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1 Introduction

Given n + 1 distinct interpolation nodes x, ..., x,, with associated data fy, ..., f,, the classical interpolation
problem consists in finding a function r: R — R that interpolates f; at x;, that is,

r(x;)=fi, i=0,...,n. e))]
In the case of polynomial interpolation of degree at most #n, this problem has a unique solution, which

can be expressed in Lagrange form as
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While this form is advantageous for theoretical analysis, its evaluation requires O(n?) operations and can be
numerically unstable. It is advisable to consider instead the first barycentric formof r,
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with the Lagrange weights w; defined as
ﬁ 1
w; = , i=0,...,n. 3)
j=0,j#i X1 TN

The first barycentric form is more efficient than the Lagrange form, as it can be evaluated in O(n) operations,
after computing the w;, which are independent of x, in O(n?) operations in a preprocessing step. Higham [12]
further shows that this evaluation is backward stable with respect to perturbations of the data f;. Another
means of evaluating r is given by the second barycentric formof r,

n w;
Zi:O X—X; ﬁ
i=0 x—Xx;
which can be derived from (2) by noticing that 1 = £(x)Y i ¥ Evaluating this formula also requires
O(n) operations, but it comes with the advantage that the w; can be rescaled by a common factor to avoid
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underflow and overflow [3]. Moreover, the second barycentric form is forward stable, as long as the Lebesgue
constant associated with the interpolation nodes x; is small [12], which is the case, for example, for Chebyshev
nodes of the first and the second kind, but not for equidistant nodes.

In the case of rational interpolation, the interpolation problem (1) no longer has a unique solution, but
Berrut and Mittelmann [2] show that every rational interpolant of degree at most n can be expressed in the
second barycentric form (4) for a specific choice of weights w;. Vice versa, Schneider and Werner [17] note
that for any set of non-zero weights w;, the function r in (4) is a rational interpolant of degree at most n. An
important subset of these barycentric rational interpolants are those that do not have any poles in R. This is
obviously true for the Lagrange weights in (3), but also for the Berrut weights[1]

wi:(_l)ir i:Or---rny (5)

and, assuming the interpolation nodes to be in ascending order, that is, x; < - - < x,,, for the family of weights
with parameter d € {0, ..., n},

min(i,n—d) k+d 1
wi= > W [] o= i=0.m, ®)
k=max(i—d,0) j=k,j#i Tt

proposed by Floater and Hormann [8]. Note that this family includes the Berrut and the Lagrange weights
as special cases for d =0 and d = n. For the weights in (6), Floater and Hormann further observe that the
barycentric rational interpolant in (4) with the weights (6) can also be written as

Z?:O xijéc,- fl
ST ()

r(x)= @)

where )
A = L) izo0..on—d. ®
(x—x;) (X — Xj4q)

As the formula in (7) simplifies to (2) for d = n, we refer to it as the first barycentric form of the corresponding
rational interpolant. Note that the first and the second form are identical for Berrut’s interpolant, that is,
ford =0.

The result of Higham [12] can be extended to show that the evaluation of the second barycentric form (4)
is forward stable, not only in the case of polynomial interpolation, but for general barycentric rational
interpolants, provided that the weights w; can be computed with a forward stable algorithm and that the
corresponding Lebesgue constant is small [16]. For Berrut’s rational interpolant with weights in (5), this
is the case for all well-spaced interpolation nodes [5], including equidistant and Chebyshev nodes. For
the family of barycentric rational interpolants with weights in (6), the Lebesgue constant is known to grow
logarithmically in n, for any constant d > 0 and equidistant [4] as well as quasi-equidistant [13] nodes, and
the formula in (6) turns out to be a forward stable means of computing the weights w; [7].

In this paper, we further generalize the proof of Salazar Celis [16], such that it can also be used for proving
the forward stability of the first barycentric form (7), with two important changes (Section 3). On the one
hand, the result relies on the fact that not only the w;, but also the A; can be evaluated with a forward
stable algorithm. This, however is indeed the case, both for the formula in (8), which requires O(d(n —d))
operations for 0 < d < n, as well as a more efficient, but slightly less stable formula that gets by with O(n)
operations (Section 4). On the other hand, the Lebesgue constant must be replaced by a similar quantity
that depends on the functions A;, for which we prove that it is at most on the order of O(u?), where u is the
mesh ratio of the interpolation nodes (Section 6). Moreover, we show that a more efficient formula [14] for
computing the weights in (6) is forward stable, too (Section 4).

Regarding backward stability, Mascarenhas and Camargo [15] show that the second barycentric form
is backward stable under the same assumptions, namely forward stable weights w; and small Lebesgue
constant. Moreover, Camargo [7] proves that the first barycentric form is backward stable, as long as the
denominator in (7) is computed with a special algorithm in O(nd) operations.

In this paper, we derive a substantially different approach that can be used to show the backward stability
of both barycentric forms (Section 5). For the second barycentric form, our result provides an upper bound
on the perturbation of the data f; that is smaller than the upper bound by Mascarenhas and Camargo [15].
For the first barycentric form, our upper bound is larger than the one found by Camargo [7], but it comes with



the advantage of holding for a more efficient way of computing the denominator in (7) in O(n) operations,
which is based on our new O(n) algorithm for evaluating the A; (Section 4).

It is important to note that our results hold under the assumption that the input values to the algorithm,
x;, f;, and x, are given as floating point numbers, so they do not introduce any additional error when we
compute both forms (4) and (7). Our stability analysis does not cover errors that result from initially rounding
the given values to floating point numbers.

