C ﬁ:k@omiaxﬂik.
k—o0 k—o0

Even more general corner cutting processes were studied by de Boor, who proves that they always work
in the sense that the sequence of generated polygonal chains converges uniformly to a Lipschitz continuous
curve [5]. Moreover, he shows that the limit curve is C! if all the corners of the polygonal chain flatten
out in the limit [6], similar to how De Rham [7, 8] establishes the tangent continuity of the limit curve in
the symmetric uniform case with w = %, and presents an example to illustrate that this condition is not
necessary. Paluszny et al. [20] improve these results by providing a sufficient and necessary condition for a
corner cutting process to generate a C'! limit curve and by pointing out that condition (4) is not necessary.
More recent work analyses non-uniform corner cutting schemes with local tension parameters [14] and for
generating exponential B-splines [18], and in both cases the limit curves are shown to be C'.

1.1 Contribution

So far, there exists no corner cutting scheme that generates curvature continuous (G2) limit curves. The goal
of this paper is to derive such schemes. For example, the non-uniform scheme with cut ratios

: ifk=0, & if k=0,
, if jF =0, ; if j =0,

k k Y
a. = ;= (5)
C vk, i =2, i

i i

W= o=

w(jF),  otherwise, w(—jF), otherwise.

fork>0andi=0,...,25n, where

i¥=((i+2"")mod 2¥)— 2% (6)
and
o(j)= 6j2—6j+1 w(_)_(6j2—6j+1)(2j+1) @
D= a3j—2)4aj-1) P s p—naj-n

generates G2 limit curves (see Figure 2, bottom). In Section 2 we explain how to derive the cut ratios in (5),
and we extend this basic scheme in two different directions in Sections 3 and 4.
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Figure 3: Notation used in Proposition 1 (left) and Proposition 2 (right).

2 The basic scheme

The reason why the non-uniform corner cutting scheme with cut ratios in (5) generates G2 limit curves is
rather simple: the limit curve is the C? cubic B-spline B: [0,2r] — R? with 2n + 3 control points
0 1,0 0 0 10,0, 0 0 0 10,0, 0 0

Py f(po +p ), by f(pl +p, ) Py Pn Q(P,, +Pn+1), Pra 8
and uniform knots (—3,—2,...,2n + 3). To prove this property, we recall an important feature of any corner
cutting algorithm, namely that the limit curve is tangent to all line segments of the polygonal chain P, at all
levels k. In turn, this implies that every point pl." is the intersection of two lines that are tangent to the limit
curve. Before applying this observation to our basic scheme, let us first study such intersection points in
general.

Proposition 1. Given a differentiable parametric planar curve F : R — R? and some t € R, the intersection
point sy, of the lines tangent to the curve at F(t) and F(t + h) for any h # 0 (see Figure 3, left) exists and can be
expressed as
det(F(t+h)—F(¢t), F'(t+h
ShZF(t)'i'AhF/(t), Ah: ( ( ) ( ) ( ))
det(F/(t), F/(t +h))

€)]

as long as the two tangent lines are not parallel.

Proof. 1f the two tangent lines are not parallel, then det(F (¢), F'(t + h)) # 0 and there exist A, u;, €R, such
that s, = F(t)+ A, F’(t)and s, = F(t + h)+ u, F'(t + h). Therefore,

MF'(t)=F(t+h)—F(t)+u, F'(t +h)

and further
det(A, F'(t), F'(t + h))=det(F(t + h)— F(t)+ u, F'(¢t + h), F'(t + h)),

which, after solving for A;,, gives (9), because det(F’(t +h), F'(t+ h)) =0. O

Proposition 2. Given a differentiable parametric planar curve F : R — R? and some t € R and assuming that
the intersection points s_oy, S_p, Sp, Son, Of the tangent line at F(t) with the tangent lines at F(t —2h), F(t —h),
F(t+h), F(t +2h) exist uniquely and that s_,j, # s,j, (see Figure 3, right), s_;, and s;, can be expressed as affine
combinations of s_p;, and S,p,,

sop=(1—a)s_pp +a sy, Sp=Ps_on +(1—B) S,
where
_An—Aan _ on—2n
Ao —Aap Aop—Aan

Proof. By (9), the intersection points s_»,, S_j, Si, o, are the images of A_,j,, A_j,, A;,, A»;, under the affine
map ¢(A) = F(t)+ AF’(t). The statement then follows from the fact that

Ap=(1—a)Ao, +aAzp, An=PBAon+(1—) A2,

which can be verified easily. O



Figure 4: Bézier control points ¢/, m =0, 1,2,3 of the cubic pieces C; of the limit curve for j =2i and j =2i+1 (left) and
simplified notation for the first piece of the limit curve (right).

