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Abstract

Generalized barycentric coordinates provide a simple way of interpolating data given at the
vertices of a polygon or polyhedron, with widespread applications in computer graphics,
geometry processing, and other fields. Transfinite barycentric coordinates, also known as
barycentric kernels, extend this idea to curved domains and can be used to interpolate
continuous data given on the boundary of such domains. We present a novel framework for
defining non-negative barycentric kernels over arbitrary bounded planar domains. This
framework is inspired by the construction of a transfinite version of maximum likelihood
coordinates and can be used to define a variety of barycentric kernels, including a simple
pseudo-harmonic kernel and a non-negative variant of the mean value kernel. Moreover,
we propose a novel barycentric kernel which yields transfinite interpolants that are similar
to harmonic interpolants. We tested our new kernel for domains and boundary data
described by closed uniform quadratic B-splines and in particular for image deformation.
The results indicate that our method has several advantages over alternative approaches.
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1 Introduction

Generalized barycentric coordinates are widely used in applications like surface design [28], mesh parame-
terization [10] and deformation [23, 22, 38], colour interpolation [31], shading [21], image warping [40] and
compositing [9], finite element methods [37, 16], and many more [20]. All these applications rely on the
fact that data given at the vertices of a polygon or polyhedron can be interpolated efficiently by means of
generalized barycentric coordinates.

In certain situations, it can be desirable to work with curved domains instead of polygons and to inter-
polate data defined at the boundary of such a domain (see Figure 1), which has led to the development of
transfinite barycentric coordinates [2, 40].

Given a bounded planar domain Ω and a regular parameterization p : [a , b ]→ ∂ Ω of the boundary of Ω
with p (a ) = p (b ), a function λ: Ω× [a , b ]→R is called a barycentric kernel with respect to Ω, if

∫ b

a

λ(x , t )dt = 1,

∫ b

a

λ(x , t )p (t )dt = x (1)

for any x ∈ Ω. As these conditions are the continuous analogue of the partition of unity and the linear
reproduction properties of generalized barycentric coordinates [20], the values λ(x , t ), t ∈ [a , b ] are also
referred to as transfinite barycentric coordinates of x ∈Ωwith respect to Ω.

(a) (b) (c) (d)
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Figure 1: Interpolants of height data (ranging from 0 to 1) given at the boundary of a non-convex planar domain,
based on transfinite mean value (a), positive Gordon–Wixom (b), harmonic (c), and our novel transfinite barycentric
coordinates (d). The left images show a 3D view of each interpolant, the right images an orthographic projection from
above. Height values in the intervals [k , k +1]/10 for k =−1,0, . . . ,10 are colour-coded as indicated by the colour bar,
with negative values in red, values above 1 in green, and values between 0 and 1 in colours from blue to yellow.
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In addition to the conditions in (1), λ should satisfy the continuous equivalent of the Lagrange property,

λ(p (s ), t ) =δ(s − t )

for any s , t ∈ [a , b ], where δ is the Dirac delta function, so that the transfinite barycentric interpolant

g : Ω→R, g (x ) =

∫ b

a

λ(x , t ) f (p (t ))dt (2)

of continuous data f : ∂ Ω→R given on the boundary of Ω is indeed an interpolant, that is, g (y ) = f (y ) for
any y ∈ ∂ Ω. The conditions in (1) ensure that this interpolant reproduces linear functions h : Ω→R in the
sense that g (x ) = h (x ) for any x ∈Ω, if f (y ) = h (y ) for all y ∈ ∂ Ω.

Moreover, many applications require λ to be non-negative, that is,

λ(x , t )≥ 0

for any x ∈Ω, t ∈ [a , b ], so that the interpolated values g (x ) are inside the convex hull of the boundary data
f (∂ Ω) = { f (y ) : y ∈ ∂ Ω}. Finally, λ should be smooth (at least C 1) in x , because this smoothness carries
over to the interpolant g . Note that the smoothness of λ in t is irrelevant, since g (x ) in (2) is defined by
integrating with respect to this parameter.

Similar to generalized barycentric coordinates, barycentric kernels are often defined by first focussing
on the interior of Ω and specifying a function µ: intΩ× [a , b ]→Rwith

∫ b

a

µ(x , t )(p (t )− x )dt = 0 (3)

for any x ∈ intΩ and then letting

λ(x , t ) =µ(x , t )

�∫ b

a

µ(x , s )ds . (4)

Together with (3), this normalization implies (1), and if µ is smooth and non-negative, then so is λ. In
addition to the property in (3), the functionµ should be such that λ(x , t ) in (4) is well-defined for all x ∈ intΩ,
t ∈ [a , b ] and such that the continuous extension of λ over Ω× [a , b ] is interpolatory.

