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Abstract

It has recently been shown that the Lebesgue constant for Berrut’s rational interpolant at equidistant
nodes grows logarithmically in the number of interpolation nodes. In this paper we show that the same
holds for a very general class of well-spaced nodes and essentially any distribution of nodes that satisfies
a certain regularity condition, including Chebyshev—-Gauss—Lobatto nodes as well as extended Chebyshev
nodes.

1 Introduction

For n € N, let X,, = {zo,x1,...,2,} be a set of n+ 1 distinct interpolation nodes in the real interval [a, b], and
let B,, = {bg,b1,...,b,} be a corresponding set of cardinal basis functions, that is, b;(xx) = ;5. The norm of
the linear interpolation operator which maps f € C°[a,b] to g = Z?:o b f(z;) is also known as the Lebesgue
constant [8, 11, 12]

AX,, B,) = amgi(bz b (2

and one is interested in choices of nodes X,, and basis functions B,, such that A(X,,, B,,) is small, as this leads
to small bounds on the approximation error ||f — g|| ., measured in the maximum norm.

In the case of polynomial interpolation, when B,, is the set of Lagrange basis polynomials with respect
to X,,, it is well known that the Lebesgue constant grows logarithmically with n for Chebyshev nodes, but
exponentially for equidistant nodes [6]. However, much smaller Lebesgue constants are observed for rational
interpolation at equidistant nodes [2, 3, 7, 13]. In particular, Bos et al. [4, 5] show that the Lebesgue constant
for Berrut’s first rational interpolant [1] with basis functions

bi(x)— Z i=0,...,n,
xr— x; x—xj

grows logarithmically in the number of equidistant interpolation nodes, and that the same holds for Berrut’s
second rational interpolant [1] and the general family of barycentric rational interpolants which was introduced
by Floater and Hormann [9]. Moreover, Hormann et al. [10] show that this behaviour extends to quasi-
equidistant nodes with a bounded global mesh ratio.

In this work we show that for essentially any reasonable choice of interpolation nodes X,,, the Lebesgue
constant for Berrut’s first rational interpolant,

n 1
Z] =0 |w x|
a<x<b ‘Z —1)J

]O,ﬂxj

AX,) = : (1)

is bounded from above by clnn for some constant ¢ > 0. More precisely, we derive this result for well-spaced
nodes (Section 2), and show that such nodes can be generated by a distribution function satisfying a regularity
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condition (Section 3). We emphasize that our main goal is to prove the logarithmic growth, and that we
are less interested in deriving either tight bounds or exact constants c. We conclude the paper by discussing
several examples (Section 4).

1.1 Preliminaries

Without loss of generality we assume that the nodes in X,, are ordered,
o<1 << Tp,

and that o = 0 and z,, = 1, because the Lebesgue constant in (1) is invariant with respect to linear transfor-
mations of the interpolations nodes. We further denote the length of the k-th subinterval by

hi = Tk+1 — Tk, k=0,....n—1 (2)

and restrict our discussion to the interpolation interval [a,b] = [z, zy] = [0, 1].
Following the approach in [4], let us introduce the functions

Ni(z) = (x — zg) (g1 — 7) Z ﬁ
3=0 ’

and )
n (_1)j
D = (x — — SV
k(@) = (z — 1) (@41 — 2) Z P
7=0
for z < x < xk11 and k =0,...,n — 1, and observe that the Lebesgue constant (1) satisfies

AX,) =
(Xn) = _max | X D)

Our general goal is to establish the bounds
Ni(z) < cihilnn
and
Dy (x) > cahi,

where the constants ¢; > 0 and co > 0 are independent of z, k, and n. To this end, it helps to recall from [4]

that
k

Nk(x):hk+(x—xk)(a:k+1—a:)<_ ! + ) ! ) (3)
j=0

Tr—X; Tj —X
J j=k+2 J

and from [10] that

Dy(z) = (z — ) (Tp+1 — 7) [+ <_ 1 ) n <_ Lo, ! )

r — T_3 X — Tp—2 r— Tp—1 r — Tk

1 1 1 1
+ - + - + -
Tk41 — T LTk42 — T Tk43 — T LTh44a — T

1 1 1 1
2 (@ —ap)(@es1 — @) | | — + + -
r— Tk-1 r — Tk Tk+1 — T Tk42 — T

= hy, — (z — o) (Tp41 — @) < 1 * : >’

T—Tp—1 Thyo —

(4)

because all paired terms are positive for x; < z < xk41. We remark that one of the two terms in the last
factor is missing in the cases k = 0 and k = n — 1, but as the factor will be smaller then, we can safely ignore
this detail in the subsequent discussion.