Now it is time to go back to the limit curve of our basic scheme, the uniform cubic B-spline B with control
points in (8). Convertlng this curve to piecewise Bézier form [16, Section 7.6.3.1], we find that the control

points co , clj, 62’, 03 of its 2n cubic pieces C;: [j, j +1] —R?, j=0,...,2n—1are
2i _ 1,0, 0 2i41 _ 1 0
Col =3(p; + P ¢ =1(p +10p.,, +p;,)
1 2i+1 _ 1
§(pz +2pz+l) G " 5(5p1+1+pl+2)
1 241 _ 1790 0
=35/ +5pz+1) ¢ =32p P,
2i 241 _ 1,0
C3l =/ +10pz+1+pz+2) &' =3P i)
fori=0,...,n—1 (see Figure 4, left). Note that
Clzz' _ %(6021'4_622;'), ngi _ %(622i+ci2i+1)= Cozm, szm 2(02’+1+02’+1
and that the cut ratios in (5) for k = 0 are chosen such that
_ 2i+1 _
G =P G =P

Let us now focus on the first piece of the limit curve and omit the piece index j = 0 for simplicity. That is,
we consider the cubic Bézier curve C: [0, 1] — R with control points

Co= %(pol-'-pll)v €= %(CO-"CZ)! C2=p11’ 3= %(Pll"'le)» (]-O)

shown in Figure 4 (right). As C is tangent to the line segments [p], p!] and [p}, p} ] at its endpoints, we
observe that p/ is the intersection point of the tangent lines at C(0) and C(1). More generally, we will see
that the points pik generated by the corner cutting scheme with cut ratios in (5) are the intersection points of
lines tangent to C at certain dyadic points, but we first need to simplify the statement of Proposition 1 for
this specific curve C.

Corollary 1. Given the cubic Bézier curve C:[0,1] — R with control points in (10) and some t €[0,1], the
intersection point s, of the lines tangent to the curve at C(t) and C(t + h) for any h # 0 with t + h €[0, 1] exists

and can be expressed as

B , _ h@t+2h)
sp=C(1)+2,C(1), Ah——3(2t+h) , (11

as long as py, p?, and p)) are not collinear.
Proof. By the properties of Bézier curves [16, Section 5.6.2],

C/(t) :S(Cl —Co)(l— t)z +6(Cg_ Cl)(l_ t)t +3(Cg—62)t2,
C”(t) :6(C2—2C1 + C())(l_ t)+6(C3_2C2 + Cl)t,
C"(t)=6(c3—3c,+3¢;—cp),

and after substituting ¢; = %(co + ¢,), we find that
C'(1)=3(c;—cp)+3t°C" (1),
C"(t)=tC"(1), 12)
C"(t)=6(c3— ) —3(c2— o).



Figure 5: Notation used in Corollary 2.

As C is a cubic curve, we have, by Taylor expansion,
C(t+h)=C(t)+hC'(t)+3h*C"(t)+ gh*C"(1)
=C(t)+hC'(t)+ é(?)t +h)h2C"(1)
and
C'(t+h)=C/(t)+hC"(t)+ %hzc”/(t)
=C'(t)+ %(Zt +h)hC”(1).
Inserting both into the formula for A, in (9) and abbreviating C’(¢), C”(t), C"(t) by C’, C”, C"”, we get
det(hC’+ (3t + W)R2C”,C'+ 32t + h)hC™)  &(3(2t + h)—(3t + h))h? det(C’,C")

" det(C’, C'+ L2t + h)hC) - L2t + h)h det(C’, C™) ’

which simplifies to the expression for A;, in (11) after cancelling & # 0 and det(C’, C””). The latter is valid,
because (10) and (12) imply that

det(C’,C")=9det(c, — ¢y, c3— ¢2) = 3 det(p! —p), p) — ),

which vanishes if and only if p?, p, and p; are collinear. Note that the conditions on ¢ and h guarantee that
(2t + h)#0, so that A, is finite. O

Corollary 2. Given the cubic Bézier curve C:[0,1] — R with control points in (10) and assuming that p{, p;,
and py are not collinear, the intersection point s* of the tangent lines at C(t}5') and C(tF), where t* = i /2¥, is
identical to the point pl.k generated by the corner cutting scheme with cut ratios in (5) fork > 1andi=1,...,25!
(see Figure 5).