Our numerical experiments (Section 7) confirm that this leads to an evaluation of the first barycentric
form (7) of the rational interpolant with weights in (6), which is considerably faster than the algorithm
proposed by Camargo [7], especially for larger d, at the price of only marginally larger forward errors.
Evaluating the interpolant using the second barycentric form (4) is even faster and can be as stable, but may
also result in significantly larger errors for certain choices of interpolation nodes. However, we also report a
case in which the second form is stable and the first is not.

2 Preliminaries

Following Trefethen [18], a general problem g can be seen as a function g: U — V from a normed vector
space (U, ||-||y) of data to a normed vector space (V,||+||/) of solutions and a numerical algorithm for solving
the problem on a computer as another function g: U — V that approximates g.

For our analysis, we consider a computer that uses a set IF of floating point numberswith the corresponding
machine epsilon € and let fl: R — F be the rounding function that maps each x € R to the closest floating
point approximation fl(x) € F. Moreover, we denote by @ the floating point analogue of the arithmetic
operation * € {+,—, x, =}, that is,

x®y=fl(x*xy) 9)

for x, y €F, and recall [18, Lecture 13] that fl and ® introduce a relative error of size at most €. That is, for
all x € R there exists some 6 € R with |0] < €, such that

fi(x)=x(14+0)

and likewise
x®y=(xxy)1+6), *x€{+,—x,+} (10)

for all x, y € F, which follows immediately from (9). We further note that fl(—x) =—x for all x €F, so that
multiplying a floating point number by (—1)" or taking its absolute value does not entail any rounding error.

In order to analyse and to compare the quality of numerical algorithms, the usual quantities to consider
are the absolute forward error ||g(u)— g(u)ll,, and the relative forward error ||g(u)—g(u)ll, /llg(uw)ll, . The
algorithm g is called accurate or forward stable, if

18(u)—g(ully

g, 0

for all u € U with g(u) # 0 and backward stable at u # 0, if

la—ully _

g(u)=g(ir) forsome @#e€eU with T2l = 0(e),
U

where the notation x = O(€) means that there exists some positive constant C, such that |x|< Ce as € — 0.
In the case of forward stability, this constant usually depends on the relative condition number

(Ilg(u+h)—g(u)llv/llhlly)
lg(lly llully

k(u)=1lm sup
0=0 ||y <5

of the problem g at u and on the dimensions of U and V.

In this paper, we analyse algorithms for evaluating barycentric rational interpolants, based on the
formulas (4) and (7). Following Higham [12], we assume the evaluation point x € F and the interpolation
nodes x = (xg,..., x,) € F"*! to be fixed and prove the forward and backward stability with respect to the
data f =(f;,..., f,) €F"*'. More precisely, we solve the problem

g:F" L IHleo) =R, g(f)=r(x)



by a numerical algorithm
§:F" L IHleo) = E ), (F)=r(x),

and we show that for any choice of x, x, and f, the relative forward error is bounded from above (Section 3),

|7(x)—r(x)|
|7 ()]

and that there exists some perturbed data f with

If = Fllo
1 £lloo

such that 7(x;x, f)=r(x;x, f ), where the additional arguments of r are used to emphasize the dependence
of the interpolant on the interpolation nodes and the data (Section 5). In both cases, € is assumed to be
sufficiently small, since this is enough to guarantee that the errors are O(€e). We will see that both constants
C) and C, depend linearly on n and a quantity 8(x), which is independent of f and different for the first and
the second barycentric form. It turns out that this quantity is usually smaller when the first barycentric form
is used to evaluate r (Section 7). As mentioned above, the constant C; further depends on the condition
number of the problem, and more specifically on the componentwise relative condition number [10]

< Ce+0(e?),

< Ce+0(e?),

ix, f+h)— X, h;
k(x;x, f)=lim sup (Ir(x X f+h)-rix;x f)l/.max u) (11
50 pegn+\ (o} [r(x;x, f) i=0,...n | f3]
Ii|<8] | fi#0

For the derivation of these upper bounds, we shall frequently use the following basic facts:

1. By Taylor expansion,
1 oo
—— = >yt
1+y kzz(;
for any y € R with |y| < 1. Consequently, if y = O(¢), then

1
—=1- 2. 12
T4y y +0(€?) 12)

Moreover, for any 6 € R with |§] < €, there exists some §’ € R with |6 < € + O(€?), such that

1
—— =144 (13)
+

This observation is useful for “moving” the perturbation (10) caused by a floating point operation from
the denominator to the numerator.

2. For any 0,,...,0,, € R with |§;| < C;e for some C; > 0, i =0,..., n, there exists some 6 € R with
16| < Ce+ O(e?), where C =" | C;, such that

m
[[a+6)=1+6. (14)
j=1
We use this observation to gather the perturbations caused by computing the product of m terms into
a single perturbation!.
3. Forany i,..., t,, €T, there exist some @,...,¢,, €Rwith [p|,...,|¢.] < me+ O(€?), such that
m m
ﬂ(z ti) =((tg® 1)@ 1)@ 1) = D 1(1+;). (15)
i=0 i=0

This follows from the previous observation, and we use it to estimate the rounding error introduced by
simple iterative summation of m + 1 floating point numbers.

I This is somewhat similar to counting the number of floating point operations with Stewart’s relative error counter [11] and sufficient
for our needs.



