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Dubuc’s interpolatory four-point scheme inserts a new point by fitting a cubic poly- Journal
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transformations. We prove convergence of the two schemes and bound the distance
between the limit curve and the initial control polygon. Numerical examples indicate
that the limit curves are smooth and that the centripetal one is tighter, as suggested
by the distance bounds. Similar to cubic spline interpolation, the use of centripe-
tal parameter values for highly non-uniform initial data yields better results than the
use of uniform or chordal ones.

1 Introduction

Dubuc’s four-point subdivision scheme [3] is a method for generating a smooth curve passing through a se-
quence of points in R4. The algorithm is based on fitting cubic polynomials to local data, parameterized
uniformly. This scheme was generalized by Daubechies, Guskov, and Sweldens [2] to allow non-uniform
parameter values. Yet their scheme is linear in the data. Here we generalize further by determining the pa-
rameterization at each refinement level according to the geometry of the points at that level. We focus on
the chordal and centripetal parameterizations [1, 5, 7]. The resulting two schemes are non-linear and of a
new type. To the best of our knowledge, these schemes cannot be analyzed by existing techniques, which are
applicable only to other types of non-linear schemes, e.g., the technique of proximity to a linear scheme [8].

Specifically, let By = {p, ; : k € Z} with p; € R and p ., # p, ;. be the initial set of control points, and
let P ={p;;:k €Ztwithp;, R4 be the refined set of control points at level j. These points determine
the set of parameter values {t; : k € Z} with tj0 =0 and ¢ k11 — tjk =P k41 — P |I* for k € Z, where a =1
gives chordal parameter values and a = 1/2 gives centripetal ones. Note that @ = 0 corresponds to uniform
parameterization. The refinement rule is then

Pjt12k =Pjio )

Pk =T k(L)

where 7, is the parametric cubic polynomial that interpolates p; . 1, P c» P i+1) P i+ at the values £ ¢,
Lk ks L ke and & = (£ x + £jk+1)/2; see Figure 1. We note that the four values £ x—1, £k, £jk+1, Ej k42
must be distinct for the Lagrange interpolation to be well-defined. This in turn requires that each pair of
consecutive points p; , and p; ,; be distinct. We assume this property holds for j = 0 and we prove that
it holds for j > 1 for the chordal and centripetal schemes (¢ = 1 and a = 1/2, respectively). Although one
could consider other choices of the evaluation parameter t,, this particular choice simplifies the analysis of
the limit curves.

We prove convergence of these two schemes and derive upper bounds on the distance between the limit
curve and the initial control polygon. These schemes are very easy to implement and our numerical examples
suggest that the limit curves are C!, like those of Dubuc’s scheme, but we have not so far been able to prove
this. It is clear, however, that they cannot be C? in general, because the subdivision rule (1) as well as the limit
curve are independent of the parameter « in the particular case that B is a regular n-gon'. This example also
shows that we cannot expect to get C? limit curves by using other choices of the evaluation point in (1), as

L After this article had gone to press, we realized that this is not entirely correct. If B, is a regular n-gon, then all edges of P, have the
same length and so P, does not depend on a. But the edges of P, have different lengths, because P, is not a regular 2n-gon. Therefore,
P; depends on « for j >3 and so does the limit curve.
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Figure 1: Insertion of a new point.

long as the rules for choosing it are symmetric, since any symmetric rule leads to the choice ¢, in the regular
setting.

Moreover, the numerical examples and our upper bounds indicate that the centripetal limit curve is tigh-
ter than the chordal and Dubuc’s curves and gives better shaped curves whenever the edge lengths of the
initial control polygon vary significantly.

2 Cubic Lagrange interpolation

In order to analyze the schemes we need to establish some properties of cubic Lagrange interpolation. Consi-
der functional data fy, f1, f>, f5 € R given at the points £, t1, £, t3 and let f be the cubic polynomial satisfying
f(t;)= fi for i =0,1,2,3. Further let g be the linear polynomial that interpolates f; and f, at #; and f,. Let
[S0,S1,---,Sk]f denote the divided difference of f of order k at the points sg, 53, ..., Sk-

Lemma 1. Fort €R,

(1) —g(1)= % ((ts = Oltor 11 £21f +( — 1)1, £, 1)

Proof. By inserting the recurrence formula
[to, 11, b2, 131 f = ([t1, T2, t3] f — [to, 1, 21 f) /(85 — 1o)
into the Newton form
J)=g(®)+(r = 0)(t — )l 10, 11, L] f + (£ — 10)(t — 1)(£ — £2) ko, 11, L2, 13] f,
the result follows. O