Proof. We first note that all intersection points exist by Corollary 1. We then prove the statement by induction
over k and recall that the base case (k =1, i = 1) was already observed above (see Figure 4, right). For the
inductive step, we use Proposition 2 with 2 =1 /2% and t = tl.k*I =2ih, hence

2(3i—2) _23i-1) _2(3i+1) _2(3i+2)
_mh, A‘—h = h A«h —_ h, A'Zh —_ 3(21+ 1) y

A-on= 341" 3(4i+1)

by (11), to conclude that

k+1 k k k41 k k
s =(—ap; +apg,, Sy = Bp; +0=PBpy

fori=1,...,2¥1—1, where

Bi-1) | (3i-2) (Bi+2) _ (3i+1)

A=Ay @iy T e o) p= Aop—An  (@iD) @i+ _ (i)

- _ T Bi+2) | Bi—2) ’ - _ T @it | Bi—2) VD
Aop—Aon  BHE 4 B Aon=A2n G + o

which are equal to af and /jl.k in (5), because jl.k

It remains to show the statement for p**! and p)i*'. We start with p**!. On the one hand, using h =1/2*

and ¢ =0 in Corollary 1, we find that sF = C(0)+ A,, C’(0) and s}*! = C(0)+ 2, C’(0), hence

=1i.

A _

k+1 _ = =
Az

st =(1—p)C0)+pus! =(1—p)ey+upf, u

N | =



On the other hand, since af = £ =} for k > 1 implies ¢, = 3(p¥ + p¥), we have

Pt = By + (1= BEpf =(1—Deo+ 3pf

k+1

and therefore p,

sk*1. Similarly, using h =1/2* and ¢ =1 in Corollary 1, we get

A (3=2h)(1—h)

k+1 __ = —
’ b~ e—hB—ny

S =(1— ) C)+ sk, =(1—p)es+upy.,

and since af, , = X, =v(2¥1) for k > 1 implies c; = 3(pk_, + pk._. ), we have

141

p2k’“+1 =(1- agk—l)pzljc—l + a;Ck—l lejc-1+1 =(1 _ZU(Zk_l))pzljc—l +2v(2F ey

and consequently p&™ = sk, because

T —an+1 _ 3-6h+2h* 1-p
22—z +(—5;+2) 22—h)3—4h) 2 0

v ) =v(z;) =

To extend Corollary 2 to the other cubic pieces C,, of the B-spline B, observe that the points pl.k corresponding
to C,, are those with indices k > 1and i =2*'m+1forl =1,...,2¥!. If m is even, then any such i is mapped
to the local index j¥ in (6) exactly as in the case m =0, namely j* =1 for/=1,...,2¥!—1and jF =—2%"1
for [ =271, and the proof remains the same, because (af, BR)= (af, Jé} lk )- The situation is slightly different for
odd m, since ¢, = %(cl’" + ¢;") in this case, while ¢" = %(com + ¢,"") for even m. We thus need to “mirror” the
indices and ensure that the cut ratios (oc;.C , ﬁik ) are identical to (ﬁzkk,l_ I a;‘k,]_l ). But this is exactly the reason for
the definition of j¥. If m is odd, then i is mapped to j¥ = 1—2F71, so that a¥ = w(j¥) = w(—(2F1=1) =B,
and similarly for .
We are now ready to wrap up our results and prove that our basic scheme generates G? limit curves.

Theorem 1. The sequence of polygons (P) generated by the corner cutting scheme with cut ratios in (5) con-
verges to the uniform cubic B-spline B with control points in (8) and thus to a curvature continuous limit curve.

Proof. On the one hand, it is straightforward to show that v(j
with v(1) = é, w(l)= %, and limj_,Oo v(j) = limj_,Oo w(j)=

—

and w(j) in (7) are strictly increasing for j > 1
. Similarly, w(—j) is strictly decreasing with

=

o(—1)= 1 and lim jmoo W(—J)= 1. Therefore, a =8 = é anda=p= %, so that the Gregory-Qu condition (4)
is satisfied and the limit curve P =lim;_,, P is guaranteed to be C'.

On the other hand, it follows from Corollary 2 that P, for k > 1 agrees with the first cubic piece C, of
the limit curve B at the dyadic points tl.k‘l for i =0,...,251 and, as explained above, the same holds for the
other cubic pieces C;, j=1,...,2n—1 and the dyadic points ¢}~! for i =2%71,..., 2k n. Therefore, P agrees
with B on the dense set of dyadic points in [0,27r], and as P is continuous, it must be identical to B, which
is G2, because it is C? and regular.