3 Forward stability

For analysing the relative forward error of barycentric rational interpolation, we first observe that (4) and (7)
can both be written in the common form

Z?:O ai(x)ﬁ'
ST byx)

where a;(x) = w;/(x — x;) for both forms, while m = n and b;(x) = a;(x) for the second form and m=n—d
and b;(x) = A(x) for the first form. Next, we define the functions

r(x)= (16)

Solai(x)fi]
ax; fl==r——— (17)
f \Zizoai(x)ﬁ\
and S Ibi(x)l
. A X
Blx)==L0 T (18)
|Zj=obj(x)|

Assuming now that we have forward stable algorithms for computing a;(x) as 4;(x) and b;(x) as b i(x), we
can derive a general bound on the relative forward error for the function r in (16).

Theorem 1. Suppose that there exist ay, ..., d, € R with
a;(x)=a;,(x)1+a;), la;| < Ae + O(€?), i=0,...,n
and By, ..., B €R with
bi(x)=b;(x)1+B;), |B;I<Be+0(e*), j=0,...m
for some constants A and B. Then, assuming f € F**, the relative forward error of r in (16) satisfies

—'f(’lci(_x; l(x)' < (n+2+A)a(x; fle+(m+ BB(x)e + O(?), (19)

for € small enough.
Proof. We first notice that 7 is given by
Do () (14871 + )
S bi(x)(1+P)
_ Yo @(x)(1+a)f;(1+87)1+¢l)
ST b X)L+ B+ P)

(1+67)

F(x)=

(1+67),

where 67, oV, ¢ j? and 0~ are the relative errors introduced respectively by the product d;(x)f;, the sums in
the numerator and the denominator, and the final division. It then follows from (10) that |6}[,|67| < €, while
from (15) we have |¢ V| < ne + O(e?) and |<p§?| < me+ O(e?). By (14), there exist some 1;, u; € R with

nil<(m+2+A)e+0(e?), i=0,...,n, 20
luj| <(m+B)e+O(€%), j=0,...,m,

such that R
> oai(x)fi(1+n,)

ST b0+

P(x)= (21)



Therefore,

Fx) Do x)ﬁ 1+n)/z a;(x)f;
r(x) Z;” x)(1+u;) ijobj(x)
_ 2@ fi+n) 2o bi(x)
Z, o@i(X)fi 2L bi(x)1+uy)

1+ 2 "a ()i 1 :
j o ai(X)f; o bj (¥
Z;’lob/(x)
Since, by the triangle inequality,
X
M < a(x) max |n;| < a(x)(n+2+Ae + O(€) (22)
Zz -0 (x) i=0,..,n
and
o bi(X)u;
DELL P <P(x) max || < p(x)m +B)e+O(e?), (23)
Zj:obj( x) |

we can use (12) to express this ratio as
f(x) Zz =0 x)ﬁnz Z;n:o bj(x).uj 5 )
— =1 —_— l__m O
) ( S NAESY; )( ST b O
Z?:o a;(x)fin; Z;n:o bj(x)u;
m - m +0
z]':oai(x)ﬁ' ijo bj(x)

and obtain the relative forward error of r as

=1+ (€?)

|P(0)—r(o) _|#x) Z X)fini 2jeo bilxy; o)
()] )| Y (x fi Xiebjx) '
The upper bound in (19) then follows immediately by using again (22) and (23). O

While Theorem 1 holds for any function r that can be expressed as in (16), we shall now focus on the special
cases for the two different forms of the barycentric rational interpolant. For the second barycentric form,
the only assumption we need is that the weights w; can be computed as ; with a forward stable algorithm.
Moreover, we recall the definition of the Lebesgue function of the barycentric rational interpolant [4] as

Z:lo xwzx,|
|Zz =0 x— x|
1

Corollary 1. Assume that there exist 1, ..., € R with

Ay (x;x)=

b =w;(1+y;), [l < We+O(e?), i=0,...,n (24)

for some constant W. Then, assuming f € F"1, the relative forward error of the second baryceniric form in (4)
satisfies

|7(x) = r(x)]

I (x)] <(n+4+W)k(x;x, fle+(n+2+W)A,(x;x)e+ O(€?), 25)

for € small enough.

Proof. We first notice that a;(x) = w; /(x — x;) can be computed with one subtraction and one division, so
that, by (10), (13), (14), and (24),

d;(x)=a;(x)1+a;), i=0,...,n



for some a; € R with |a;| < (2+ W)e + O(e?). Hence, the constants in (19) are A = 2+ W and further
B =2+ W, because b;(x) = a;(x) in case of the second barycentric form. From the latter, it also follows
immediately that B(x) in (18) is equal to A,,(x;x) in this case, and it only remains to show that a(x; f)in (17)
is equal to x(x;x, f) in (11). To this end, we first use the triangle inequality to see that for any 6 > 0 and
any h=(hy,..., h,) €R"1\ {0} with |h;| < 6f;],

> atom|=|> a5
i=0 i=0 t

where equality is attained for k with h; = 6 sign(a;(x))|f:|, i = 0,...,n. Dividing both sides of this in-
equality by H and |Zf:0 a;(x) ﬁ|, taking the supremum over all admissible k and the limit 6 — 0, gives
k(x;x, f)=a(x; f). O

For the first barycentric form, we additionally need to assume that the A;(x) can be computed with a forward
stable algorithm as A;(x), and we note that $(x) in (18) is equal to

n
| h; ]
SHZIa,-(x)fil, H= .maxn—’,
i=0 7

X))

Ti(x;x)= .
a(x;%) |Z?=_0d7ti(x)|

(26)

in this case.