At the midpoint ¢, = (¢; + £2)/2 of the interval [}, t»], Lemma 1 yields

Hi+ /e __l(fz—tl)z
2 4 t3—1

fe)— ((ts = t)[t0, tr, t2] f + (8 — t0) [ 11, L2, 23] f) - 2

Consider now the subdivision scheme (1) and let d; i be the vector

Ak =Pj1261~PjrtPji)/2

depicted in Figure 1. Let e = p; 41 — P}, and consider divided differences at level j,

n _ Pienn —Pik _ ejk
PR e =tk llejll®
mo_
2 _ Pikn pj,k_( ejkt1 ek ) 1
PRt ka2 — ik llejxrll*  llejxll* ) llejrsll*+lle;xll*

Combining Equation (2) with the subdivision rule in (1), we get



Lemma 2. Foralla€[0,1],

1k — ti )
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witha =t — tjx-1)/(tj k1 — tjx) and b =t} g42 — tj k+1)/ (&) k41 — 1)

Lemma 3. For a =0 (uniform parameterization),

djp= ((a+1/2p% + (b +1/2)p%_) 3)

1
lldjill < 5maX{IIej,k—1||,IIej,k+1|I}, @

for a =1/2 (centripetal parameterization),

1
ld; il < Z”ej,k”: (5)

and for a =1 (chordal parameterization),

3
lld el < gmaX{llej,k—lll, llejll, lejk+ill}- (6)
Proof. Consider first the case a =0. Then
Pﬂ =(ejrt1—€jk)/2,

and since a = b =1, Equation (3) reduces to

1
djr= —E(ej,kﬂ —ejr-1)
so that the estimate (4) follows immediately.
In the case a = 1/2, since IIpﬂII =|le; kll'/?, we have

1 1
Py I+ PSRl

I< 1/2 1/2 —
llejisll?+llej il

Il :
and using this inequality in (3) gives (5).
To prove (6) we write (3) as

1%k — Lk

— 1] (1] (1] 1]
d]',k___ (A(pj,k+1_pj,k)+B(pj,k_pj,k_1 )’

4 a+b+1
where
A:a+1/2 and B=b+1/2.
b+1 a+1
Then, since ||p£<1}6|| =1, we get
Il < 5 L4114 By 4By

Now suppose that a > b. Then A > B and
1 llejill 2a+1 < 2a+1

djill<-
il < 3 T Bra ~4(a+1)

llej xll. @)

For a <1, this immediately gives
3
lld il < §||ej,k||,

and for a > 1, since a =||e; _1l|/||e; k||, we have

2a+1 3
dii|<———lleir-ill < =lleir-ll.
Ietjll < gl < llesual
Since the opposite case a < b is similar with ||e; x+.1|| replacing || r—1||, Equation (6) follows. O

We are now able to show that the centripetal and chordal subdivision schemes are well-defined.

Theorem 1. Fora=1/2 and a =1 any two consecutive points P andp; ., aredistinct.

Proof. It is sufficient to show that

1
lld; ,ll < EHej,k”-
In the centripetal case, @ = 1/2, this follows immediately from (5). In the chordal case, @ =1, it follows from (7)
if a > b and similarly for a < b. O



3 Convergence

In this section we prove the convergence of the centripetal and the chordal schemes. A key ingredient of
the proof is the fact that the edge lengths ||e; || converge to zero as j increases, which follows directly from
Lemma 3.

Lemma 4. Fora=0,

5
max{lle; 1zl llejzell} < g maxillesc-all el lles kel

fora=1/2,
3
max{|le;12kll, €161} < Z”ej,k”; (8)
and fora=1,

7
max{lle; 1zl llejzell} < g max{lle;e-all e el lles kel ©)

Proof. By the definition of e;; and d; ; we have e;12r = e;/2+d and ej12t11 = ejx/2—d ;. The
statement then follows by using the triangle inequality and the bounds on ||d ;|| from Lemma 3. O

Next, we represent each polygon P; parametrically as the continuous piecewise linear function f;: R — R4
that interpolates the data 2~/ k, p ;&) and show that the sequence f, f,... is a Cauchy sequence in the sup
norm.

Theorem 2. The centripetal and chordal subdivision schemes converge.