1.1 Related work

Warren et al. [40]were the first to propose the extension of generalized barycentric coordinates to convex
domains and to reason why Wachspress coordinates [39, 31] converge to the Wachspress kernel, given by (4)
with

µ(x , t ) =
p ′(t )×p ′′(t )
�

(p (t )− x )×p ′(t )
�2 ,

where u × v = u1v2−u2v1 denotes the 2D cross product of the vectors u = (u1, u2)
T and v = (v1, v2)

T.
A similar extension of mean value coordinates [11, 19] leads to the mean value kernel [23, 7], given by (4)

with

µ(x , t ) =
(p (t )− x )×p ′(t )
∥p (t )− x∥3 . (5)

Both kernels are non-negative and special cases of a whole family of barycentric kernels [35] that extend
the family of 3-point coordinates [13] from convex polygons to convex domains. Another special case is the
Laplace kernel [25], the continuous version of discrete harmonic coordinates [33, 8], given by (4) with

µ(x , t ) =
2∥p ′(t )∥2(p (t )− x )×p ′(t )−∥p (t )− x∥2p ′(t )×p ′′(t )

�

(p (t )− x )×p ′(t )
�2 ,

but this kernel can be negative. For all members of this family, the discrete interpolants converge quadratically
to the transfinite interpolants [24, 25], and a rigorous proof of the interpolation property of non-negative
barycentric kernels over convex domains is given by Floater and Kosinka [14].
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Transfinite barycentric interpolants over convex domains can also be expressed as weighted Gordon–
Wixom interpolants. The idea of Gordon and Wixom [17] is to consider for any x ∈Ω and θ ∈ [0, 2π] the line L
passing through x at angle θ and consisting of the points L (r ) = x + r (cosθ , sinθ )T, r ∈R. As Ω is convex, L
intersects ∂ Ω in exactly two points, y1 = L (d1) and y−1 = L (−d−1), where d1 = ∥y1− x∥ and d−1 = ∥y−1− x∥.
Linearly interpolating the boundary data at these points with respect to x gives

g1,−1(x ,θ ) =
�

f (y1)
d1

+
f (y−1)

d−1

�Á�

1

d1
+

1

d−1

�

,

and averaging over θ then defines the Gordon–Wixom interpolant

g (x ) =
1

2π

∫ 2π

0

g1,−1(x ,θ )dθ . (6)

Belyaev [2] generalizes this interpolation scheme by introducing a weight functionω: Ω× [0, 2π]→R,

g (x ) =

∫ 2π

0

g1,−1(x ,θ )ω(x ,θ )dθ

�∫ 2π

0

ω(x ,θ )dθ ,

and shows that these weighted Gordon–Wixom interpolants are linearly precise ifω is centrally-symmetric,
that is,ω(x ,θ ) =ω(x ,−θ ). Moreover, ifω(x ,θ ) is a function of d = d1d−1, then this interpolation scheme is
pseudo-harmonic, that is, it reproduces harmonic interpolants if Ω is a disk. This is clearly the case for the
weight functionω(x ,θ ) = 1 which gives the original Gordon–Wixom interpolant in (6), but not for the weight
functions that reproduce transfinite Wachspress and mean value interpolants.

A third alternative is to express barycentric kernels as similarity kernels using complex numbers. In this
setting, the transfinite versions of the 3-point coordinates have very simple expressions, and it is easy to
show that the Wachspress and the Laplace kernel are identical if Ω is a circle [5]. Moreover, the complex
formulation reveals that the transfinite version of moving least squares coordinates [30] is pseudo-harmonic
but possibly negative [6].

Some of the aforementioned barycentric interpolation schemes extend or can be generalized to non-
convex domains. For example, the mean value weight function in (5) is well-defined for arbitrary domains
with piecewise C 1-continuous boundaries, but no longer guaranteed to be non-negative for all x ∈Ω. Hence,
the transfinite mean value interpolant may take on values outside the convex hull of the boundary data
(see Figure 1a), which in turn can cause non-intuitive results in applications like image deformation (see
Figure 11). The same holds for the generalization of the weighted Gordon–Wixom interpolant to non-convex
domains proposed by Belyaev [2], which replaces the linear interpolation g1,−1 by barycentric rational
interpolation [36, 3, 12] of the boundary data at all the intersection points of the line L and ∂ Ω.

Manson et al. [29] propose an alternative extension of Gordon–Wixom coordinates to arbitrary domains
that overcomes this limitation. Denoting by y1, . . . , ym the intersection points of L and ∂ Ωwhich correspond
to positive line parameters, that is, yi = L (di ) with di = ∥yi − x∥ for i = 1, . . . , m and by y−n , . . . , y−1 those
with negative parameters, yj = L (−d− j ), d− j = ∥y− j − x∥, j = 1, . . . , n , they suggest to consider the linearly
interpolated values

g i , j (x ,θ ) =
�

f (yi )
di
+

f (y− j )

d− j

�Á�

1

di
+

1

d− j

�

for all pairs of boundary data at y1, . . . , ym and at y−n , . . . , y−1 and to average and normalize their weighted
sum over θ ,