Corollary 2. Assume that the weights wy, ..., w, can be computed as in (24) and that there existyg, ..., Y n—q €R
with
A(xX)=2(x)1+7:),  Iril<Ce+0(€*), i=0,...,n—d 27)

for some constant C. Then, assuming f € F**\, the relative forward error of the first barycentric form in (7)
satisfies
|7(x)—r(x)]

()| <(n+4+W)k(x;x, fle+(n—d+ C)(x;x)e + O(€?), 28)

for € small enough.

Proof. As the numerator of the first and second barycentric form are identical, the only difference to the
proof of Corollary 1 is that B = C in (19), because b;(x)=A;(x)and m=n—d. O

While upper bounds for the Lebesgue function A, (x;x) can be found in the literature [4, 5], we are unaware
of any previous work bounding the function I';(x;x), and we derive such an upper bound in Section 6.

4 Computing the weights w; and evaluating the functions A,

It remains to work out the constants W and C, related to the computation of the weights w; in (4) and
the evaluation of the functions A; in (7). In particular, we study the error propagation that occurs in the
implementation of different algorithms and further analyse them in terms of computational cost.
Regarding the w;, it was shown by Higham [12] that the Lagrange weights in (3) can be computed stably
with W =2n in (24), and the Berrut weights in (5) can be represented exactly in I, so that W =0. The same
holds for the weights in (6) if the interpolation nodes are equidistant, because they simplify to the integers

) min(i,n—d) d

w; =(—1)"4 Z ( _), i=0,...,n

| i—j

Jj=max(i—d,0)
in this special case [8]. For the general case, Camargo [7, Lemma 1] shows that W = 3d, if the w; are
computed with a straightforward implementation of the formula in (6). While this construction requires
O(nd?) operations, Hormann and Schaefer [14] suggest an improved O(nd) pyramid algorithm, which turns
out to have the same precision. Their algorithm starts from the values

vé=1, i=0,...,n—d (29)



and iteratively computes

I+1 1+1
1 Vg V;

v, = + :
Xiyl — Xi—1

, i=0,...,n—1 (30)
Xigl+1 — X

foril=d—1,d—-2,...,0, tacitly assuming vl.l =0fori<0and i>n—I. They show that the resulting values
vl.o are essentially the weights w; in (6), up to a factor of (—l)i_d.

Lemma 1. Forany x,,..., x, €F, there exist §),..., % eR with |p)],...,|19p°| < We + O(e?) for W =3d, such
that the v} in (30) satisfy
ﬁl.ozvl.o(1+¢?), i=0,...,n.

Proof. Thestatementis aspecial case of the more general observation that there existsforany/ =d,d—1,...,0
and i =0,...,n—I some ¢! e Rwith [¢!| <3(d —I)e + O(€?), such that 9/ = v/(1+ ¢!), which can be shown
by induction over /. The base case [ = d follows trivially from (29). For the inductive step from / +1 to I/, we
conclude from (10), (13), and (14), that ﬁl.l, computed with the formula in (30), satisfies

51+1 5141

= ——(1+p)+ ———(1+p,)

D=
1
Xivl — Xi—1 Xitl+1 — X

for some p;, p, € R with |p,],|0,] < 3€+ O(€?), since both terms are affected by one subtraction, one division,
and one sum. By induction hypothesis and (14), we can then assume the existence of some 0,0, € R with
|o1|, 02| < 3(d —1)e + O(€?), such that
141 1+1
N i—1 i
b; = — = (1+o0)+———(1+0,),
Xip1 — Xij—1 Xitl+1— X

and the intermediate value theorem further guarantees that

I+1 I+1
v; v,
17’:( A )(1+¢§)
Xivl = Xi1 Xipi41— X
for some ¢! €[min(c,,0,), max(c,,0,)] with |¢!| < 3(d —1)e + O(€?). O

Let us now focus on the functions A; that appear in the barycentric formula (7) and first study the error
propagation when computing them straightforwardly, following the formula in (8).

Lemma 2. Forany x €F and x,,...,x, €F, there exist 0,,...,0,_; € R with|0|,...,10,_4] < Ce + O(€?) for
C =2d +2, such that the A;(x) in (8) satisfy

Li(x)=2,(x)1+6;), i=0,....n—d.

Proof. Since computing A;(x) requires d + 1 subtractions, d products, and one division, the result follows
directly from (10), (14), and (13). O

Evaluating A; in this way clearly has a computational cost of O(d) for d > 0 and O(1) for d = 0, so that
computing all A;(x) requires O(d(n —d)) operations for 0 < d < n and O(n) operations for d =0 and d = n.
However, for 0 < d < n this can be improved by exploiting the fact that A;(x) and A;,,(x) have d common
factors in the denominator, which in turn suggests to first compute the “central” A,,(x) for m = | 5% | as
above and then the remaining A;(x) iteratively as

DY MO C k) S S
(x—x;)
(31)
(X—xi)

Ain(x)==2A;(x) , i=m,m+1,....n—d—1.

(X —Xit144)

Computing all A;(x) this way requires only O(n) operations, but it comes at the price of a likely reduced
precision.