Note that the case of collinear points p?, p?, and pJ that we excluded in Corollary 2 can be dealt with by a
continuity argument. Just move p by some ¢ > 0 in a direction that is not parallel to p; —p?, so that the three
points are not collinear anymore and the convergence of (P,) to B follows as above, and thenlete — 0. O

We can further show that the convergence order of our basic scheme is quadratic.

Proposition 3. The distance between B and P, is on the order of h?, where h =1/2*.

Proof. Without loss of generality, we focus again on the first piece of B, that is, the cubic Bézier curve C with
control points in (10), and more specifically on the interval [#, ¢ + h], where ¢ = tl.k__l1 €[0,1) forsome k> 1
and some i € {1,...,25"1} and h = 1/2F. From Corollaries 1 and 2 we know that

_ (31 +4h)

k
p;=C(t)+2,,C'(1), Aap = 30+ h) e[h,3h],

and that the line segment from C(¢) to pl.k is a part of P, (cf. Figure 5). For any s €[, t + h], consider the

distance between C(s) and the point (1—u)C(t) +,upl.k on P, where u=(s—1t)/A,, €[0,h/A,,] C[0,1]. By
Taylor expansion,

C(s)=C(t +pAyp) = C(1)+uAs, C'(1)+ (1),

2
(HA;h) C//( t)

3
" (Azn) C
6



Figure 6: After an initial corner cutting step with cut ratios ? = @, and 8? = B; (cf. Figure 1), we divide the line segments
[pl.pl. Jand[pl. ., p).,] of P intheratios y;: 1—7; and §;,, : 1 —§,4,, respectively (left) and then define the control
points ¢/, m=0,1,2,3 of the cubic Bézier curves C; (right).

and therefore

(.Ulzh) (.UAZh)

CE)=(1=mCO)+ppf)="—,
which is on the order of h?, because A, is on the order of h. By symmetry, we can similarly bound the
distance between C(s) for s € [¢ + h, t +2h] and some point on P* between pf and C(r+2h)= C(¢}™"), thus
covering the whole domain [0, 1] of C. O

C”(t) C/”(t)

3 Curvature continuous cubic Bézier splines

While the basic scheme with cut ratios in (5) generates a uniform cubic B-spline in the limit, that is, a
piecewise cubic C? curve, we can modify it slightly, so that the sequence (P,) converges to a more general G2
cubic Bézier spline, also called y-spline[21, Section 7.3]. To this end, suppose we are given ¢;, 3;, and y; with

ai>0, ﬂi>0r '}’i>0, 1—’)fi>0, 1—ai—ﬂ,->0, (13)
fori=0,...,n, and define

i(1=1)1—a;—B))— Ve fi(l—r)rim(—a; — B — i1 — Bis1)

5. = , (14a)
l+1 ai(1=ry)A—a;—B)—Bivin (1 —ai1 — Bis1)
if the denominator a; (1 —7;)1—a; —B;)—B;7i+1(1 — ;41 — Bi11) does not vanish, and otherwise
1
5i+1 - E, (14b)

fori=0,...,n—1. We now use @; and f3; as cut ratios for the first step of the corner cutting scheme, resulting
in the polygonal chain P, with points

Py = —a)p +aipl,, Pi1 = Bip! +(1=BIp,y, (15)

for i =0,...,n. We then divide the line segments [pzli, P, +1] in the ratios 7; : 1 —7; and the line segments
[pzll.ﬂ, pzll.ﬂ] in the ratios 6;,, : 1 — 0, to define the points qy, ..., g,, as (see Figure 6, left)

Goi =(1=7 )Py +YiPoss1> Gois1 =(1=8141)Pp1oy +0ir1Poiro (16)

and consider the cubic Bézier spline B: [0,2n] — R? that consists of the 2n cubic pieces C;:[j, j +1] = R?,
j=0,...,2n—1 with control points

Zi _ 2i+1 __
= Goi» C =i+
2i+1 _ 1
C z(co + Cz D, G =Py a7
Zl _ 2041 _ 1, ,.2i4+1  2i+1
p21+1’ 02 - 2(61 + C3 )’
_ 2i+1 _
03 =GQ2i+1» C3 = Qo2

fori=0,...,n—1 (see Figure 6, right).



Proposition 4. The cubic Bézier spline B with control points in (17) is curvature continuous.