Proof. Since
I1Lf jor = Fjllo = s;lelﬂlgllfjﬂ(t) —f;@0l= S]CUIZJde,k”y
€

it follows from Lemma 3 that

3
If 11— Fjlleo <  suplle;ll.
8 keZ

Since by Lemma 4,

suplle;,ill < psupllej_y il < </ suplleoll, (10)
keZ kez kEZ

with p <1, the sequence {f; : j € No} is a Cauchy sequence in the sup norm and therefore converges to a
continuous limit

=lim f..
U jﬁoof J a
We note that the estimates (6) in Lemma 3 and (9) in Lemma 4 actually hold for all ¢ € [0, 1] if the scheme
is well-defined, so that the above proof implies convergence in that case. However, we found examples for

a €(0,1/2) where the scheme fails because it generates identical consecutive points.

4 Distance bounds

In a similar way that Lemma 3 led to the convergence proof in the previous section, the same lemma can
also be used to derive upper bounds on the Hausdorff distance dy; between the piece of the limit curve
{f(s):s €[k, k+1]} and the line segment [p ;., py i1, ]- In order to prove these bounds, let us first establish a
local variant of the estimate in Equation (10).

Lemma 5. Fora=0,

5 J
~_ max llej il <| = max |leo|l,
2J k—2<i<2i(k+1)+1 8 ) k—2<t<k+2
fora=1/2,
3 j
 max ||ej,i||S(—) lleo,xll,
2/ k<i<2i(k+1)-1 4
and fora=1,
7\/
 max llej:ill < | = max |leo||.
2J k—2<i<2i (k+1)+1 8 ) k—2<t<k+2



Proof. Since all the control points at level j between p, ; = p; ,ix and pg 1 = P 2i(k+1) depend only on the
six initial points pg . _», Por_1,--+» Porss» the first and third inequalities follow from Lemma 4 by induction
on j. The second inequality also follows by induction on j from (8) in Lemma 4. O
The upper bound on the Hausdorff distance now follows from this lemma and Lemma 3.

Theorem 3. Fora=0,

3
dH(f([krk+ 1])! [pO,k'pO,k+1]) S E k721215a5§c+2||e0'(||’

fora=1/2,
(U, k1), Py Poa]) < 2 lleosl)

and fora=1,

1 leodl
— max e .
5 k—2<t<k+2 0.

du(f(lk, k+11),[po i Pors]) <

Proof. Let sj; =27/i and consider the difference between f j+2 and f;. Since

0) S:Sj+2,4l')
d;i/2+dji12i, S=Sj124it1
Fias)—fi(s)= ' ' '
/ ! d;; S =Sjt2,4i+2,

dji/2+dji12i01, S=Sji24i13
we have

sup I j.2(s) = f (ol <max{lid;ill/2+1d jr2:ll, il 1, ll/2+ | j 201}

$jiS<S<Sj i1
Using Lemmas 3 and 4 we get the estimates

51, max |lejll, a=0,

64 i _2<i<it2

3 _
max{|ld ji1 2], |d j110i01 1} < welleill a=1/2,

21

max |le; a=1
64 i—25£5i+2” el ’
and conclude that
— max |e; a=0
64 i—2§/f§i+2” il ’
5 —
sup  [1f j42(8) = £, <3 5lesill a=1/2,
$j,iSS<Sji+1
33

max |le;j a=1.
64 i—2§€§i+2“ el

Considering now all intervals [s; ;, s;,;+1] between k and k+1, i.e., 2/ k <i<2i(k+1)—1, and taking Lemma 5
into account, we have

i(5)] max ||e a=0

&) maxlieoll ,
<15 (3) lleoll =1/2

sup [1f j4o(8)— £ <1 35 (2) lleoxll, a=1/2,

k<s<k+1
2 (—7)j max |le a=1
64 18 k—2<e<k+2” ocll

The statement then follows because the Hausdorff distance is clearly bounded from above by the parametric
distance between f and f,

dH(f([k,k+1]),[po,krpo,k+1])Sksug 1Ilf(S)—fo(S)IISZ sup If2j52(8) = f2;(s)Il,
<s<k+

j=0k535k+1
2j 2j 2j
ici 9y (5\%_3 5y 3\ _5 3y (7\2 _ 11
andbynotlclngthat64Ejzo(s) _13’16§j=0(4) =2,and g j=0(8) =< O
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Figure 3: Shape effect over a rectangular control polygon.