Lemma 3. Forany x €F and x,,..., x, €F, there exist {g,...,{ —q €R with |Z|,...,1{1—a| £ Ce + O(€?) for
C =2n+4, such that the A;(x) in (31) satisfy

Ai(x)=2,(x)1+¢),  i=0,...,n—d.
Proof. By Lemma 2, we know that A(X) =2, (x)1+Z,) with |2, < (2d +2)e + O(€2). Each step in (31) in-
volves two subtractions, one division, and one product, and therefore introduces a perturbation of (1+0) with
|6| < 4e+0(€?), and these perturbations accumulate during the iteration. Since the number of steps is at most
(n—d +1)/2, the overall perturbation for each A;(x) is at most (1 + ;) with |{;| <[(2d +2)+4(n—d +1)/2]e +
O(€?). O
5 Backward stability

Similar to how we established the forward stability of both barycentric forms in a unified way in Section 3,
we can prove the backward stability in general for the function r in (16) and then derive upper bounds on
the perturbation of the data for both forms as special cases.

Theorem 2. Suppose that there exist ay, ..., d, €R with

di(x)=a;(x)1+a;), la;| < Ae + O(€?), i=0,...,n
and By, ..., B, € R with

bi(x)=b;(x)1+B;), |B;I<Be+0(e*), j=0,...m
for some constants A and B. Then there exists for any f € F"*! some f € F"*! with

I1f = Flloo
1£1loo

for e small enough, such that the numerical evaluation of r in (16) satisfies (x; f) = r(x; f).

<(n+2+A)e+(m+B)maxp(x)e + 0(e?),

Proof. Starting from (21), with the n); and u; satisfying (20), we get, again with the help of (12),

Sioaix)fi(1+n;)
Z;'rz:o bj(x)"'Z;'n:o bj(x)u;
S paix)fi(1+n;)

2o bilom;

S b1+ ST

_ 2ia0)fii+n) (1_ 2o bi(x)u; 4O )
2o bj(x) 2o bj(x)

_ Z:'l:() ai(x)ﬁ _ . A
= m =r(x;x, f),

Flx;x, f)=

where

=0,...,n.

3 o bj(x)u; ) .
fi—fi(1+77i)(1—m+0(€ ))» i

By (23), this means that there exist some &,...,&, € Rwith |Ey],...,|&,| < (m + B)max, B(x)e + O(€?), such
that .

fi=fi(1+n)(1+E)), i=0,...,n,
and by (14) and (20) we can further assume the existence of some ¢, ..., ¢, with [pg|,...,|¢,| < (n+2+A)e+
(m+ B)max, B(x)e + O(€?), such that

N

fi=fi(l+9)), i=0,...,n.



The statement then follows directly from

If = Flloo = max |fi—fil= max |fipi]

............... n O

The special cases of Theorem 2 for the two different forms of the barycentric rational interpolant then follow
with the same reasoning as in Section 3.

Corollary 3. Assume that the weights wy, ..., w, can be computed as in (24). Then there exists for any f € F**!
some f € F"*! with

1f ~ Flloo
1flleo

for € small enough, such that the second barycentric form in (4) satisfies (x;x, f)=r(x;x, f).

<(n+4+W)e+(n+2+W)maxA,(x;x)e+ 0(e?),

Corollary 4. Assume that the weights wy, ..., w, can be computed as in (24) and the values Ay(x),...,A,_q(x)
as in (27). Then there exists for any f € F"*! some f € F**! with

I1f = Flloo
1 £lloo

for € small enough, such that the first barycentric form in (7) satisfies #(x; x, f)=r(x;x, f).

<(n+44+W)e+(n—d+ C)maxI,(x;x)e + O(e?),
X

6 Upper bound for T,

In case of the first barycentric form, the bounds for the forward and backward stability depend on the
function I; in (26), and we still need to show that this function is bounded from above. Note that [, =A,,,
because w; = (—1)" and A= (=1 /(x— x;) if d =0, so that the bound for the Lebesgue constant of Berrut’s
interpolant [5] also holds for I; in this case. In the following, we therefore assume d > 1 and define

n—d
N(x)=> I4(x) and  D(x)
i=0

so that IT;(x;x) = N(x)/D(x). We further assume that x € (x;, x;,;) for some k €{0,..., n—1}. It then follows
from the definition in (8) that all A; with index in

L=In{k—d+1,...,k},

where I ={0,...,n—d}, have the same sign as (—1)**? and that the sign alternates for decreasing indices “to
the left” and increasing indices “to the right” of I;. More precisely, the A; with index in

L=In{k—d k—d-2,...} or L=In{k+1,k+3,...}
have the same sign as the ones with index in I, while the sign is opposite, if the index is in
L=In{k—d—1,k—d—3,...} or IL=In{k+2k+4,.. .}

Without loss of generality, we assume that the A; are positive for i € I, I, I, and negative for i € I}, I5, since
multiplying all A; with a common constant does not change I';. Letting

sj=ZA,.(x), ji=1,...,5,

i€l;
we then find that
N(x):_sl+82+83+84—85 and D(x)281+82+53+84+85. (32)

To bound T;, we need to bound the sum of the negative A; with i € I, I5 as well as the A; with i € I3, which in
turn requires to first bound the terms x — x;. To this end, let h; = x;,; — x; for i €{0, ..., n—1} and define

hpin =min{hy,..., h,_;} and hpax =maxihy,..., h,_1}.

10



Proposition 1. Foranyi<€{0,...,n}, the distance between x € (xy, X;,) and x; is bounded as

h’min

hin
(1+t+2(k—i))§x—xl-ST”(1+t+2(k—i)), i<k,

m hm . .
h‘“ =t 2i— k=D))< x < TEQ— 4 2i—k-1), ik

wheret =2(x —x;)/h,—1€(—1,1).