g (x ) =

∫ 2π

0

m
∑

i=1

−1
∑

j=−n

g i , j (x ,θ )ωi , j (x ,θ )dθ

�∫ 2π

0

m
∑

i=1

−1
∑

j=−n

ωi , j (x ,θ )dθ ,

where the weight functions are defined asωi , j (x ,θ ) = di+d j

d 2
i d 2

j
hi h j with hk denoting the unsigned distance

between x and the line tangent to ∂ Ω at yk for k ∈ {−n , . . . ,−1,1, . . . , m}. Manson et al. [29] show that g
interpolates the given boundary data (see Figure 1b) and can be expressed as in (2) for some non-negative
barycentric kernel λwhich is as smooth as the boundary of Ω. However, this interpolation scheme is not
pseudo-harmonic [6].

To the best of our knowledge, apart from these transfinite positive Gordon–Wixom (PGW) coordinates,
the only barycentric kernel that is non-negative for arbitrary domains is the Poisson kernel, giving rise to
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harmonic interpolants of the boundary data (see Figure 1c), but this kernel does not have an explicit form,
except in some special cases. For example, if Ω is the unit disk, then the Poisson kernel is given by (4) with

µ(x , t ) =
1

∥p (t )− x∥2 . (7)

In addition to the aforementioned approaches, there exist several constructions of transfinite barycentric
coordinates that differ from the definition above. On the one hand, it is possible to extend the transfinite
mean value interpolant to the Hermite setting [7, 15, 26], in which the interpolant also matches given
derivative data along the boundary. On the other hand, transfinite Cauchy–Green coordinates [32, 27] give
rise to conformal mappings, but they do not have the interpolation property.

1.2 Contribution

We propose a novel and flexible framework for constructing barycentric kernels for arbitrary domains. In
essence, our construction is a transfinite and generalized version of maximum likelihood coordinates [4],
where the generalization is achieved by introducing an appropriate weight function. The resulting barycentric
kernels are as smooth as this weight function and non-negative (Section 2). We use this framework to define
a simple pseudo-harmonic kernel, a novel kernel that is similar to the Poisson kernel for a wide range of
domains, and a non-negative variant of the mean value kernel (Section 3).

The results (Section 4) show that our barycentric kernels give rise to transfinite barycentric interpolants
that are faster to evaluate and exhibit better smoothness than positive Gordon–Wixom interpolants. More-
over, the weight function can be chosen such that the interpolants are similar to harmonic interpolants,
which have no closed form in general and must be approximated numerically, usually by functions that are
piecewise linear over the triangles of a domain triangulation. While this approximation requires solving a
large global linear system, our interpolants can be evaluated at any domain point by solving a local non-linear
convex optimization problem in just two variables.

2 A general framework for non-negative barycentric kernels

2.1 Discrete maximum likelihood coordinates

The construction of maximum likelihood coordinates [4] can be summarized as follows. Given a planar
polygon Ωwith vertices p1, . . . , pn and some point x ∈ intΩ, we first project the vertices onto the unit circle
around x , yielding the projected points

p̂i =
pi − x

ri
, ri = ∥pi − x∥, i = 1, . . . , n . (8)

This step, which assures the Lagrange property of the coordinates, is followed by two averaging steps that
are required for guaranteeing the linearity of the coordinates along the edges of Ω. These two steps replace
each p̂i with a normalized convex combination of p̂i−1, p̂i , and p̂i+1, but we skip the details, because they
can be ignored for our purposes, as we shall see below in Section 2.2.

The next step is to determine positive barycentric coordinates λ̂1, . . . , λ̂n of the origin 0 ∈R2 with respect to
p̂1, . . . , p̂n by maximizing

∑n
i=1 log λ̂i subject to the constraints

∑n
i=1 λ̂i = 1 and
∑n

i=1 λ̂i p̂i = 0. The maximum
likelihood coordinates of x ∈ intΩ are finally defined as

λi (x ) =
λ̂i

ri

� n
∑

j=1

λ̂ j

r j
, i = 1, . . . , n . (9)

The continuous extensions of these coordinates to Ω satisfy all key properties of generalized barycentric
coordinates and are non-negative, even for non-convex polygons.

2.2 Transfinite maximum likelihood coordinates

In order to derive a transfinite version of these coordinates, let us investigate what happens in the limit if
we construct maximum likelihood coordinates and interpolants with respect to an increasing number of
uniform samples from the parametric boundary p of a bounded planar domain Ω (see Figure 2).
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n = 12 n = 25 n = 50 n = 100 n = 200 n = 500 n =∞
Figure 2: Maximum likelihood interpolant for an increasing number of uniform samples along the boundary of the
domain in Figure 1, for the same boundary data.