2 Well-spaced nodes

Definition 2.1. For each n € N, let X, be a set of interpolation nodes. We then say that X = (X,,), oy is a
family of well-spaced nodes, if there exist constants C, R > 1, independent of n, such that the three conditions

— C
Th+1 xkg - j=0,....k k=0,...,n-1, (5)
Th+1 — X; k+1—j
41— C
Lhtl 7 Tk 7 j=k+1,...,n, k=0,...,n—1, (6)
T — Tp Jj—k
l<M§R, k=1,....,n—1 (7)

R~ xp — 251
hold for each set of nodes X,,.

This definition includes equidistant nodes (with smallest possible constants C = R = 1), but it also covers
Chebyshev—-Gauss—Lobatto nodes and extended Chebyshev nodes, as shown in Section 4.

Theorem 2.2. If X = (X,,),,cy s a family of well-spaced nodes, then there exists a constant ¢ > 0 such that
A(X,) <clnn
for any n > 2.
Proof. We will actually show, more precisely, that
AX,) < (R+1)(1+2C1nn), (8)

where R and C' are the constants defining X as well-spaced in Definition 2.1. The claim then follows by letting
c=2(R+1)(C+1).
Let x < < xp41 for some k. From (3) we get

k—1 n
Xr — X Tkl —
Ni(x) = hg + (01— 2) ) +w—a) Yy, ——
— xr — .13]‘ - J?j — X
J=0 j=k+2
. T "z T
k+1 — Lk k+1 — Lk
< hg + (Try1 — o) E P + (Th1 — T1) E .
j=0 TR T j=kt2 T4k
$k+1 Tp+1 — Tk
= hy, <1 + § Thid 7Ok E )
‘ Tp1 — T —x
k+1 7 j=kt2 T k

It then follows from conditions (5) and (6) in Definition 2.1 that
k—1 C n C n 1
Ni(z) < hg| 1 e — —— | <he(142C) =) <hg(1+2CInn) <cihyl

with the constant ¢; = 2(C' +1) > 0.
To bound Dy (z) from below, we first assume that 1 < k < n — 2 and consider the function

g(x):(x—xk)(xkﬂ_x)( Lo )

T — Tk—1 T2 — T

(=) (Tpy1 — @)
= o= mnn)(wge — @) 2 T )
1
= (1 N P 1) (1 N Thiz— Ik+1) (xk+2 _-rk—l)

T—Tk Tk41—T

hig—1+ hi + hit1

hi— h :
(1 2t ) (1 o)




Let us assume that hxy_1 < hi41 and note that the other case can be treated similarly, due to the symmetry
of g(z) with respect to hy_1 and hg11. It is then straightforward to verify that we can bound g(x) from above
by replacing hgq with hg_1,

hi—1 4 hi + hi—1

hp— Rk ’
vrpst) (0 a)

and that this upper bound attains its maximum at z* = (xy + xx+1)/2. Hence,

g(z) <
(

R L T T 2hy_1 + hy, 2R+ hy) | b2
= - - 2 - °
(1+ =) (1+32) (14 (14 ) i)™ 2hat

It then follows from (4) and the upper bound in condition (7) that

hi? 2hs_1h h h
Dy(x) > hy — k i k—1Ng k k

= = > .
2hp—1+hi 2hg-iHhe 1458 T 1+ LR

Note that the lower bound in condition (7) is required to ensure hy/hipt1 < R for k =0,...,n — 2, which in
turn is needed in the other case when hy_1 > hyy1. Moreover, for k = 0 we conclude from (4) that

- - — h h h h
Do(e) 2 ho— E=Z@ =) _y @70 g0 o Mt ho
T2 —Z prepei o e+l o3+l 14 T I4R

and similarly for K =n — 1. Overall, this leads to the lower bound
Dy (z) > cahy,

with the constant ¢co =1/(R+1) > 0. O

3 Generating well-spaced nodes

Theorem 2.2 guarantees that the Lebesgue constant for Berrut’s rational interpolant grows logarithmically
in the number of interpolation nodes in case they are well-spaced, but the question remains how general the
latter property really is. It turns out, though, that being well-spaced is nothing special, as the three conditions
in Definition 2.1 are satisfied by essentially any reasonable choice of interpolation nodes. To this end, let us
consider families of nodes which are derived by equidistantly sampling some given function.