Proof. The statement follows directly by noting that
hy. hy
X = xk+7(1+t)—xk+1+ 2(1—t)

for the given ¢ and because hy, < h; < by, forany i €{0,...,n—1}. O

For bounding the negative A; from above, it turns out to be useful to consider them in pairs, with indices
from I, and I at the same “distance” from I;.

Lemma 4. Forany j €N and x € (X, Xi41),

d+1 1 1
a2 (X) = A (X) < (hm) (Hi‘no(z jem) Tl oi—1+ m))’

where we set 1;(x)=0 foranyi ¢ 1.

Proof. Since the denominator of A;_g_5;1(x), for k—d —2j+12> 0, contains the terms x — X;_ 41—, for
m=0,...,d, it follows from Proposition 1 that

-1 hmin d+1.4 .
>( ) l_[(4j+2m—1+t),
m=0

Ak—a—2jr1(x) U 2

with ¢ € (—1,1) and likewise

—1 > ( hmin

d+1 _d
_—> (4'+2m—1—t),
Ay (1)~ 2 ) l_[ J

m=0

for k +2j < n—d. Combining both bounds, we get

2 d+1
—Ak_d_2j+1(x)—ak+z,-(x)s( ) g(1)

hmin

where
1 1

+ .
[T @j+2m—1+0) T[] @j+2m—1—1)

g(t)=

As g is clearly even and

1 1 1
1 = )
sW= 5 (an:O(Zj+m)+an:0(2j—1+m))

it remains to show that g(¢) < g(1) for ¢ €[0, 1]. To this end, note that g(¢) = p(t)/q(t) for

d d
p(t)zl_[(4j+2m—l+t)+l_[(4j+2m—l—t)
m=0 m=0

and

d
q(t) :l_[ (4j+2m—17—1r?).
m=0

11



By the product rule,

:Z( ﬁ (4j+2m—1+1)— ﬁ (4j+2m—1—t))

m=0, m#l m=0, m#l

and
d d

q’(t):—ZtZ l_[ 4j+2m—17—1r?).

=0 m=0, m#l
For t €[0, 1], we observe that p(t)>0, g(t)>0, p’(t) >0, and q’(t) < 0, hence
p'(t)q(t)= 02 p(t)q'(r),
and it follows from the quotient rule that g is monotonically increasing over [0, 1]. O

Next, let us bound the A; with indices in I from below.

Lemma 5. Foranyie€ Iy and x € (xy, Xi11),
1 d+1 4
Ai(x)>| — —. 33
w2(=] 4 59

Proof. Since the denominator of A;(x), for i € I3, contains the factors x — x;_,, for m=0,...,k—i and the
factors x4 ., —x for [ =0,...,i +d — k—1, we conclude from Proposition 1 that

1 h d+1 k=i i+d—k—1
s( m‘”‘) l_[1+t+2m) l_[ (1—t+21)
( ) m=0 1=
h d+1 k—i i+d—k—1
=(ﬁ) (1— 2)1_[(1+t+2m) ]_[ (1—t+21)
2 m=1 =1
k—i i+d—k—1

t
< (%T“)dﬂn 2+2m) 1_[ 2+21)

=1 1=1

m
h d+1
_ (_2“) 201 (k— i + )i +d — k),
and the statement then follows, because a!b!<(a+ b —1)! forany a, b €N. O

We are now ready to derive a general upper bound on the function I; in (26), which turns out to depend
on d and the mesh ratio

L
h= hmin ’
Theorem 3. Ifd > 1, then
1
Li(x;x) <1+ 34
(x;x) ¥ (34)

for any set of ascending interpolation nodes x = (x,, ..., x,) € R*™ and any x €[x,, x,).

Proof. If x = x; for some k € {0,..., n}, then, after multiplying both N(x) and D(x) by ]_L _olx—x;|, we
find that I;(x;x) =1, which is clearly smaller than the upper bound in (34). Otherwise, there exists some
k €{0,...,n—1}, such that x € (x;, x;,1), and it follows from Lemma 4 that

o0

s () (e
TO1 T V5 =
S\ i 14 _2i+m) [1¢_,2j—1+m)
1 d+1 o d 1
z(hmin) Zl__[]+m
j=1 m=0

1 d+1 1
:(hmin) dd"

12



where the sum of the series can be found in [6, p. 464]. Together with Lemma 5, this implies

—2(31+35)<.Ud+1
Ai(x) T 2d

foranyie ;. As A;(x) < S3 < D(x) and N(x)— D(x)=—2(S; +S5), we conclude that

d+1
N(x)—D(x) < ”2d

D(x),

and the statement then follows immediately. O

In the case of equidistant nodes, when the mesh ratio is y = 1, the upper bound in (34) is simply 1+ 1/(2d),
so it becomes smaller as d grows. For other nodes, u may depend on 7, which may result in very large upper
bounds. For example, in the case of Chebyshev nodes, one can show that y grows asymptotically linear in 7.
However, our numerical experiments suggest that the function I; is always small, and we believe that the
upper bound in Theorem 3 can be improved significantly in future work.

7 Numerical experiments

We performed numerous experiments to verify the results proven in the previous sections numerically and
report some representative results below. In particular, we analyze the various algorithms that implement
the first barycentric form (7) both in terms of stability and computational cost (Section 7.1) and focus on the
comparison between the first and the second form for an example where A,, > I; (Section 7.2).