For any n ≥ 3, let Ωn be the polygon with vertices pi = p (ti ), i = 1, . . . , n , where ti = a + i (b −a )/n . In
the limit, as n →∞, the set of vertices {pi : i = 1, . . . , n} becomes dense and converges to the continuous
set of boundary points {p (t ) : t ∈ [a , b ]}, and Ωn converges to Ω. Likewise, the set of projected points in (8)
converges to p̂ ([a , b ]), where p̂ : [a , b ]→ S 1 with

p̂ (t ) =
p (t )− x

r (t )
, r (t ) = ∥p (t )− x∥, t ∈ [a , b ] (10)

is the parameterized curve that we obtain by projecting the boundary curve p onto the unit circle around x .
As the distance between p̂i and p̂i+1 converges to zero, it is now clear why the two averaging steps have no
effect in the limit and can thus be ignored in the transfinite setting. This can also be seen in Figure 2, where
the result for n = 500 was computed with these two averaging steps, but the result for n =∞was obtained
by discretizing the transfinite interpolant without any averaging steps (see Section 4.1).

The problem of determining positive coordinates λ̂1, . . . , λ̂n then turns into the problem of finding a

positive function λ̂: [a , b ]→R that maximizes
∫ b

a
log λ̂(t )dt subject to the constraints

∫ b

a
λ̂(t )dt = 1 and

∫ b

a
λ̂(t )p̂ (t )dt = 0. At this point we propose to generalize the construction by introducing a positive weight

function ωx : [a , b ]→ R, which may depend on x ∈ intΩ, and to find more generally the function λ̂ that
maximizes

ℓ[λ̂] =

∫ b

a

log λ̂(t )ωx (t )dt (11)

subject to the constraints
∫ b

a

λ̂(t )ωx (t )dt = 1,

∫ b

a

λ̂(t )p̂ (t )ωx (t )dt = 0. (12)

Clearly, the original construction is just a special case of this generalization, obtained by using the constant
weight functionωx (t ) = 1.

As in the discrete case [4], we can use Lagrangian multipliers to solve this constrained optimization
problem, but we need to invoke some variational calculus. The Lagrangian for the problem is

L (t , λ̂) = log λ̂(t )ωx (t )−φ0

�

λ̂(t )ωx (t )− 1
b−a

�−φTλ̂(t )p̂ (t )ωx (t ),

whereφ0 ∈R andφ = (φ1,φ2)
T ∈R2 are the Lagrangian multipliers. Since the functional ℓ in (11) is strictly

concave over the space of positive functions, its maximum under the constraints in (12) is obtained at a
stationary point λ̂ of the functional

J [λ̂] =

∫ b

a

L (t , λ̂)dt = ℓ[λ̂]−φ0

�∫ b

a

λ̂(t )ωx (t )dt −1

�

−φT
∫ b

a

λ̂(t )p̂ (t )ωx (t )dt .

According to the fundamental lemma of calculus of variations, finding a stationary point of J [λ̂] is equivalent
to solving the associated Euler–Lagrange equation

∂ L

∂ λ̂
(t , λ̂) =

ωx (t )

λ̂(t )
−φ0ωx (t )−φTp̂ (t )ωx (t ) =

�

1

λ̂(t )
−φ0−φTp̂ (t )
�

ωx (t ) = 0. (13)

Sinceωx is a positive function, the optimal λ̂ is therefore defined as

λ̂(t ) =
1

φ0+φTp̂ (t )
, t ∈ [a , b ]. (14)
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To determine the value of the Lagrangian multiplierφ0, we multiply both sides of (13) by λ̂(t ) and integrate
over t ,

∫ b

a

ωx (t )dt −φ0

∫ b

a

λ̂(t )ωx (t )dt −φT
∫ b

a

λ̂(t )p̂ (t )ωx (t )dt = 0,

and after inserting the constraints (12), we get

φ0 =

∫ b

a

ωx (t )dt . (15)

To find the other Lagrangian multiplierφ, we use (14) in the second constraint in (12) and notice that

∫ b

a

λ̂(t )p̂ (t )ωx (t )dt =

∫ b

a

p̂ (t )
φ0+φTp̂ (t )

ωx (t )dt =−∇F (φ)

for the function F : Φ→Rwith

F (φ) =−
∫ b

a

log
�

φ0+φ
Tp̂ (t )
�

ωx (t )dt . (16)

Hence, satisfying this second constraint is equivalent to finding the unique minimum of the strictly convex
function F . Note that the domain Φ of F consists of allφ for whichφ0+φTp̂ (t )> 0 for all t ∈ [a , b ], which
guarantees that the optimal λ̂ in (14) is indeed a positive function. As p̂ (t ) covers the whole unit circle S 1 for
t ∈ [a , b ], we conclude that Φ is the open disk of radiusφ0 around the origin, that is, Φ= {φ ∈R2 : ∥φ∥<φ0}.
In analogy to the discrete setting [4], we see that solving the initial constrained optimization problem over
the space of positive functions simplifies to the minimization of a bivariate convex function over a disk,
which can be done efficiently with Newton’s method, using 0 ∈Φ as initial guess.