1 2i—1 2i—1 —

Proof. Since cz‘ y G T e T = co , c1 , 02 are collinear, it is clear that the cubic Bézier curves C,;_,;
and G,;, for i =1,..., n, join curvature continuously with zero curvature (see Figure 6, right) Moreover, for
i=0,...,n—1, the curves Cy; and C,;4; join tangent continuously (that is, G'), because ¢Z/, (:2‘ = 02’“ c2it!
are collinear (see Figure 6, right). To verify that the joint is also G2, we recall from Farln [15 Sectlon 11.2]
that this is the case, if and only if r2 = r_r,, where

_ ||032i_022i|| _ 0in
||612’+1—62’+1|| 1-6,4
_ e =efill _ 30—y -ai—p)
IpS,—cZll Bi
HCZZH pi+1” Qi1
= :
”sz+1 2H—1“ 27’l+1 1 Ay — ﬂH—l)
Letting
p=a;n(1—r)d—a;—pB;) and 0=Bi7in(1— i1 —Bis1),

the G? condition is thus satisfied, if and only if §,,, solves

0; 2
(—“):3 = (p—0)84,—2p8i1+p =0,

1— 5i+1 o i+1
Note that 0 < p,o < 1, because of (13). If p = o, then the only solution is d;,; = %, as in (14b). Otherwise,

— /PO p+4/pPT

O =—"— or Oin1= ,
p—C p—0
but only the first solution, which is the one in (14a), is guaranteed to be strictly between 0 and 1. Indeed,
ifo<p,theno < ,/po < p and 0 < ’%T <1, but p:%? > 1. Likewise, if p < o, then p < ,/po < ¢ and
0< 2207 <1, but p—;f? <0. O

The G? cubic Bézier spline B now turns out to be generated in the limit by the non-uniform corner cutting
scheme with cut ratios

a;, 1fk=0, ﬂi’ lszo;

Ly, if jk =0, o=y, if jk =0,
af= 2V 1k Ji ﬁlk: 2U =T Ji (18)
25,ikv(—jl.k), if jk=—2k1, 2(1—5,tgc)v(—jl.k), if jk=—2k1,

w(jF), otherwise, w(—jF), otherwise.
fork>0andi=0,...,2%n, where jl.k, v(j), and w(j) are defined as in (6) and (7), respectively, and

. k

ll.k=l (lr;odZ )+1' (19)
Note that [} is used in the definition of the cut ratios only if j* =0 or jF =—2%"1. The first case occurs if
and only if i = 2~1(2m) and corresponds to the repeated trisection of the initial line segments [ p,pd., ]
m=0,...,n. In this case, [F —1=m and a¥, ¥ are defined to clip off exactly half of the line segment to the
left and to the right of g,,,, so that ¢,,, keeps dividing the remaining line segment in the ratio y,, : 1 —71,,.
Similarly, the second case, which happens if and only if i = 2¥~1(2m + 1), corresponds to the line segment
[ Py P +2], m=0,...,n—1 and guarantees that ¢,,,,; keeps dividing the remnants of this line segment
in the ratio 6,41 : 1—0,,,41.
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Figure 7: Limit curve and signed curvature of the limit curve for the non-uniform corner cutting scheme with cut ratios
in (18) for different choices of @;, 3;, and ;. The black curves are the limit curves of the basic scheme (cf. Figure 2, bottom).

Theorem 2. The sequence of polygons (P,) generated by the corner cutting scheme with cut ratios in (18)
converges to the cubic Bézier spline B with control points in (17) and thus to a curvature continuous limit curve.

Proof. We proceed as in the proof of Theorem 1 and first observe that

a= mln{g,zy,26}>0 B= min{3, 2(1-7),3(1-6)} >0,
where
y= min 7;>0, 7= max y; <1, 0= min 0;>0, 6= max5 <1,
—  i=0,..,n i=0,..,n -  i=l,.,n i=1,..
and _
a=max{z, 7,30} <3, p=max{z,;(1-7),3(1-8)} < 5.

Hence, while the Gregory—Qu condition (4) for C! limit curves is not necessarily satisfied, the weaker
condition (3) holds, and it is clear that the sequence (P;) converges to a C° limit curve P.

Similar to Corollary 2, one can then show that P agrees with the Bézier spline B at all dyadic points
in [0,2n] and must therefore be identical to B. The only changes in the arguments used in the proof of
Corollary 2 regard the case p/*!, where we now have (1— yo)a(’j =70P¢ and therefore ¢y = (1— )’O)pok +70PF
for k > 1, and the case pk“, where we need to ensure that ¢c; =(1—0;) pzli.,l +0, pzk,(,1 +1- Butthe latter is true,
because (1—6,)a 2,Cl—('ilﬂzklfork>1 O