Definition 3.1. We say that a function F' € C[0,1] is a distribution function if it is a strictly increasing
bijection on the interval [0, 1].

Given a distribution function F' and some n € N, we define the associated interpolation nodes X,, = X,,(F)
by setting
x := F(k/n), k=0,...,n. 9)

By Definition 3.1, these nodes are ordered and satisfy our assumption zg = 0 and ;1 = 1. As shown in
Section 4.2, there exist distribution functions that yield node sets for which the Lebesgue constant in (1)
grows faster than logarithmically with n, but this behaviour can be ruled out by the following regularity
condition.

Definition 3.2. We say that a distribution function F is regular, if F € C1[0,1] and F’ has a finite number
of zeros T = {t1,t2,...,t;} C [0, 1] with finite multiplicities. That is, F’(t) > 0 for ¢ € [0,1]\ T and there exist
positive real numbers r1,73,..., 7, such that G;(t) = F'(t)/ |t — t;|"? is continuous with lim;_,;, G;(t) > 0 for
j=1,...,1.

We now prove two properties of regular distribution functions, which later help to establish the three
conditions from Definition 2.1. Note that some of the technical details in the proofs are provided in the
Appendix.



Proposition 3.3. Let F' be a regular distribution function. Then there exists a constant C' > 0 such that

<C

for all z,y,z € [0,1] with x >y > z.

Proof. Since F € C'[0,1], the divided difference F[u,v] is a continuous bivariate function. By Definition 3.2,
Flu,v] > 0 for any (u,v) € [0,1]? and F[u,v] = 0 if and only if u = v € T.. Hence, the trivariate function

G(z,y,2) =

is continuous on [0,1]* \ E, where E = {(z,y,7) € [0,1]* : 2 € T}.
To construct a “safety margin” around the singularities of G at E, let us fix § > 0, such that the open
intervals I; = (t; — 0,t; + 0) are mutually disjoint for j = 1,...,!, and consider the set

l
= [0,1°\ [ J T x [0,1] x I)).

As @ is continuous, it has an upper bound Cj on the compact set D, and we need only analyse what happens
near the set E.
To this end, we first note that Definition 3.2 guarantees

= min (of E00) w6 <sup o) (10)

j=1.a\tel; [t —t;]"7 j=L i \¢er, [t —t;]"7

to be positive real numbers. Suppose now that z,z € I; N[0, 1] for some j € {1,...,l} and > y > z. Then,

1 z M x . M T—t; N
Fla,y] = / F/(t)dt < —/ |t —t;]"7 dt = 7/ 7
T—=YJy T—=YJy T —y y—t,

and .
F[x,z]:xiz/ZF dt>7/ [t —t;]"7 dt = m / [t dt,
so that
G(z,y,2) = I};E:ﬂ < %2(@- +1)=Cj
by Lemma A.2. The statement then follows by letting C' = max(Cy, C1,...,C)). O

Proposition 3.4. Let F' be a reqular distribution function. Then there exist some € > 0 and a constant R > 0

such that
< Flz,z + s

1

-l <R
R~ Flz —s,x] —

for all s € [0,¢e] and x € [s,1 — s].

Proof. By arguments similar to the ones used in the proof of Proposition 3.3, the bivariate function

Flz,z + s

Gla,s) = Flz — s, 1]

is continuous, apart from the singularities at {(z,0) : € T'}. Recall that for x ¢ T', we have F'(x) > 0, hence
G(x,0) = F'(x)/F'(xz) = 1. We consider the mutually disjoint intervals I; = (¢t; —6/2,t;+6/2) for j =1,...,1
around the zeros of F”, fix e = §/2, and define

D :={(z,s): s €[0,e],x €[s,1 — 5] \Ué»:lfj}.

