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Abstract
The problem of creating global parametrizations of triangulated surfaces is fundamental
for many applications in computer-aided geometric design (CAGD). Although several solutions to this problem exist, most of them become considerably slow as the number of triangles increases, because large, ill-conditioned
problems have to be solved. We show how the
hierarchical representation of a triangulated
surface can be exploited to establish a strategy that is similar to multigrid methods and
guarantees fast convergence rates.
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Introduction

The creation of global parametrizations of triangulated surfaces is required by many applications in CAGD, e. g.:
• surface fitting, where a discrete set of
measured or computed 3D data points
is approximated by a smooth parametric
surface [6, 7, 8, 11, 13],
• texture mapping, where color information
is deﬁned in the parameter domain and
mapped onto a 3D object to make it look
more realistic [1, 4, 14, 15, 21] and
• remeshing, where the triangulated surface is converted into a mesh with subdivision connectivity, so that multiresolution analysis and subdivision techniques
can be applied [5, 12].
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The general problem can be stated as follows:
Given a set of data points Pi ∈ IR3 , triangles
Tj = ∆(Pj0 , Pj1 , Pj2 ) and a parameter domain
Ω ⊂ IR2 , ﬁnd parameter values pi ∈ Ω, one for
each data point Pi , such that the topology is
preserved, i. e. the triangles in the parameter
domain tj = ∆(pj0 , pj1 , pj2 ) must not overlap.
The local problem, i. e. parametrizing a set
of points W0 , . . . , Wn surrounding a reference
point V , can easily be solved by an exponential mapping:
wi − v = Wi − V ,

Γi
γi = n

j=0 Γj

,

for i = 0, . . . , n, with Γi denoting the angle
between the edges Wi V and Wi+1 V and γi deﬁned resp. (cf. Fig. 1). But the global problem
is more complicated and has been dealt with
in several papers before.
Bennis et al. [1] propose a method that is
based on diﬀerential geometry: isoparametric curves of the surface are mapped onto
curves in the parameter domain such that the
geodesic curvature at each point is preserved.
The parametrization is then extended to both
sides of that initial curve until some distortion
threshold is reached. But this method, as well
as the one presented in [14] by Maillot et al.,
require the surface to be split into several independent regions and can therefore not be
considered as solutions to the global problem.
Ma and Kruth [13] project the data points
Pi onto a base surface S : Ω → IR3 and the
parameter values of the projected points are
taken as pi . But since this method may produce folds in the mapping when the shape of
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Figure 1: Local exponential mapping.
the base surface is not close enough to that
of the triangulated data, it is not suitable for
arbitrary data sets.
The approaches in [5, 7, 8, 16] choose an
initial parametrization of the boundary points
and minimize an edge-based energy functional
E=


1
cij pi − pj 2
2 {i,j}∈Edges

(1)

to determine the parameter values of the interior points. The edge coeﬃcients cij can
be chosen in diﬀerent ways, but in all cases,
minimizing (1) is equivalent to solving a nonsingular sparse matrix system, that is (apart
from Floater’s method [7]) even symmetric
positive deﬁnite.
But unfortunately, the smaller the ratio of
the number of boundary and interior points is,
the more ill-conditioned the matrix becomes,
i. e. the condition number grows and the matrix is near to singularity. Therefore, direct
methods (like LU decomposition or Cholesky
factorization) may produce signiﬁcant roundoﬀ errors and iterative methods (like GaussSeidel or Conjugate Gradients) may show intolerably slow convergence rates.

Another parametrization method has been
introduced by Hormann and Greiner [10].
They determine the parameter values pi by
minimizing a functional that measures the
deformations of the atomic linear functions
fj : Tj → tj that map the surface triangles
Tj = ∆(Pj0 , Pj1 , Pj2 ) to the corresponding parameter triangles tj = ∆(pj0 , pj1 , pj2 ), thus resulting in a parametrization with minimal distortion.
In contrast to the energy functional (1),
their deformation functional is no longer quadratic and cannot be minimized by solving a
linear system. Instead, they choose to optimize the functional locally for a randomly
chosen parameter value and iterate these local
optimization steps. This is comparable to the
Gauss-Seidel iteration for solving matrix systems and the convergence rate of that method
is just as bad for large data sets.
In this paper we present a method that guarantees fast convergence rates for the global
parametrization techniques explained above.
It can be compared to multigrid methods for
matrix systems and exploits the hierarchical
representation of a triangulated surface. In
Section 2 we brieﬂy explain how such hierarchical representations of meshes can be generated. Section 3 discusses the proposed hierarchical parametrization method and examples
are given in Section 4.