Once λ̂ is found, the weighted maximum likelihood kernel at x ∈ intΩ is defined as

λ(x , t ) =
λ̂(t )ωx (t )

r (t )

�∫ b

a

λ̂(s )ωx (s )
r (s )

ds , t ∈ [a , b ], (17)

the continuous equivalent of (9). This kernel is well-defined and positive, because λ̂,ωx , and r are positive
functions for any x ∈ intΩ, and it clearly satisfies the partition of unity property in (1). Moreover, since
p (t ) = p̂ (t )r (t )+ x by (10), it follows from (12) that

∫ b

a

λ(x , t )p (t )dt =

∫ b

a

λ̂(t )ωx (t )
r (t )

�

p̂ (t )r (t )+ x
�

dt
Á

∫ b

a

λ̂(s )ωx (s )
r (s )

ds

=

�∫ b

a

λ̂(t )p̂ (t )ωx (t )dt + x

∫ b

a

λ̂(t )ωx (t )
r (t )

dt

��∫ b

a

λ̂(s )ωx (s )
r (s )

ds = x ,

which confirms that this kernel is also linearly precise.

3 Choosing the weight function

3.1 The unweighted kernel

Figure 2 shows how the maximum likelihood interpolants for an increasing number of n uniform boundary
samples converge to the function g in (2) using the maximum likelihood kernel λ in (17) with the constant
weight functionωx (t ) = 1. Comparing the values along the boundary with those from the interpolants in
Figure 1, they seem to be different, indicating that λmight not be interpolatory, although it is reasonable to
expect this property to carry over from the discrete setting. In fact, since the factor 1/r (t ) in (17), which is a
consequence of the initial projection step, diverges to infinity at t = s but remains finite for any t ̸= s as x
approaches a boundary point p (s ), the kernel λ should converge to δ(t − s ) in the limit. Although it remains
future work to prove this conjecture, our experiments (see Figure 3b) suggest that this is indeed the case.
However, the convergence is very slow and even at a distance of 10−4 from the boundary, the interpolated
values are still quite far from the boundary values (see Figure 3e).
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Figure 3: Behaviour of weighted maximum likelihood kernels with weight functionsωx (t ) = 1 (blue) andωx (t ) = 1/r (t )
(green) and corresponding interpolants near the boundary of the domain from Figure 1, whose bounding box is the
unit square. As x approaches p (s ) (a), the kernel λ(x , t ), plotted over t for x at a distance of 10−k with k = 2,3,4,5,
converges to δ(t − s ) (b,c) and the interpolant, shown for x at a distance from 0 to 0.1 in linear (d) and logarithmic (e)
scale, converges to f (s ). Note how the local maximum of λ(x , t ) at s ′ (b) or s ′′ (c), which corresponds to the influence of
the boundary data near p (s ′) or p (s ′′) on the interpolant, diminishes as x gets closer to p (s ).

3.2 A pseudo-harmonic kernel

To improve the boundary behaviour of the interpolant, we can use the weight function

ωx (t ) =
1

r (t )
. (18)

This effectively replaces the factor 1/r (t ) in (17) with 1/r (t )2, which diverges faster to infinity at t = s
as x approaches p (s ), thus guaranteeing a faster convergence of λ to δ(t − s ) (see Figure 3c). Moreover,
the resulting kernel turns out to be pseudo-harmonic. To see this, let Ω be the unit disk with boundary
parameterization p (t ) = (cos t , sin t )T for t ∈ [0, 2π]. In this setting, the gradient of F in (16) is

∇F (φ) =−
∫ 2π

0

1

φ0+φTp̂ (t )
· p (t )− x

r (t )2
dt .

Recalling that the identity function can be expressed, with the help of the Poisson kernel, as

x =

∫ 2π

0

p (t )
r (t )2

dt

�∫ 2π

0

1

r (s )2
ds ,

we conclude that∇F vanishes atφ = 0. As F is strictly convex, this is the unique minimum, and it follows
from (14) that λ̂ is the constant function with value 1/φ0. Therefore, the barycentric kernel (17) corresponding
to the weight function in (18) simplifies indeed to the Poisson kernel

λ(x , t ) =
1

r (t )2

�∫ 2π

0

1

r (s )2
ds .

3.3 Imitating the Poisson kernel

While identical to harmonic interpolants if Ω is a disk, the transfinite interpolants corresponding to the
simple weight function in (18) are quite different from harmonic interpolants and more similar to PGW
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(a) ωx = 1/r (b) ωx = 1/r 2 (c) ωx = 1/r 3 (d) ωx = 1/r 4

Figure 4: Height interpolants for the bayrcentric kernel in (17) with different weight functions ωx (top). Domain,
boundary data, and colour-coding are as in Figure 1. Adding a constant toωx and using instead ω̃x in (19) has a small
effect on the interpolant (bottom), but greatly improves the numerical robustness.