As @ is continuous and positive on the compact set D, there exists some Ry > 0 such that

1
—SG(I,S)SRm (IaS)EDa
Ry



0.75 4
3 0a®e®0% Thd b 0e00%0%0°¢ se0e00e00?
0.5 ...' ....0. L]
Ld
Fl 2 e .
L]
0.25 1le
0 0
0 0.25 0.5 0.75 1 0 5 10 15 20 25 30 35 40 45 50

Figure 1: Lebesgue constant for Berrut’s rational interpolant at n+1 equidistant interpolation nodes, generated
by the regular distribution function Fi(t) =t for 1 < n < 50.

and it remains to analyse the behaviour of G near the singularities.
To this end, let s € [0,¢] and = € I; N [s,1 — s] for some j € {1,...,l}. Then,

F(:L' + 8) . F(iﬂ) fm+sF (t)dt B M fers tj|?”j dt

Y

G(x’s):F(x)—F(x—S) [ F@de = m [T Jt— ;] dt

with the constants m, M > 0 from (10), because [z — s,z + s] C I;, and further

rz—t;+s T
M2 A

Gla,s) < =t ——— < gt = R,
m s m
by Lemma A.4. Similarly, we also have
rz—t;+s i
2" dt 1
Glz,s) > Dty 5 Mgttt o —
MO arae M R,
so that the statement follows by letting R = max(Ry, R1, ..., R;). O

Theorem 3.5. Let F be a reqular distribution function and X, the associated interpolation nodes from (9)
for any n € N. Then the family of nodes X = (Xy), cy is well-spaced.

Proof. We must show the three conditions of well-spaced nodes in Definition 2.1. For condition (5), note that
we may write

$k+1*$k7F(%)_F(§) _ %F[%’ } _
s ey P(ED) = F(2) T SR ET] Rl

n n

P& B
kel 41— 57

and then this condition follows from Proposition 3.3 with = (k+1)/n, y = k/n, and z = j/n. Condition (6)
can be shown analogously by noticing that z;, = 1 — #,_s, where X,, = {Zo,Z1,...,Zn} are the interpolation
nodes generated by the regular distribution function F(t) = 1 — F(1 —t). For condition (7), we write, similarly
as above,

oo —ap PR EH]

Tp— Tho1 F[b E]’

n ’'n

and conclude from Proposition 3.4 with = k/n and s = 1/n that this condition holds for all n > 1/¢, where
¢ is the constant introduced in Proposition 3.4. But as the number of remaining cases for n < 1/e is finite,
we can enlarge the constant R from Proposition 3.4 so that it also covers these cases, and then condition (7)
holds for all n € N. O
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Figure 2: Lebesgue constant for Berrut’s rational interpolant at n + 1 interpolation nodes, generated by the
regular distribution function F(t) = In(1 +t(e — 1)) for 1 < n < 50.
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Figure 3: Lebesgue constant for Berrut’s rational interpolant at m + 1 Chebyshev—Gauss—Lobatto nodes,
generated by the regular distribution function F3(t) = (1 — cos(nt))/2 for 1 < n < 50.

4 Examples

4.1 Regular distributions

The simplest example of a regular distribution function is the function Fj(t) = t, which generates equidistant
nodes (see Figure 1). For these nodes, it has already been shown by Bos et al. [4] that the Lebesgue constant
for Berrut’s rational interpolant grows logarithmically, and their upper bound is even tighter than our general
upper bound in Theorem 2.2. However, the results from the previous sections allow us to handle more general
node distributions.

For example, Bos et al. [4] report numerical tests which show that the Lebesgue constant grows logarith-
mically with n for logarithmically distributed interpolation nodes. As these nodes are in fact generated by
the distribution function F(¢) = In(1 + t(e — 1)), which clearly is regular because Fj(t) is strictly positive,
Theorems 2.2 and 3.5 now provide a proof of this behaviour (see Figure 2).