Our experimental platform is a Windows 10 laptop with 1.8 GHz Intel Core i7-10510U processor and
16 GB RAM, and we implemented all algorithms in C++. In what follows, the ‘exact’ values were computed in
multiple-precision (1024 bit) floating point arithmetic using the MPFR library [9], while all other values were
computed in standard double precision. Moreover, we took care of providing all input data (interpolation
nodes, data values, and evaluation points) in double precision, so that they do not cause any additional
error.

7.1 Comparison of algorithms for the first barycentric form

For the first example, we consider the case of n + 1 interpolation nodes x; =fl(y;) € [-1,1] for i =0,..., n,
derived from the equidistant nodes y; = 2i/n — 1 by rounding them to double precision, and associated
(rounded) data f; =fl(f(y;)), sampled from the test function

fx)=3e7 +3e ™ +3e 7 +ie

_2)2 2 2
(9x—-2) 3 (9x+1) 1 (9x—7) 1 (9)6 4)2
»

and we compare three ways of evaluating the first barycentric form in (7), which differ in the way the
denominator is computed.

The first algorithm simply evaluates the functions A; as in (8), leading to the error mentioned in Lemma 2
and then sums up these values to get the denominator. The second algorithm by Camargo [7, Section 4.1]
instead increases the stability of the summation by first computing sums of pairs of A;’s such that all these
sums have the same sign. The third algorithm implements our iterative strategy in (31) before taking the sum,
which is more efficient than the first algorithm, but less precise (cf. Lemma 3). All three algorithms compute
the numerator of the first barycentric form in the same way, first dividing the weights w; by x — x;, then
multiplying the results by f;, and finally summing up these values. The w; themselves are precomputed with
the pyramid algorithm in (29) and (30). Note that, although the weights for equidistant nodes are integer
multiples of each other in theory [8], they do not have this property in this example, because the nodes x;
are not exactly equidistant, because of the rounding.

To compare these three algorithms, we used them to evaluate the barycentric rational interpolant with
weightsin (6) for d € {1,5,25} and an increasing number of interpolation nodes, n € {39,79,159,319,639,1279},
at 50,000 random points from [—1+10%¢,1—10%¢]\ {x, ..., x, }. Figure 1 shows the corresponding running
times and the distribution of the relative forward error of the computed values. For the latter, we chose a
box plot, where the bottom and top of each box represent the interquartile range, from the first to the third
quartile, and the line in the middle shows the median of the relative forward errors. The whiskers range from

13
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Figure 1: Distribution of the relative forward errors of the first barycentric form for equidistant nodes at 50,000 random
evaluation points (top) and overall running time in seconds (bottom), both on a logarithmic scale, for different n and
three choices of d (left, middle, right), using the standard algorithm (blue), Camargo’s algorithm (red), and our efficient
variant of the standard algorithm (green).
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Figure 2: Plots of k(x; x, f) (top) and I;(x; x) (bottom) for equidistant nodes and x €[—1, 1], both on a logarithmic scale,
for n =39 and three choices of d (left, middle, right).

the minimum to the maximum, excluding those values that are more than 1.5 times the interquartile range
greater than the third quartile, which are instead considered outliers and shown as isolated points.

On the one hand, we observe that Camargo’s algorithm beats the standard algorithm in terms of running
time, but that our efficient algorithm is the fastest, especially as d grows, because its time complexity does
not depend on d. On the other hand, our efficient algorithm is less precise than the standard algorithm, as
predicted by Lemma 3 and Camargo’s algorithm gives the smallest errors, except for d =5 and n € {639,1279}.
Nevertheless, the computations confirm the forward stability for all three algorithms. For Camargo’s al-
gorithm, this follows from the backward stability, which is proven in [7], and for the other two algorithms it
is implied by Corollary 2 and Lemmas 1-3.
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Figure 3: Plots of A,(x;x) (left) and I[;(x;x) (right) for a non-regular distribution of nodes and x € [0, 1], both on a
logarithmic scale.

The rather large errors of the outliers in the case d = 25 can be explained by the behaviour of the
componentwise relative condition number x, shown in Figure 2. While k is small for all x € [—1,1] in the
case of d = 1, it starts to grow considerably close to the end points of the interval as d grows, up to 10°
for n =39 and 108 for n = 1279 in the case of d = 25, and so does the upper bound on the relative forward
error in (28). While this upper bound also depends on Iy, Figure 2 shows that this function is always small
and its maximum even decreases as d grows, independently of n. This is in agreement with Theorem 3,
because u ~ 1 in this example. The fact that the maximum error still seems to decrease for d = 25 as n
increases is simply due to the fact that the 50,000 sample points are not sufficiently many to “catch” the
worst case, because the region near the endpoints where k grows rapidly actually shrinks as n grows.

Of course, it is also possible to evaluate the rational interpolant using the second barycentric form (4),
which is actually the best choice for this example, giving relative forward errors that are similar to the ones
of the standard algorithm for the first barycentric form, but being roughly twice as fast as the efficient
algorithm, both of which is not surprising. Regarding the efficiency, the second form is superior, because the
denominator can be computed “on-the-fly” at almost no extra cost during the evaluation of the numerator.
As for the error, we note that A,, is much smaller than « for the nodes used in this example [13] and so the
upper bound in (25) is dominated by k, exactly as the upper bound in (28). However, for non-uniform nodes,
the situation can be quite different, as the next example shows.