Figure 5: Plot of the function F in (16) over Φ for the indicated point x ∈Ω (center) and the weight functionsωx = 1/r 4

(left) and ω̃x (right).

interpolants for arbitrary domains (cf. Figure 4a, top with Figure 1b,c). However, our experiments indicate
that the difference to harmonic interpolants decreases as we increase the power of r in the denominator
ofωx (see Figure 4b–d, top). Alas, for powers greater than three, numerical instabilities start to occur when
evaluating the interpolants close to the boundary. The reason is that the minimum of the function F in (16)
is located extremely close to the boundary of Φ for x near ∂ Ω (see Figure 5, left), so that Newton’s method
has trouble converging to the correct solution.

An effective trick to remedy this problem is to add a suitable constant to the weight function. We found
that replacingωx by

ω̃x =ωx +

∫ b

a

ωx (t )dt (19)

works well in practice (see Figure 4, bottom), as it has the effect of shifting the minimum of F towards the
center of Φ (see Figure 5, right). In particular, based on our experiments (see Section 4), we propose to use
the weight function

ωx (t ) =
1

r (t )4
+

∫ b

a

1

r (s )4
ds , (20)

which appears to give good and stable results that mimic the behaviour of harmonic interpolants for a wide
range of domains.

3.4 A modified mean value kernel

Another interesting kernel emerges if we try to simplify the minimization of the function F in (16). To this
end, recall that the shape of the projected boundary curve p̂ is a unit circle and that the projected boundary
points can thus be expressed as p̂ (t ) = (p̂1(t ), p̂2(t ))

T = (cosθ , sinθ )T, where

θ = θ (t ) = arctan
p̂2(t )
p̂1(t )

. (21)

If we now take asωx the speed at which p̂ (t ) travels along the unit circle S 1,

ωx (t ) = ∥p̂ ′(t )∥,

8



(a) (b) (c) (d) (e) (f)

Figure 6: Height interpolants based on the mean value kernel (a,d), the modified mean value kernel in (22) (b,e), and the
same kernel withωx replaced byω2

x (c,f) for the domain and boundary data from Figure 1 (a–c) and a domain whose
boundary contains a horizontal line segment (d–f). Note that the mean value and the modified mean value interpolants
are identical inside kerΩ, but different outside (d,e), and that the C 0 artefact of the modified mean value interpolant,
which is caused by the horizontal boundary line segment, vanishes if the weight function is squared (e,f).

thenωx (t )dt turns out to be equal to the (unsigend) arc length differential |dθ |. Consequently,φ0 in (15) is
equal to the length of the projected curve p̂ and therefore equal to 2π for any x ∈ kerΩ and greater than 2π,
otherwise1. Moreover, if x ∈ kerΩ, then we can express F in (16), after changing the integration parameter
from t to θ , as

F (φ) =−
∫ 2π

0

log(φ0+φ1 cosθ +φ2 sinθ )dθ .

The gradient

∇F (φ) =−
∫ 2π

0

(cosθ , sinθ )T

φ0+φ1 cosθ +φ2 sinθ
dθ

clearly vanishes atφ = 0 in this case, and using the same arguments as above we conclude that λ̂ is a constant
function, so that the barycentric kernel in (17) simplifies to

λ(x , t ) =
ωx (t )
r (t )

�∫ b

a

ωx (s )
r (s )

ds . (22)

Since θ in (21) can also be expressed in terms of x = (x1, x2)
T and the boundary point p (t ) = (p1(t ), p2(t ))

T

before projection as

θ = arctan
p2(t )− x2

p1(t )− x1
,

a straightforward calculation (see Equation (10) in [7]) reveals that

ωx (t ) =
�

�

�

dθ

dt

�

�

�=
|(p (t )− x )×p ′(t )|

r (t )2
= |µ(x , t )| r (t ), (23)

with µ(x , t ) defined as in (5). Hence, the kernel in (22) is identical to the mean value kernel for any x ∈ kerΩ
(see Figure 6d,e), but, in contrast to the mean value kernel, non-negative for all other x ∈Ω.

However, the non-negativity comes at a price. As the absolute value function is only C 0 at the origin,
it follows from (23) thatωx , now seen as a function of x and t , is only C 0 at any pair (x , t ) for which x lies
on the line passing through p (t ) in the direction p ′(t ), and the same is true for the kernel λ in (22). If the
boundary of Ω is everywhere curved, so that p ′′(t ) ̸= 0 for all t ∈ [a , b ], then the coordinates of these C 0

artefacts vary in x as they vary in t . This implies that the C 0 artefacts themselves get smoothed out by
integration with respect to t and the transfinite interpolant g in (2) is C 1 (see Figure 6b). But if the boundary
of Ω contains a straight line segment with p ′′(t ) = 0 for t ∈ [a ′, b ′], then the interpolant is only C 0 along the
intersection of Ωwith the line supporting this segment (see Figure 6e). To overcome this limitation, we can
simply replace ωx by ω2

x in (22), resulting in interpolants that are at least C 1 (see Figure 6c,f). However,
according to our experiments, they are not as favourable as the ones obtained by using the weight function
in (20).