As a second example, consider the function F3(t) = (1 —cos(nt))/2, which is a regular distribution function
by Definition 3.2, as its first derivative has [ = 2 zeros at ¢t; = 0 and t; = 1 with multiplicities r; = ro = 1.
This function generates the extrema of the Chebyshev polynomials (of the first kind), mapped to [0, 1],

zp = (1 —cos(km/n))/2, kE=0,...,n,

which are also known as Chebyshev-Gauss—Lobatto nodes or Clenshaw—Curtis nodes (see Figure 3). By The-
orem 3.5, these nodes are well-spaced, and so the Lebesgue constant (1) grows logarithmically with n, due to
Theorem 2.2. Following the proofs of Propositions 3.3 and 3.4, using § = 1/2 and ¢ = 1/4, the constants in
Definition 3.2 turn out to be C' = 27 and R = 97/2 for this node distribution, leading to the upper bound

AX,) < 91/24+1)(1 +4minn),

according to (8). Admittedly, this bound is not very tight, and it requires further investigations to derive
better upper bounds.
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Figure 4: Lebesgue constant for Berrut’s rational interpolant at n + 1 interpolation nodes, generated by the
non-regular distribution function Fy in (11) for 1 < n < 50. Note that the ordinate is plotted in logarithmic
scale, so that the linear growth observed in the plot corresponds to an exponential growth of the values
themselves.
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Figure 5: Lebesgue constant for Berrut’s rational interpolant at n + 1 interpolation nodes, generated by the
non-regular distribution function Fjs in (12) for 1 < n < 35. As in Figure 4, the growth is exponential (central
plot) for odd n, while the values seem to grow logarithmically for even n (right plot).

4.2 Non-regular distributions

While the regularity condition for distribution functions in Definition 3.2 is clearly sufficient for the associated
nodes to be well-spaced and the growth of the Lebesgue constant to be logarithmic (see Theorems 2.2 and 3.5),
we believe that this condition is also necessary. As an example, let us consider the distribution function

0, t=0,
Falt) = {exp(l —1/t), 0<t<l1. (11)

This function is C*°-flat at the origin and hence not regular in our sense, because its derivative has a zero with
infinite multiplicity at ¢ = 0. For these nodes, the numerical estimates in Figure 4 indicate that the Lebesgue
constant for Berrut’s rational interpolant grows exponentially with n.

However, the line between exponential and logarithmic growth seems to be very thin, as a second example
demonstrates. The distribution function

L—exp(l+1/(2t—1)), 0<t<1/2,
Fs(t) = 3 1, t=1/2, (12)
I+exp(l—1/(2t—1)), 1/2<t<1.
is not regular, because its derivative has a zero with infinite multiplicity at ¢ = 1/2, and we observe in Figure 5

that the corresponding Lebesgue constant grows exponentially with n for odd n, while for even n the growth
seems to be only logarithmic.

4.3 Extended Chebyshev nodes

Besides nodes that are generated by regular distribution functions, we can also verify directly if a given family
of nodes is well-spaced. For example, the Chebyshev nodes, mapped to [0, 1], which are also known as extended
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Figure 6: Lebesgue constant for Berrut’s rational interpolant at n+1 extended Chebyshev nodes for 1 < n < 50.

Chebyshev nodes [6] and given by

1 2k +1 1
= 211 = cos T 5 T =0,... 1
Tk 2[ cos(2n 5 )/C%(Zn 5 )}, k=0,....,n, (13)

are not generated by a distribution function, but they are still well-spaced, as the following propositions
confirm. Therefore, it follows from Theorem 2.2 that the Lebesgue constant for Berrut’s rational interpolant
at these nodes grows logarithmically (see Figure 6), as already observed numerically by Bos et al. [4].

Proposition 4.1. For the extended Chebyshev nodes in (13),

Tl = T _ n2/2

-, j=0,...,k, k=0,...,n—1,
Tpy1—x;  k+1—3 J

for any n € N. That is, condition (5) of Definition 2.1 holds with C' = 7%/2.
Proof. First note that

(2R (243 INCETAVNES!
— ™ 1n 7T 111
wop—z o\ 2n+2" m+2") an+2" ) "\ ony2”

xkﬂ_ajj_cos 2j+1ﬂ' — Cos 2k+377 _sin Mﬂ' sin MT( .
2n+ 2 2n+ 2 2n + 2 2n+ 2

Moreover, for the considered ranges of j and k, we always have k — j 4+ 1 <n + 1, hence kgtl e < 5+ Now, if