5 Numerical examples

We have implemented Dubuc’s scheme and its non-linear siblings corresponding to @ = 1/2 and a =1 in
C++; see [6] for details. Figure 2 shows the different limit curves for several initial control polygons. The plots
confirm the well-known effect that Dubuc’s scheme tends to give curves that are very tight to long edges and
overshoot at short ones, often leading to unwanted cusps and loops. On the other hand, the non-linear chor-
dal scheme leads to very roundish shapes that closely follow the short edges and have relatively large distance
to the long ones. The limit curves of the centripetal scheme nicely mediate between these two extremes: they
are relatively close to all initial edges and still have a pleasing shape. Similar effects are known for cubic spline
interpolation with uniform, centripetal, and chordal parameterization [4].

Another example that illustrates these shape effects is given in Figure 3 which shows the local behaviour
of the limit curve over the top edge of a rectangle with fixed width 1 and varying height /. The dots mark the
vertices of the refined polygon after four subdivision steps.

The examples above strongly suggest that the limit curves generated by the centripetal and chordal
schemes are C!, just like the limit curves of Dubuc’s scheme, and indeed we conjecture that this is true in
general. In the absence of a proof, numerical tests of smoothness are of great interest in order to support our
conjecture. Figures 4, 5, and 6 visualize the results of such tests concerning the smoothness of the curves in
the top row of Figure 2.
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Figure 4: First divided differences { ]‘7%} with respect to uniform parameterization after j = 10 subdivision steps for the
example in the top row of Figure 2.
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Figure 5: Normal angle over arc length for the example in the top row of Figure 2.

One difficulty in analyzing C'-smoothness is that it is not clear with respect to which parameterization to
work. Let us start with the uniform parameter values {7; » = 27/ k} that we also use for the limit curve f in
Theorem 2 and consider the first divided differences with respect to this parameterization,

sl — Pikn1 7Pk

ik :Zj(pj,k-H —Pji)

fj k1 — Lk
regardless of the particular parameterization used to actually compute the points p; ;.. Itis then straightfor-
ward to prove that f is differentiable if the sequence of piecewise linear functions f }1] which interpolate faﬁ
at #; r converges uniformly, but Figure 4 indicates that the latter is not necessarily the case for the centripetal
and chordal schemes.

Instead of the uniform parameterization, it turns out to be more promising to work with the chordal
parameter values {7; «}. In our first numerical test we let 6; ;. be the angle of the local, outward-pointing unit

normal vector 0
cos b x
Rj= ( ) 1 (pj,k+1 _pj,lc)

sin 0 r
and let 6;: R — R be the piecewise linear function that interpolates the data (;x, 6;,¢). In all our examples,
the sequence 6y, 61, ... converges to a continuous limit 8, as shown in Figure 5: here, each plot starts at the
leftmost point of the curve where the normal is (—1,0), follows the curve in clockwise orientation, and the
vertical lines refer to the positions of the initial control points. From this we conclude that also the piecewise
linear functions fﬁ.” which interpolate the data (7, , pl'}), with

plll = Piki1 ~Pjk _ Pk~ Pjk (—sin ej'k)
e e =Tk Ipjea =Pl \cosbx )’

converge to a continuous limit, namely f U= (—sin#,cos0).
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Figure 6: Maximum difference of the first and second divided differences with respect to chordal parameterization over
the number of iterations for the example in the top row of Figure 2.

A second numerical test supports this conjecture: we check whether or not the lengths of the difference
vectors 6% = ”ﬂ 1 i)% co?verge to zero as j increases, which is a necessary condition for the uniform
convergence of the functions fﬁ.l]. In all our tests, this is indeed the case and we further find that the maxi-
mum length

Al = SUPII5 el

decreases by a constant factor in the limit; compare the linear behav10ur for large j in the log-plots of A[l
the middle of Figure 6. However, we can construct examples where A increases in the first two or even three
subdivision steps before finally going to zero, which suggests that a general proof might be hard to establish.
Figure 6 also shows the maximum difference Agz] of the second divided differences i)ﬁ, again with respect
to chordal parameterization. It seems to always converge to a strictly positive value, indicating that the limit
curves are not C?, as expected.

WEe finally note that showing the C!-continuity of the limit curve f not only requires to prove the uniform
convergence of the ]"5.1], but also the convergence of the chordal parameterizations. Although the latter seems
obvious, since the numerical results in Figures 2 and 3 indicate that all limit curves have finite length, we did
not succeed in formally proving this statement.
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