2

Hierarchical Meshes

In recent years, the graphics hardware of
modern computers has been optimized for
displaying and rendering the simplest geometric objects: triangles. Therefore, triangle meshes have gained a lot of attention
in the context of displaying geometric models. Modern laser range scanners, iso-surfacegenerators and many other applications generate complex meshes consisting of many triangles, often much more than a million. But
even recent graphic workstations are not capable of interactively displaying such extensive data sets. Furthermore, complex triangle
meshes are very expensive to transmit and

store. Many algorithms have been proposed
for the decimation of triangle meshes. Surveys of the large variety of techniques can be
found in [17, 18, 19].
One way to represent a triangle mesh hierarchically is to store the coarsest resolution
and add the ﬁner resolutions as detail coeﬃcients with respect to the next coarser resolution. This may be achieved by using the edge
collapse and vertex split operations (cf. Fig. 2)
to modify a mesh. Hoppe has coined the term
Progressive Meshes (PM) for this sort of hierarchical representation [9].
collapse
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Figure 2: Edge collapse and vertex split.
As shown in Fig. 2, an edge collapse reduces the complexity of a mesh by unifying
two neighboring vertices and removing the
connecting edge and the adjacent triangles.
Thus, by applying a sequence of n successive
edge collapses, an initial mesh M̂ = M n can
be reduced to a coarse mesh M 0 (see Fig. 4):
collapse

collapse

M̂ = M n −→ · · · −→ M 0 .
On the other hand, the inverse operation of
the edge collapse, the vertex split, exactly reconstructs the former constellation and an arbitrary triangle mesh M̂ can therefore be represented by a simple mesh M 0 and a sequence
of n vertex splits:
M 0 −→ · · · −→ M n = M̂.
split
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As explained in Sec. 1, the global parametrization methods tend to perform badly for large
data sets due to the slow convergence rates
of the minimization algorithms. Nevertheless, if the triangulated surface that is to be
parametrized consists of only a few triangles
or if good estimates of the optimal parameter
values are known, they perform quite well.
Therefore, the basic idea of our hierarchical approach is to generate a PM of the given
data set M̂ = M n ﬁrst and start with the
parametrization of the coarsest level M 0 of
that PM representation. This will involve
only a very limited number of triangles and
the result will be a good estimation of the
optimal parametrization of the next level M 1
which emerges from the coarse mesh M 0 by
performing a vertex split operation. This
leads to the following algorithm:
1. Build hierarchy levels M n , . . . , M 0 .
2. For i from 0 to n
(a) parametrize M i ,
(b) insert the triangles of M i+1 \ M i .
We will now explain the single steps in detail:
Building hierarchy levels. The simplest type
of an edge collapse operation is the half edge
collapse, where a vertex V simply collapses
with a neighboring vertex W0 withour changing the position of W0 (cf. Fig. 3). Since accuracy and quality of the coarser mesh levels
are not required by our parametrization algorithm, we decided to use this type of mesh
simpliﬁcation operation as it is the fastest.
W3
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The order of edge collapse operations determines the quality of the coarse mesh and
many possible PM construction algorithms
with varying trade-oﬀs of speed, accuracy and
quality have been proposed [2, 9, 20].
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Figure 3: Half edge collapse.
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Figure 4: The Stanford buddha. (a) original mesh M̂ = M 541971 with 1,087,716 triangles, (b)
simpliﬁed mesh M 13309 with 30,392 triangles and (c) coarse mesh M 0 with 3,774 triangles.
With regard to step 2(b) of our algorithm,
we keep track of the barycentric coordinates
of the collapsing vertex V with respect to
the surrounding triangle as follows: after having applied the exponential mapping to V
and the surrounding vertices W0 , . . . , Wn (see
Sec. 1), v will lie inside one of the triangles
∆i (w0 , wi , wi+1) for some index 1 ≤ i ≤ n − 1.
We store the index iV of that parent triangle and the barycentric coordinates ρV , σV , τV
with respect to the vertices w0 , wiV , wiV +1 ,
i. e.:
v = ρV w0 + σV wiV + τV wiV +1 ,
ρV , σV , τV ≥ 0,
ρV + σV + τV = 1.
This will help us to insert V later in step 2(b).
During our experiments we found out that
it is useful to collect several successive edge
collapses into m collapse groups and consider
only those mesh levels M̃ i that result after having performed these collapse groups,