7.2 Worst-case comparison of first and second barycentric form

The aim of the second example is to compare the standard algorithm for the first barycentric form in (7), as
described in Section 7.1, with a straightforward implementation of the second barycentric form, following
the formula in (4). The weights w; are again precomputed with the pyramid algorithm.

We consider n =29, d = 3, and interpolation nodes x; =fl(y;) €[0,1] for i =0, ..., n, obtained by rounding
to double precision the values y; = F(t;), where

0, t=0,
F(t): 1-1
e "7, te(0,1]

and t; = i/n. We choose these nodes, because the functions A,, and I; behave completely differently in this
case, as shown in Figure 3. While A,, reaches huge values, up to 107, I; is small (even though the latter is not
guaranteed by Theorem 3). Hence, the upper bounds in Corollaries 1 and 2 suggest that we may see a big
difference in the forward stability of the first and the second barycentric form, if we choose the data such
that the condition number « is small.

One such choice, which is also presented by Higham for the case d = n with equidistant nodes [12], is to

take the data
0, i=0,...,n—1,
1, i=n,
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Figure 4: Plots of /,(x) (black) and the barycentric rational interpolant r(x) for d =3 (red) for non-regularly distributed
interpolation nodes over the whole interval [0, 1] (top left) and a close-up view over [0.21,0.31] (top right). Evaluating
r(x) at 10,000 equidistant evaluation points in [10%¢, 1 —10%€] with the standard implementations of the first (blue dots)
and the second (green dots) barycentric form shows that the first form is stable, while the second form is not (bottom).

10° 10°
* *
ol ol e ok FOR Rk R *,
10 10° [jaigh *ﬁ; el iﬁk 9@@?‘2’* ﬁ@@"‘% **M@i*ﬁ B e
p * * ¥ g RFF
*
10°F 1 105 F
10710 L 4 10710 L
-15 | 4 -15 |
10 Pty g ¢ ok Kk S 10
B A L A IS S 1
10'20 1 1 L 1 10—20
0 0.2 0.4 06 08 1 0 0.2 0.4 06 058 1

Figure 5: Plot of relative forward errors of the first (blue) and second (green) barycentric form for a non-regular
distribution of nodes at 100 equidistant evaluation points in [10%¢, 1 —10%¢] with data sampled from the n-th Lagrange
basis polynomial (left) and the constant one function (right). Since both plots are on a logarithmic scale and the second
form is exact in the latter case, the corresponding errors are missing in the plot on the right.

which can be interpreted as having been sampled from the n-th Lagrange polynomial /,,(x) = ]_[:.1:_01 f i’; )

thatis, f; =fl(1,,(y;)). For this data, we know that x(x;x, f)=1 for all x €[0, 1], so the upper bounds on the
relative forward errors in (25) and (28) are dominated by A,, and I;, respectively. Consequently, as shown in

16



Figure 6: Even though the barycentric rational interpolant of the constant one function for non-regularly distributed
interpolation nodes is simply r(x) =1, evaluating it at 10,000 equidistant evaluation points in [10%¢,1—10%¢] shows that
the second form (green dots) is stable, while the first form (blue dots) is not.

Figure 4, the barycentric rational interpolant is reproduced faithfully by the first form, but not by the second,
because the relative forward error for the first form is on the order of €, while it can be on the order of 1 for
the second form; see Figure 5 (left).

However, the opposite may happen as well. If we consider the data

sampled from the constant one function, then k = A, and the upper bounds in (25) and (28) suggest that
both forms can be unstable, even though the barycentric rational interpolant is simply r(x) = 1. Figure 5
(right) and Figure 6 confirm that this is indeed the case for the first barycentric form. However, the second
barycentric form is perfectly stable, because the numerator and the denominator in (4) are identical and
cancel out to always give the correct function value 1.

8 Conclusion

Barycentric interpolation offers a fast and stable means of evaluating the polynomial Lagrange interpolant
using either the first or the second barycentric form. While the first form is always numerically stable, the
second form is stable only for interpolation nodes with a small Lebesgue constant.

Evaluating a rational interpolant via the second barycentric form comes with the same limitation, but for
the special family of barycentric rational interpolants with weights in (6), a computationally more attractive
first barycentric form is available. Instead of depending on the Lebesgue constant, both the forward and
the backward stability of a straightforward implementation of this first barycentric form depend on the
functionT}; in (26).

Unlike the Lebesgue constant, Theorem 3 shows that the maximum of T; is independent of n. Moreover,
it is guaranteed to be very small for equidistant nodes, regardless of d, while the Lebesgue constant is known
to grow logarithmically in n and exponentially in d in this case. Based on our numerical experiments,
the maximum of I; seems to be small for other distributions of interpolation nodes, too, even if the mesh
ratio u is big, as in the example in Section 7.2, and we believe that the upper bound in (34) can be improved
considerably in future work. For example, if d = n, then I; is just the constant one function, independent
of u.

Overall, we conclude that the most efficient way of stably evaluating a barycentric rational interpolant with
weights in (6) is by determining the weights with the pyramid algorithm in (29) and (30) in a preprocessing
step, and, for every evaluation point x, first computing the values A;(x) with our iterative strategy in (31)
and then the value of the interpolant using a straightforward implementation of the first barycentric form
in (7). Alternatively computing the sum of the A;(x) in the denominator with Camargo’s algorithm [7] results
in slightly smaller forward errors, but is significantly slower, especially for larger d.
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