1The kernel kerΩ of a domain Ω (not to be confused with the kernel functions frequently used in this article) consists of all points
x ∈Ω for which the segment [x , y ], for any y ∈Ω, lies entirely in Ω. In particular, kerΩ=Ω for any convex domain.
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Figure 7: Running time in seconds for evaluating our interpolants and the PGW interpolant based on N = 2K 12 boundary
samples at 26000 domain points (left) and for computing the piecewise linear approximation of our interpolants and the
harmonic interpolant over a domain triangulation with M vertices (right).

4 Results

4.1 Implementation

We have implemented the proposed framework for defining non-negative barycentric kernels in C++ on a
Windows 10 laptop with a 2.4 GHz Intel i5-1135G7 processor and 16 GB RAM. In order to be able to compare
our results to those given by the implementation of PGW interpolants [29], we decided to use quadratic
B-splines for describing both the domain boundary and the boundary data. More precisely, given the n
boundary control points P1, . . . , Pn ∈R2 and data control values F1, . . . , Fn ∈R, we consider the B-spline curve
and the B-spline function [34]

P (t ) =
n+1
∑

i=0

Pi N 2
i (t ) and F (t ) =

n+1
∑

i=0

Fi N 2
i (t ),

where P0 = Pn , Pn+1 = P1, F0 = Fn , and Fn+1 = F1, both over the uniform knot vector (−2,−1, . . . , n +2). This
guarantees the curve p (t ) = P (t ) for t ∈ [0, n ] to enclose a C 1 domainΩ and the boundary data f (p (t )) = F (t )
for t ∈ [0, n ] to be periodic and C 1.

For the numerical evaluation of the interpolant g at any x ∈ Ω, we replace the continuous parameter
t ∈ [0, n ] by the N uniformly spaced parameters {tk = k h : k = 0, . . . , N } with h = n/N , and approximate
any function that depends on t (e.g.,ωx or λ̂) by the piecewise linear function that interpolates the func-

tion at t0, . . . , tN . Any integral of the form
∫ b

a
Ψ(t )dt (e.g., Ψ = log(φ0+φTp̂ )ωx in (16)) then simplifies to

h
∑N

k=1Ψ(tk ), which is known as the trapezoid rule and converges at a rate of O (h 2). Our experiments sug-
gest that N = 100n is sufficient for applications like image deformation (see Section 4.3). However, higher
order numerical integration methods (e.g., Gaussian quadrature) could be used, if needed. For finding the
minimum of the convex function F in (16), we follow Chang et al. [4] and use Newton’s method with Armijo
line search [1]. The convergence threshold (∥∇F (φ)∥2 < 10−6) is usually reached after 3 to 8 iterations, but
if x is close to ∂ Ω (less than 10−3 times the diameter of Ω), then it may take up to 13 iterations.

4.2 Comparison

To compare the performance of our framework for defining and evaluating barycentric interpolants with
PGW interpolants [29], we recall that the implementation of the latter approximates the boundary curve
by the polygon PK obtained after K times subdividing the initial boundary control polygon P = [P1, . . . , Pn ]
and then computes an approximation of the interpolant with respect to PK . Since PK has 2K n vertices, it
seems fair to compare the result with the one obtained by our implementation using N = 2K n boundary
samples. Figure 7 (left) shows the result for the domain in Figure 1, which is defined by n = 12 control points.
We observe that our method runs in O (N ) time and is faster than the PGW implementation, whose runtime
complexity appears to be above O (N ), most likely because the search for pairs of edges with a non-vanishing
visibility cone takes more than linear time.

For the comparison to harmonic interpolants, we use the classical finite element method that determines
the piecewise linear approximation of the interpolant over a Delaunay triangulation T of the domain in
Figure 1 with M interior vertices by solving a global linear system of size M . Since the system matrix is
sparse, it is common to solve the system using a direct sparse LD LT Cholesky factorization [18]. Our method
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mean value PGW Poisson ours withωx in (20)

Figure 8: Example of a transfinite basis function for a non-convex domain defined by a quadratic B-spline with 20
control points, based on different barycentric kernels.

mean value PGW Poisson ours withωx in (20)

Figure 9: Examples of transfinite basis functions for two non-convex domains defined by quadratic B-splines.

mean value PGW Poisson ours withωx in (20)

Figure 10: Examples of generalized barycentric coordinate functions associated with the vertices of a non-convex
polygon, derived from different barycentric kernels.

(here with N = 1200) is instead local in the sense that it evaluates the interpolant at each domain point
individually by solving a 2-dimensional non-linear optimization problem. Figure 7 (right) confirms that our
method therefore computes the values of the interpolant at all vertices of T in O (M ) time, while the runtime
complexity for determining the approximate harmonic interpolant is closer to O (M 2), at least for large M .
The break-even occurs at M ≈ 400000. Note that the linear solver did not manage to handle cases with more
than one million vertices, since it ran out of memory on our platform. For both comparisons reported in
Figure 7, the choice of weight functionωx had a negligible effect on the running times in our method.