. 2n+2
in addition k;;]j;ﬁ < 7, then using the inequality 2¢/7 < sin(p) < ¢ for ¢ € [0,7/2], we have
2k + 2 1
™ ™
Thil =Tk _ 2n + 2 2n + 2 w2k 42 1 1
Tppr—x;  2(k+j+2 \2(k—j+1 \ 4k+j+2k—j+1" 2k—j+1
N7 )|
T\ 2n+2 T\ 2n+2
On the other hand, if k;njj;w > 5, then giigw > k;;ﬂ:r;ﬂ' > 7, and so
. (2k+2
sin| 5 57
. <1,
sn(FFit2) "
2n + 2

because sin(yp) is decreasing on [7/2, 7]. Therefore, in this case,

sin( 7r) 1 T
Thtl — Th 2n 42 < _2n+2 _T 1
xk"‘lixj_si (k—j+1 >_2k_]+17_r 2]{3*]4’1

m+2 ") 7 2n+2



Note again that condition (6) in Definition 2.1 is entirely symmetric, hence we leave out the details.
Proposition 4.2. For the extended Chebyshev nodes in (13),

Tk41 — Tk
Tk — Tk-1

1
S < <92 k=1,....n—1,
2
for any n > 2. That is, condition (7) of Definition (2.1) holds with R = 2.
Proof. We first observe that
2k + 1 2k + 3 94 2k + 2 . 1 C(k+1
cos T ) — cos T sin 7 ) sin T sin T
Tht1 — Tp 2n + 2 2n+ 2 2n + 2 2n + 2 n+1

Te—Tpo1 cos 2k — 1 — cos 2k + 1 - 2sin 2k sin 1 sin i ’
m+2" m+2 Mm+2 m+2 ntl’

and further, with § = £Z. ¢ [ o — 2X },

n+1 n+12 n+1

_ sin(6 + %=
Tht1l = Lk _ ( 1) = cos —— + cot(#) sin ).
Tk — Th_1 sin(6) n+1 n+l

As cot(yp) is strictly decreasing on (0, ), we conclude cot() < cot(n%_l), hence

Lhi1 — Tk < cos T + cot il sin il = 2cos il < 2.
Tp — Th_1 n+1 n+1 n+1 n+1
Thk+1 — Tk i 27 . us 1 T 1
R TR I t _ = —— >
xkxk-l_cos<n+1>+co (ﬂ' n+1)sm<n+l> 2sec(n+1>_2

By (8), we therefore get the upper bound

Similarly,

A(X,) <3431 Inn

on the Lebesgue constant for Berrut’s rational interpolant at extended Chebyshev nodes.
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A Appendix

Lemma A.1. Let u,v,r € R with u < v and r > 0. Then,

" 1 v
< t"dt <" if 0<u< 14
<o [ e f 0<u<o (1)
and
" 1 v "
< t|"dt < , j <0<, < |v]. 15
sy S oo < Fou<0<u, ful < (15)

Proof. Using the assumption 0 < u < v in (14), the two bounds can be established by noticing that

Y L. 1 1Y
/ It|" dt = /t’“dtg /v”dt:v’“
v—Uu f, v—1u J, v—=1u f,

1 v . 1 v ; 1 Ur+1 _ur+1 1 ,Ur+1 —v"u "
[t|" dt = —— t"dt = > = .
v—1u f, v—1u J, r+1 v—U r+1 ov—u r+1

and

Similarly, the upper bound in (15) follows from the given conditions on u and v, because

1 v 1 0 i v 1 _ . \r+1 r+1 1 _ r r4+1 r
v—uj, v—u\J, 0

r+1 v—u r+1 = r+1°

The lower bound in (15) is equivalent to

o \r+1 r+1 T
( U) +v > 1 2(_u)r+1 +Ur+1 > (—U)UT,
v—Uu 2
which is true, since v > (—u) > 0. O

Lemma A.2. Let a,b,c,r € R witha <b<candr > 0. Then,

(cib /bc|t*dt>/<cia /ac|t|*dt) <2(r+1).
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Proof. For our convenience, let

1 c 1 c
B:= / [t]" dt and A= |t|" dt.
c—bJy c—af,
By Lemma A.1, we then have
c, 0<b<e, c/(r+1), 0<a<cg,
c/(r+1), b<0<e, b <], and s> " /(2(r+1)), a<0<e lal <],
T (=b)"/(r+1), b<O0<ec, |b]>]|c, (=) /2(r+1)), a<0<c, |a|>]c,
(-=b)", b<c<0 (—a)"/(r+1), a<c<0,

where the first two cases in both inequalities follow directly from (14) and (15), respectively. The other two
cases can be derived similarly by noticing the symmetry of A and B with respect to changing the signs of a,
b, and c¢. Combining all cases, we find