Figure 7 illustrates the effect of the shape parameters ¢;, 3;, and 7;. On the one hand, «; and 8; can be used
to pull the limit curve towards the corners of the initial control polygon Fy. For example, if we sety; = 5
and a; = B; = { for all i and some { € (0, %), then we reproduce the limit curve of the basic scheme (see
Figure 2, bottom) for { = % and get limit curves that are closer to P, for { < é or further from P, for { > é (see
Figure 7, top left). On the other hand, y; specifies the point ¢,; at which the limit curve touches the initial
control polygon. For example, ifweseta; =f; = % andy; = é for all i, then the limit curve touches P, at the
points ¢y; = g pl. + 5 D5 n= 1 Spd+1 pi1+1 (see Figure 7, top right). While this restricts the touching points to be
(strictly) between p); and p,. , |, we can also force the curve to pass through any point g,; =(1—¢;)p +{:p?,,
that is (strictly) between pl.o and ]al.oJrl by settingy; ={;€(0,1), a; = %{ i»and B; = %(1 —{;). For example, the
curves in Figure 7 (bottom right) touch P, in the same points as the curves in Figure 7 (top right), but the
particularity of this second approach is that it gives 0;,, = % for all i, hence the limit curve is guaranteed
to touch the midpoints of the edges [ Py Py +2]. The latter can more generally by achieved by setting
y;=a;/(a; + B;) (e.g., the blue and the red curve in Figure 7, bottom left), and of course it is possible to mix
these effects, to choose a; and f; asymmetrically, and to let them depend on the index i. In all cases the
signed curvature plot confirms the G2 continuity of the limit curve.
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Figure 8: Limit curve and signed curvature of the limit curve for the non-uniform corner cutting scheme with cut ratios
in (18) for different choices of @;, ;, and 7;, which all guarantee that the limit curve is a non-uniform cubic B-spline.
The black curve is the limit curve of the basic scheme (cf. Figure 2, bottom).

The Bézier spline B with control points in (17) can also be expressed as a non-uniform y-B-spline [1, 21,
Section 7.4] D :[uy, Uy, ] — R? with knots u_s, t_,, ..., Uy,3, chosen such that the ratios of the knot distances

Aj=uj—u; for j=—2,—1,...,2n+1 satisfy

By _ 1 Vi Boiny _ 1=0in ' 20)
Boiy i Ay; 01
with arbitrarily chosen dy, 6,1 €(0, 1), 21 + 3 control points
doi 1 =p;, i=0,...,n+1,
2i—1 = P; . . ‘ @D
dZi:(l_Ti)pl‘ +Tipl'+1) l=0)---)n;
where 7; =(1+a; — f8;)/2, and corresponding tension parameters'
2a; 1-9; 20; 0;
i i Naj = 1’ ﬂl i+1 (22)

Mei-1= vill—a;—pB;) 5 i1 = 1—=r)1—a;—B;) . 1=6i

fori=0,...,n. Note that the definition of §,,; in (14) guarantees that the definitions of n,; ; fori =1,...,n
and n,;,, for i =0,...,n—1 in (22) are equivalent, and that A_; and A,,,,, can be chosen arbitrarily. As
remarked by Boehm [1], a non-uniform y-B-spline is a non-uniform B-spline, if and only if all tension
parameters are equal to one. Hence, it follows from (22) that the corner cutting scheme with cut ratios in (18)
generates a non-uniform cubic B-spline in the limit for certain choices of ¢;, ;, and y; (see Figure 8).

4 Piecewise rational limit functions

We can further extend our approach to generate piecewise rational G2 splines as limit curves. More precisely,
let us define, for any r > 0, the rational functions Ry, Ry, R,:[0,1] = R,

. 2t—rt+2r
T2 —2rt+2r

4t—rt+3r 2t 2

= " (-1, Ry(t)= ————— 17,
2t—2rt+2r( ) ()

1—1t)?, Ry(t =
( ) 10 2t—2rt+2r

Ry(1)

which simplify to the quadratic Bernstein polynomials for r = 0. Just like the latter, these functions are
non-negative, form a partition of unity, and satisfy

Ry(0)=1,  R(0)=0,  R,(0)=0, Rj(0)=—R;(0),  R,(0)=0,
Ry(1)=0, R(1)=0, R,(1)=1, R;(1)=0, R{(1)=—R,(1).
2

It follows that the rational curve S(¢t) = Zm:O SR, (1) with control points s, §;, s, € R? has the endpoint
interpolation property, is tangent to the control edges [sy, s;] and [s;, s,] at £ =0 and ¢ =1, respectively, and is

1As the name suggests, these tension parameters are commonly denoted by y;. Here we use 1); instead, because ; is already used
for some of our shape parameters.
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contained in the convex hull of its control points. If r > 0, then it is not hard to show that

3
§'(0)= E(Sl—so)y S'M)=(r+2)(s,— 1),
§"(0)= 1;1’(81_30)’ S"(M)=2(r*+r+1)(s,—s1)—(r +2)(s;— %)

and that the signed curvature of S at the endpoints is

det(s; — sy, S, — 51)
(r+2)lls,— s

ks(0)=0, Ks(1)= (23)

For r =1, we note that Ry = Bj + % B} R, = %Bl"" +B;, and R, = B}, where B} are the Bernstein polynomials
of degree 3, and hence S(t) is the cubic Bézier curve with control points s, %(so +5), 81, S, in this special case.

