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Abstract

Quadrature rules are a common numerical tool for approximating definite integrals. While
most classical rules are based on polynomial interpolation, recent results reveal the ef-
ficiency and effectiveness of quadrature rules based on linear barycentric rational inter-
polants. In this paper, we derive new quadrature rules from barycentric rational Hermite
interpolants and prove their convergence orders. We then use the proposed quadrature
rules to construct direct quadrature methods for solving Volterra integral equations. We
provide several numerical experiments that validate our theoretical results and illustrate
the efficiency of our new quadrature rules and methods.
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1 Introduction

As shown by Berrut and Mittelmann [11], any rational interpolant to data f0, . . . , fn given at a discrete set of
interpolation nodes t0, . . . , tn can be written in its barycentric form

rnpt q �
ņ

k�0

βk

t � tk
fk

O
ņ

k�0

βk

t � tk
(1)

for certain barycentric weights β0, . . . ,βn . Vice versa, fixing any set of non-zero barycentric weights, the
barycentric form gives a rational interpolant [54] that is linear in the data and hence often called a linear
barycentric rational interpolant (LBRI).

Barycentric rational interpolation offers an elegant approach to avoid a common problem of rational
interpolation, namely the occurrence of poles in the interpolation interval, which is undesirable in many
situations. Schneider and Werner [48] derive necessary conditions on the barycentric weights to prevent
poles, and Berrut [8] later found a very simple choice that guarantees the absence of poles in the interpolation
interval. He also observes that the approximation order of this interpolation method is linear and even
quadratic if modified slightly. Floater and Hormann [31] prove this behaviour and introduce a whole family
of LBRIs, which can be expressed as a rational blend of local polynomial interpolants of degree d ¤ n .

The interpolants from this family are guaranteed to have no real poles, reproduce polynomials up to
degree d , and include Berrut’s interpolants as well as polynomial interpolants as special cases (for d � 0 and
d � n , respectively). Moreover, they can be evaluated efficiently and numerically stable in O pnq runtime
[33], and they have some remarkable properties, both with respect to the approximation order and to the
Lebesgue constant. On the one hand, their approximation order is essentially O ph d�1q [31], where h is the
maximal distance between neighbouring interpolation nodes, and this rate carries over to the derivatives,
in the sense that the k -th derivative has an approximation order O ph d�1�k q for k ¤ d [9, 24, 40]. On the
other hand, the Lebesgue constant of these barycentric rational interpolants grows logarithmically with
n for equidistant nodes [13, 14], a stark contrast to the exponential growth experienced by polynomial
interpolation.

Due to these attractive features, LBRIs have recently gained popularity and are used in the construction
of various numerical methods for solving PDEs [41, 46] and different classes of time-dependent problems
[1, 3, 5, 6, 10, 42, 43, 45]. In particular, some of these methods rely on efficient and effective quadrature rules
that can be derived from LBRIs [39].

The first goal of this paper is to construct similar quadrature rules based on barycentric rational Hermite
interpolation. We depart from the observation by Schneider and Werner [49] that a barycentric form, similar
to the one in (1), also exists for rational Hermite interpolants, and we recall the iterative approach by Cirillo
and Hormann [22] for constructing linear barycentric rational Hermite interpolants (LBRHIs). They show
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how to successively add m correction terms to the initial Lagrange interpolant, so as to interpolate the data
up to the m-th derivative. As for LBRIs, the barycentric form can be used to efficiently evaluate these LBRHIs
in a numerically stable way, and they turn out to be particularly suited for equidistant nodes. In this setting,
their approximation order is O pm�1qpd�1q [25], and in the special case of prescribed functions values and
first derivatives (m � 1), the Lebesgue constant associated with these interpolants is bounded from above
by a constant [23].

After briefly reviewing LBRHIs in Section 2, we introduce a barycentric rational Hermite quadrature
(BRHQ) as well as a composite barycentric rational Hermite quadrature (CBRHQ) rule in Section 3. We
prove the order of convergence for both rules and validate the theoretical results with a series of numerical
experiments in Section 4.