Regarding the shape quality of the barycentric interpolants, we propose to use the weight function
in (20) in our framework. Figures 1, 8, and 9 confirm that the corresponding interpolants are more similar
to harmonic interpolants than mean value and PGW interpolants and in general have a smoother shape
than the latter. The same observation holds for classical generalized barycentric coordinates (see Figure 10),
which we can generate with the implemented B-spline model by simply duplicating control points.

4.3 Image deformation

For interactive applications, one advantage of the B-spline model is that we can precompute the values
G1(x ) = Ĝ1(x )+ Ĝn+1(x ), Gi (x ) = Ĝi (x ), i = 2, . . . , n −1, and Gn (x ) = Ĝ0(x )+ Ĝn (x ), where

Ĝi (x ) =

∫ n

0

λ(x , t )N 2
i (t )dt , i = 0, . . . , n +1,

11



source mean value PGW Poisson ours withωx in (20)

Figure 11: Deformation of a source image (left) bounded by a (green) quadratic B-spline curve with different barycentric
kernels. While the deformations based on the mean value and PGW kernel tend to degenerate (see the “armpits” of the
starfish) and may even fold over and “spill out” of the (blue) target curve (see the right ear and the tail of Pikachu), the
deformations based on the Poisson and our novel barycentric kernel behave better and are quite similar to each other.

for a certain set of domain points x ∈ Ω (e.g., the vertices of a triangulation of Ω) and then evaluate the
interpolant efficiently as

g (x ) =
n
∑

i=1

Fi Gi (x ).

Figures 8 and 9 show some of these transfinite basis functions Gi for non-convex domains.
Replacing the data values Fi ∈R with the control points P ′i ∈R2 of a B-spline curve P ′ that encloses a

target domainΩ′, the transfinite interpolant g turns into a transfinite barycentric mapping fromΩ toΩ′. This
mapping can be used to deform a source image bounded by ∂ Ω, and the deformation can be controlled intu-
itively by changing the control points P ′i . Figure 11 shows some examples of this procedure for deformations
based on different barycentric kernels.

5 Conclusion

Although generalized barycentric coordinates have been studied intensively over the last two decades,
remarkably few constructions of barycentric kernels for non-convex domains exist. With the framework in
Section 2, it is now possible to generate and study a wide range of weighted maximum likelihood kernels.
These kernels are barycentric by construction, non-negative for any positive weight functionωx , and as
smooth asωx , seen as a function in x . Although we did not manage to find a formal proof, it is reasonable
to expect that these kernels are interpolatory, as long as the weight function ωx does not annihilate the
factor 1/r (t ), that is,ωx (t )must not converge to zero for t = s as x converges to p (s ).

Interestingly, the factor 1/r (t ) also plays a crucial rule for guaranteeing the interpolation property of the
kernels in [35]. In fact, our kernels fit into their construction, if we interpret λ̂(t )ωx (t )dt as the differential dP̄x

of an auxiliary curve P̄x . The key difference between both approaches is that Schaefer et al. [35] get the linear
reproduction property for free by using polar duals as auxiliary curves, while we have to solve for λ̂, but the
advantage of our method is that it handles arbitrary and not only convex domains.

Another difference of our framework to previous constructions is that all integrals depend on the para-
metric differential dt and not on the arc length differential dθ of the unit circle around x . Hence, we can
avoid calculating intersections between lines through x and ∂ Ω and evaluate the interpolants with a simple
numerical approximation scheme. However, as a consequence of this approach, most of our kernels and
interpolants are parameterization-dependent, except for the modified mean value kernel withωx in (23).
This can be seen as a limitation, but also as an additional degree of freedom in interactive applications.
While we observed that the natural parameterization of quadratic B-splines usually gives very good results
(see Figure 12), it remains future work to further explore this aspect.

The flexibility of our framework can be used to design kernels, for example, by using the weight function
in (20), so that the interpolants are similar to harmonic interpolants, but in contrast to the latter, they can be
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(a) (b) (c)

Figure 12: Transfinite basis function for our kernel with ωx in (20) using the natural (red) parameterization of the
boundary spline curve (a), after applying a monotonic (green) reparameterization (b), which creates a significant local
maximum in the bottom right part of the domain, and after applying the arc-length (blue) reparameterization (c), which
has little effect on the result in this example.

evaluated easily up to numerical precision at any x ∈Ω. Moreover, it is possible to evaluate the gradients of
these interpolants by following the arguments in [4] and replacing all sums by integrals. It should also be
straightforward to extend our construction to higher dimension d > 2. The only difference to the planar
setting is that F in (16) is then a function in d variables, but it should still be easy to find the minimum of F
with Newton’s method.
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