We now consider the spline S: [0,21n] — R? that consists of the 27 rational pieces S i j+1]— R?,
defined as

2 2
Sult)= Y 5o Rt =21), Sun(t)= s Ro(2i+21)
m=0 m=0
with control points
Sgi = Goi» Sozm =Qoiv1»
S = Do S =Py (24)
SZZi =Qoiv1» SZZHI =GQ2i+2,

fori=0,...,n—1, where pol,...,pzln and ¢,..., g, are defined as in (15) and (16). By the remark above, S
simplifies to the cubic Bézier spline B with control points in (17) for r =1.

Proposition 5. The piecewise rational spline S with control points in (24) is curvature continuous for any r > 0.

Proof. Since s?~, s?71 = 52!, s are collinear, it follows from (23) that the rational curves S,;_; and S,;, for

i=1,...,n, join curvature continuously with zero curvature. Moreover, for i =0,...,n—1, the curves S,; and
Si41 join with G! continuity, because s/, s2' = s2'*!, s2*! are collinear. To verify that the joint is also G,
it suffices to recall from Proposition 4 that this is true for r = 1 and from (23) that for any other r > 0 the
curvature of both S,; and S,;,; at the joint is just the curvature in the special case r =1, scaled by 3/(r+2). O

To derive the appropriate cut ratios of the non-uniform corner cutting scheme that generates S in the limit,

let us focus on the first piece of S, namely the rational curve S(¢) = anzo Sm Ry (t) with control points sy = gy,

5= pll, s, = ¢,. By Proposition 1, the lines tangent to S at S(¢) and S(¢ + k) intersect at S(¢)+ A, S’(¢) with

_ det(S(r +h)—S(1),S'(t + h))
" det(S(1), S/t + h)

By the partition of unity property,
S(2)=s1+(so—$1)Ro(2) + (52— 81)Ry(1) S'(t)=(so— Sl)R(;(t) +(s— 51)R£(t),

so that
B (Ro(f +h)—Ry(1))R,(t + h)—(Ry(t +h)—Ry(1))Ry(t + h)

he R)(t)Ry(t + h)— R}(t)R(t + h) ’

which, after some simplifications, can be expressed as

h(t—rt+r)((2t—2rt+3r)t +(2t —2rt+2r)h)
" @i—2rt+3r)@2t—2rt+2r)t+@t—2rt+r)h)

As in the proof of Corollary 2 and Theorem 2, it then follows that the corner cutting scheme generates the
intersection points of the tangent lines at S (ti’“:ll) and S(tF1) as p} for k > 1, if we use the cut ratios

A=A Agn—A 1
k_ An—Aop r 2h — A . .
e = thh=—and t=2ih,
% Aon —Aop hi Ao —A_an b 2 2 Z

11



a=Pfi=1ri=5nc{8 s} a;=% Bi=tri=< re{1,210%}

Figure 9: Limit curve and signed curvature of the limit curve for the non-uniform corner cutting scheme with cut ratios
in (25) for different choices of a;, 3;, 7;, and r;. The black curve matches the green curve in Figure 7 (bottom left).

fori=1,...,2k1—1, aswell as

A A . 1
GSZTO_A:;’ ﬂéC:(l—Yo)A—Zhh Wlthhzz—kandt:O
and
Aop—A_ Aop—A_ 1
agk,lzglﬁ) ﬁzkk—lz(l_al)ﬁ Withhzz—kandtzl.