thus resulting in a coarser mesh hierarchy
(see Fig. 5):
collapse

collapse

group
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M̂ = M̃ m −→ · · · −→ M̃ 0
To achieve a uniform elimination of triangles
we proceed as follows to get from M̃ i+1 to M̃ i :
• unlock all vertices of M̃ i+1
• repeat
– choose unlocked vertex V by random
– collapse V to one of the neighbors W0
– lock surrounding vertices W0 , . . . , Wn
• until all remaining vertices are locked
In each of these coarse mesh simpliﬁcation
steps, the number of triangles is reduced by
approx. 25%, i. e., #M̃ i+1 /#M̃ i ≈ 43 .
Parametrization. For each hierarchy level
i, the optimal parametrization of M̃ i is determined by using one of the methods mentioned in Sec. 1. Thereby, the previously determined parametrization of M̃ i−1 will serve

as a start value for the optimization process.
Fig. 5 shows some hierarchy levels and the corresponding optimal parametrizations for the
method of Hormann and Greiner [10].
Triangle Insertion. After having found the
parametrization of M̃ i , the vertices of the next
ﬁner hierarchy level M̃ i+1 that do not belong
to M̃ i must be inserted to proceed with the
parametrization of M̃ i+1 . For each vertex V ,
we take the barycentric coordinates ρV , σV , τV
that have been stored in step 1 and take p =
ρV p0 +σV piV +τV piV +1 as the initial parameter
value of V , where pi are the parameter values
of the vertices Wi .
Note that our locking method of step 1
guarantees the vertices Wi to belong to the
coarser level M̃ i and therefore, the parameter
values pi are well deﬁned.
The use of the barycentric coordinates has
proved to yield very good estimates of the ﬁnal, optimal parameter values, thus forcing
the optimization process in step 2(a) to converge very quickly.

4

Examples

We have tested the hierarchical parametrization method for several data sets and parametrization methods and show some results
by means of two examples in this section. In
both cases, a triangulated surface has been
parametrized using the method of Hormann
and Greiner [10].
Fig. 6 shows a face data set with 1042 data
points and 1999 triangles which has been decomposed into 10 hierarchy levels. The result
of the hierarchical parametrization method
after 700,000 local optimization steps (i. e.
70,000 per hierarchy level at an average) can
be seen in Fig. 6(c). Using the conventional,
non-hierarchical minimization technique, the
same number of optimization steps leads to
the conﬁguration in Fig. 6(d).
Clearly, the hierarchical solution is much
closer to the optimal solution than the conventional one, which is conﬁrmed by the values in Table 1. It took approx. 20 sec. on a 250
MHz R 10,000 to determine both the hierar-

parametrization
optimal
hierarchical
conventional

Fig. 6
Fig. 7
4009.09 1735.87
4010.98 1736.43
4034.79 1743.85

Table 1: Distortion energy of the parametrizations in Fig. 6 and Fig. 7
chical and the conventional parametrization.
But the conventional method would have to
run for many hours to attain a result that
were comparable to the result of the hierarchical method, since the convergence rate is
intolerably slow.
Another example is given in Fig. 5 and
Fig. 7, where a data set with 476 data points
and 864 triangles, decomposed into 9 hierarchy levels, has been parametrized. The resulting conﬁgurations after 350,000 local optimization steps (approx. 8 sec.) can be seen
in Fig. 7 and the values of the energy functional are listed in Table 1.

5

Conclusion

In this paper we have shown how the hierarchical representation of a triangulated surface can be used for creating a global parametrization of that surface. This hierarchical approach can be combined with any
parametrization technique and guarantees a
signiﬁcant acceleration of the optimization
process. The presented idea is especially useful for large data sets and in combination with
the non-quadratic parametrization method introduced in [10].
A major insight of this work is not only the
eﬃcient solution of the global parametrization problem. Our investigations have shown
how powerful hierarchical surface representations like progressive meshes are and how they
can be used to accelerate optimization problems dealing with triangulated surfaces. We
believe that these hierarchical representations
can also be used for eﬃciently solving e. g. interpolation or approximation problems and future research will be dedicated to them.

Level M̃ 9 = M̂

Level M̃ 6

Level M̃ 3

Level M̃ 0
Figure 5: Several coarse hierarchy levels of a triangulated data set (left) and the corresponding
optimal parametrizations (right).
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Figure 6: Face data set (a), optimal parametrization (b) and the result of the hierarchical (c)
and the conventional parametrization method (d) after 700,000 local optimization steps.

(a)
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Figure 7: The result of the hierarchical (a) and the conventional parametrization method (b)
after 350,000 local optimization steps (data set and optimal parametrization can be seen in the
top row of Fig. 5).
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