To further demonstrate the practicality of these new quadrature rules, we use them to derive direct
methods for solving Volterra integral equations (VIEs) of the second kind,

y pt q � g pt q�

» t

t0

kpt , s , y ps qqds , t P I � rt0, T s, (2)

where g : I ÑRD and k : S �RD ÑRD are given functions, D stands for the dimension of the system, and
S �tpt , s q : t0 ¤ s ¤ t ¤ T u. In the subsequent discussion, we assume that g and k are sufficiently smooth
to guarantee the existence of a unique smooth solution y [16, 44].

Volterra equations are a class of mathematical equations that extend the concept of ordinary differential
equations by incorporating an integral term. These equations are instrumental in mathematical modelling
of complex dynamic systems and natural phenomena with memory where the current state depends not
only on its current conditions, but also on the accumulated effects of past interactions. In essence, they are
more than just a small portion of functional equations and hold a significant position in time-dependent
problems as well as other areas of analysis and practical applications.

In general, equations of Volterra type (2) cannot be solved analytically, necessitating numerical methods
that yield approximations of the exact solutions. An effective numerical method should simultaneously have
acceptable accuracy, suitable stability properties, and a modest computational cost. Over the recent decades,
a multitude of comprehensive numerical investigations has been developed to address the numerical
solutions for various kinds of Volterra equations. Broadly, the methods can be categorized into three main
classes: global methods, local methods, and boundary value methods. A representative global method is the
spectral method. They approximate the solution over the entire domain using global basis functions and
often exhibit exponential convergence in smooth problems [29]. Local methods include multistep and/or
multistage methods [20, 34, 36], direct quadrature methods [2, 3, 10, 18, 44], collocation and piecewise
collocation [19, 26, 27], general linear methods [4, 37], as well as combinations of certain classes of ordinary
differential equation (ODE) methods paired with appropriate quadrature rules [7, 53]. These methods
typically employ discretization strategies that facilitate adaptive or stepwise progression. Boundary value
methods, which fall between global and local approaches, treat the problem on a fixed interval with boundary
conditions and often exhibit favorable stability properties [28]. Advantages and drawbacks of all classes have
been discussed extensively in the literature; see [16, 17] and the references therein.

Despite the exponential convergence of global methods, they are not among the most effective general-
purpose methods for solving VIEs due to some inherent drawbacks. One of them stems from the fact that
these methods treat Volterra equations as Fredholm equations. As a result, the functions involved must be
sampled at points clustered near the boundary, which necessitates knowing the value of the endpoint of the
integration interval in advance. This requirement may not seem very natural, particularly in time-dependent
problems where the value of T might not be known beforehand or could dynamically change over the course
of the problem. It hinders the efficient treatment of steep gradients occurring away from the boundary
and impedes the use of step control procedure, and that a restart from scratch for any increase of T is
required; thereby rendering real-time or dynamic applications impractical. Moreover, a large dense system
of (nonlinear) equations must be solved to obtain the approximate solution, which becomes a significant
challenge and increases the computational cost, especially for large D .

Local methods are free of these drawbacks and commonly used for solving Volterra type equations,
because they have desirable stability properties and good accuracy. In particular, direct quadrature methods
are among the simplest and most straightforward approaches for numerically solving VIEs, encompassing
reducible quadrature methods [47], exponential fitting direct quadrature methods [21], direct spectral inte-
gration [50], and various composite schemes. Among these, composite Newton–Cotes formulas, Gregory’s
rules [12], and hybrid Newton–Cotes–Gregory approaches [38] are commonly used. However, it is important
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to note that these methods may encounter challenges when the required order of accuracy is increased, as
the appearance of Runge’s phenomenon under these circumstances might cause problems and render them
impractical [32]. It should be noted that, composite Newton–Cotes formulas mitigate some issues related
to Runge’s phenomenon, making them suitable for achieving higher accuracy; nevertheless, they have the
drawback that these formulas require alternating between different quadrature rules to obtain a method
with a prescribed order of accuracy, a strategy that is typically effective only for low-order approximations.