Like before, the same cut ratios must be used for the points corresponding to the other pieces S; of S with j
even, while they need to be mirrored for the pieces S; with j odd. Moreover, the parameter r can be replaced
by a local parameter r;, for every pair of pieces (S,;, S»;11), i =0,..., n—1. After simplification, this gives the
cut ratios

a;, 1fk=0, ﬁi’ lszoy
O Rt if =0, Bl = 30=7p), if jf£=0, (25)
' 26 u(=jk 1k, if jE=—2F1, ' 20=6 1 u(=jf, 1), if jF=—2F1,
w(jk, k,15), otherwise, w(—jk k1), otherwise,
where
22+1)j*—6j+(2—
o, )= ( Tl)'J 1'( 1)
22+ n)j—2)(4j—2-mn)
and

(2%(6j2—6j+1)r; + 4112 — 1) — 1A — r))(2F (27 + 1)ry +4171(j + D(1 —17))
4(2K(3j2— 1)y +41j1( + 1)(j — 11— rp))(2%(4j — D + 4112 — 1)(1— 1))

and j¥ and [ are defined as in (6) and (19).

Figure 9 illustrates the effect of the additional shape parameters r;. Setting all r; = 1 reproduces the
Bézier splines from Section 3 in the limit, decreasing r; pushes the limit curve away from p,), | and p,,, and
increasing r; has the opposite effect. As all r; — 0o, the limit curve converges to P;, in contrast to the role
of @; and B;, which can be used to let the limit curve converge to P, as all ¢;, ; — 0. Moreover, if a; = f8; = %
and r; — 0 for all i, then the limit curve converges to the quadratic B-spline (cf. Figure 2, top) with only
piecewise continuous curvature.

The rational spline S with control points in (24) can also be expressed as a non-uniform rational y-B-
spline [2] D : [ug, Uy, ] — R? with knots u_s, U_y, ..., Us,43, chosen such that the ratios of the knot distances
Aj=Uj—U;j for j=—2,—1,...,2n+1 are as in (20), weights’

w(j, k,1)=

’

2ri+1 r,-+2 1 rl-+2 2ri+1
= y Vei—a = , V6i—3 = —» Vei—2 = y Vei—1 =
6i—4 3ri 6i—3 r; 6i—2 37',- 6i—1 3ri

y V6i=1

fori=1,...,n, control points as in (21), where

_ltai—p; + 1—a;—p;

o= Q=7 Y =7 Veiro )
! 2 2

2y;i—1+
( l (I=7)Vei—2 Veir1 + Vi Vaira Vei

2These are the rational weights associated with the 67 + 1 Bézier control points of the 27 rational cubic pieces of D.
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with y_, = rg—;f, Vo= 2;"—;1, Venil = zg”rflfl, Vensz = rg;i:rlz for any ry, 1,41 > 0, and tension parameters
1 2a; 1-6;
Mei-1= Veie Yill—a;—p;) 6;
_ (I—=7:)V6i1+7iVein1
e (=7 Vi Voirr T Vi Veira Voicr
1 2B 01
Nit1= :

Voira A=rd)l—a;—p;) 1-06;n

fori =0,...,n. Clearly, ifall r; are equal to one, then all weights v ; are equal to one, and the limit curve is anon-
rational y-B-spline. Moreover, the limit curve is C? if the tension parameters satisfy certain conditions [2],
that is, for specific choices of a;, B;, v;, and r;.

5 Conclusion

The primary objective of this paper is to demonstrate that non-uniform corner cutting is capable of producing
limit curves that are smoother than those generated by uniform corner cutting. In this sense, it complements
the work by Dyn et al. [11], who obtain a similar result for interpolatory 2-point and 4-point schemes,
albeit with an entirely different approach. One may object that the schemes presented above generate only
curves for which an analytic parametric representation is available, but we recall that the theory of uniform
subdivision, apart from the pioneering work by de Rham [7, 8, 9, 10], has similar origins. In fact, the topic
became popular only with Chaikin’s (re-)discovery of the corner cutting scheme for quadratic B-splines [3]
and the subsequent generalization for obtaining uniform B-splines of arbitrary degree via subdivision [19],
that is, with schemes that generate known limit curves.

However, we are aware of the fact that the real challenge lies in identifying non-uniform corner cutting
schemes for curvature continuous limit curves that are not known a priori, and further exploration is needed
to develop suitable tools for analysing such schemes, which go beyond the well-established methods of
asymptotic equivalence [12, 13], asymptotic similarity [4], and proximity [24, 23]. Our first experiments in
this direction indicate that this will be very challenging. Whereas the smoothness of uniform subdivision
schemes is usually quite stable with respect to small modifications of the weights of the rules, as long as the
weights continue to sum to one, it seems as if the curvature continuity of the limit curves obtained from
the corner cutting schemes above is lost as soon as just a single cut ratio a:.c or ﬁik is perturbed slightly. This
shows that it is not sufficient to guarantee a certain limit behaviour of the cut ratios as k — oo, but that most
probably a more holistic condition needs to be satisfied, which involves the cut ratios for all k and all i.
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