#:H):r""l’ 0<a<b<e,
W:_H)):ﬂ?drl), a<0<b<ec lal <],
Carreem < ayeem = Ar+ ), a<0<b<e a2,
N a<b<0<c, <l laf<ld,
ey < ettty = 2 a<b<O0<e ol <e, lal>]e,
oty < Gty =2 asb<0<c |z,

)" by
En sy ISR e sy

=r+1, a<b<c<O,

where we used the fact that the conditions of the last two cases imply |a| > |b|, and also |a| > |c| in the
second-last case. Note that this covers all possible cases of a, b, ¢ with a < b < ¢, as assumed in the statement
of the lemma. O

Lemma A.3. Let u,v,s € R withu>0,v >0, and s > 1. Then,
(u+20)° —u® <2°((u+v)° —u).

Proof. Let us fix v > 0 and consider the function f(u) = (u + 2v)® — w®. It follows from the assumption
s—1>0that f'(u) = s((u+2v)*"t —u*"1) > 0 for u > 0. Hence, f(u) is increasing, and so

(u+20)° —u’ = f(u) < f(2u) = 2u+ 20)° — (2u)® = 2°((u + v)* — u?).

Lemma A.4. Let a,b,7 € R with b > 0, and r > 0. Then,

a-+b a
3=+ g/ |t’"dt// |t|" dt < 3"+, (16)
a a—b

Proof. Substituting ¢ with —s in both integral gives

a+b —(a+b) (—a)
/ |t|Tdt:/ |—s|" (—ds) = / |s|" ds
a (—a) (—a)—b
a (—a) (—a)+b
/ [t|" dt = / |—s|" (—ds) = / |s|" ds,
a—b —(a—0) (—a)

and as the bounds in (16) are symmetric with respect to multiplicative inversion, we can assume without loss
of generality that a > 0.

and
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We first consider the case a > b, so that 0 < a—b < a <a+band

a+b a a-+b a r+1 _ _r+1
/ |t7”dt// |t|Tdt:/ t’”dt// trdt = (ai ) ?
a a—b a a—b a” - (

a— bt

The upper bound in (16) then follows from Lemma A.3 with u =a — b, v = b, and s = r + 1, because

(a + b)r+1 _ (CL _ b)r+1 S 2r+1(ar+1 _ (0, _ b)r+1)

— (a + b)r+1 < 2r+1ar+1 o 2r+1(a o b)r+1 + (a o b)r+1
— (CL+ b)r+1 o ar+1 § (2r+1 o 1)(ar+1 o (CL o b)r+1)

(a 4 b)r+1 o ar+1
-

< 2T+1 _ 1 < 3T+1'
ar+1 _ (CL _ b)r+1 — —

For the lower bound, notice that the convexity of f(u) = u"*! for u > 0 and r > 0 implies

1 r+1 1 r+1 1 1 rH r+1
§(a—b) +§(a+b) > i(a—b)+§(a+b) =a

— (CL + b)r+1 o ar+1 > ar+1 o (a . b)r+1

(a + b)r+1 o ar+1 o
- a" ™t —(a—b)"! >1>3"0+0,

In the second case with 0 < a < b we have

a+b a a+b 0 a b rbl el
/ |t|rdt// Itlrdt:/ trdt/(/ (*t)rdt+/ trdt) _latb) a
e a=b a a—b 0

a4+ (b—a)" T

The upper bound in (16) then follows by taking ¢ = b — a > 0 and considering

r+1 (3C)T+1’ a S c r+1 r+1 r+1 r+1
(2a + ) < {(3a)r+1’ a>c == (2a + ) < (3a) + (3¢) +a

— (2a+ c)r-{—l _ ar+1 S 3r+1(ar+1 +Cr+1)

(2a + c)r+1 _ ar+1
ar-‘rl +cr+1

—

< 37’—‘1-1 .
In order to establish the lower bound, notice that

(a+b)™ =02a+(b—0a)™>2a) T+ (b—a)T=2"2a"T 4 (b—a)"T > 20" + (b—a)"H,
hence ( ) " o
+b)"" —a”
+ b r+1 _ _r+1 > r+1 + b _ r+1 — a
(a ) a Za ( a) ar-‘rl 4 (b _ a)r-‘,—l

>1 >3+,

%
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