In Section 5 we discuss how to solve the VIE in (2) with a direct quadrature method based on our global
and composite Hermite quadrature rules. We prove the convergence orders of both methods and verify the
theoretical results in Section 6. Our numerical experiments confirm the robustness of these methods for
solving VIEs.

2 Linear barycentric rational Hermite interpolation

Before we can introduce our novel barycentric Hermite quadrature rules, let us recall the ideas that led to
the iterative approach for solving the Hermite interpolation problem in [22]. Let f be a real-valued and
continuously differentiable function over the interval ra , b s and consider the n �1 distinct interpolation
nodes

a � t0   t1   �� �   tn � b .

The first order Hermite interpolation problem then consists in finding a function r
p1q

n r f s PC 1ra , b s, such
that

r p1q
n r f sptk q � fk , r p1q

n r f s1ptk q � f 1k , k � 0, 1, . . . , n ,

where fk � f ptk q and f 1k � f 1ptk q.
The classical polynomial Hermite interpolant to these data can be expressed as

r p1q
n r f spt q �

ņ

k�0

ℓ
p0q
k pt q fk �

ņ

k�0

ℓ
p1q
k pt q f 1k , (3)

where
ℓ
p0q
k pt q �

�
1�2pt � tk qℓ

1
k ptk q

�
ℓk pt q

2, ℓ
p1q
k pt q � pt � tk qℓk pt q

2,

with ℓk denoting the k -th Lagrange basis polynomial

ℓk pt q �
n¹

j�0, j�k

t � t j

tk � t j
.

Cirillo and Hormann [22] propose to write the interpolant in (3) instead in terms of the Lagrange inter-
polant

r p0q
n r f spt q �

ņ

k�0

ℓk pt q fk

and a correction term, namely as

r p1q
n r f spt q � r p0q

n r f spt q�
ņ

k�0

pt � tk qℓk pt q
2
�

f 1k � r p0q
n r f s1ptk q

�
,

and they observe that this is a Hermite interpolant for any choice of basis functions ℓ0,ℓ1, . . . ,ℓn that satisfies
the Lagrange property ℓk pt j q �δ j ,k for j , k � 0, 1, . . . , n .

In an attempt to carry over the favourable properties of LBRIs to the Hermite setting, they suggest to
replace the Lagrange basis polynomials ℓk with the basis functions

bk pt q �
βk

t � tk

O
ņ

j�0

β j

t � t j
(4)

of the LBRI in (1) and show that the resulting LBRHI can be expressed in barycentric form as

r p1q
n r f spt q �

ņ

k�0

b
p0q
k pt q fk �

ņ

k�0

b
p1q
k pt q f 1k , (5)
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where

b
p0q
k pt q �

�
β
p0q
k

t � tk
�

β
p1q
k

pt � tk q
2

�O
ņ

j�0

�
β
p0q
j

t � t j
�

β
p1q
j

pt � t j q
2

�
,

b
p1q
k pt q �

β
p1q
k

t � tk

O
ņ

j�0

�
β
p0q
j

t � t j
�

β
p1q
j

pt � t j q
2

�
.

The weights β
p0q
k and β

p1q
k are defined in terms of the barycentric weights βk as

β
p0q
k � 2βkνk , β

p1q
k �β 2

k , k � 0, 1, . . . , n , (6)

where

νk �
ņ

j�0, j�k

β j

tk � t j
,

and they depend only on the interpolation nodes tk , but not on the data fk and f 1k .
For the barycentric weights proposed by Floater and Hormann [31],

βk �

minpk ,n�d q¸
i�maxp0,k�d q

p�1qi
i�d¹

j�i , j�k

1

tk � t j
, (7)

where 0 ¤ d ¤ n , the following theorem from [22] gives the rate of convergence of the rational Hermite
interpolant (5) via a bound on the interpolation error in the maximum norm.

Theorem 1. For any f PC 2pd�2qra , b s, we have

∥ f � r p1q
n r f s∥¤C h 2pd�1q,

where h �max0¤k¤n�1ptk�1�tk q is the global mesh size and the constant C depends only on d , the derivatives
of f , the interval length b �a , and, only in the case d � 0, on the maximal local mesh ratio

ρ� max
1¤k¤n�2

min

"
tk�1 � tk

tk � tk�1
,

tk�1 � tk

tk�2 � tk�1

*
.

In the following, we are mainly interested in the case of equispaced nodes, when the weights in (7) can
be replaced by

β̄k � p�1qd d ! h dβk � p�1qk
ņ

i�d

�
d

i �k



, k � 0, 1, . . . , n (8)

and the Lebesgue constant associated with the LBRHI in (5) is bounded from above by a constant [23], in
contrast to the exponential growth experienced by the classical polynomial Hermite interpolants. Moreover,
they do not suffer from the Runge phenomenon in this setting. Consequently, LBRHIs can be considered a
viable and practical alternative to polynomial Hermite interpolants.

3 Linear barycentric rational Hermite quadrature

Numerical integration is essential for simulations, data analysis, and numerical modelling, and it plays a
crucial role in solving practical problems in numerous areas of computational science and engineering. The
linearity of barycentric rational Hermite interpolation in the data makes it well-suited for applications. Our
main concern here is using this property for introducing a quadrature formula based on the LBRHI in (5) to
approximate the definite integral

I p f q �

» b

a
f pt qdt , (9)

for a real integrable function f over the integration interval ra , b s.

4



To this end, we consider the uniform partition a � t0   t1   �� �   tn � b of ra , b s with stepsize h �
pb �a q{n , that is, tk � a �k h for k � 0,1, . . . , n . Integrating the LBRHI in (5) with respect to this partition
leads to the linear barycentric rational Hermite quadrature (BRHQ) formula» b

a
f pt qdt �

» b

a
r p1q

n r f spt qdt � h
ņ

k�0

w
p0q
n ,k fk �h 2

ņ

k�0

w
p1q
n ,k f 1k �Q G

n , (10)

with quadrature weights

w
p0q
n ,k � h�1

» b

a
b
p0q
k pt qdt �

» n

0
φ
p0q
n ,k px qdx ,

w
p1q
n ,k � h�2

» b

a
b
p1q
k pt qdt �

» n

0
φ
p1q
n ,k px qdx ,

(11)

where

φ
p0q
n ,k px q �

�
2β̄k ν̄k

x �k
�

β̄ 2
k

px �kq2


N ņ

j�0

�
2β̄ j ν̄ j

x � j
�

β̄ 2
j

px � j q2



,

φ
p1q
n ,k px q �

β̄ 2
k

x �k

N ņ

j�0

�
2β̄ j ν̄ j

x � j
�

β̄ 2
j

px � j q2



,

with β̄k as in (8) and ν̄k �
°n

j�0, j�k β̄ j {pk � j q.
Since the integrands in (11) are rational functions that cannot be integrated analytically without further

information about their properties, they must be computed numerically up to machine precision, using, for
example, the routines implemented in the Chebfun system [51] or, alternatively, with Gauss–Legendre or
Clenshaw–Curtis rules [35, 52]. It is worth noting that barycentric form offers greater flexibility than Gauss-
Legendre quadrature, as it allows for arbitrary node distributions instead of being limited to the roots of
Legendre polynomials. Moreover, it provides excellent stability properties and simpler weight computation
through the barycentric formula. Barycentric rational quadrature is also better suited for handling endpoint
singularities and functions with sharp gradients, due to its use of a rational approximation basis.

As LBRHIs reproduce polynomials of degree 2d �1 if n �d is even and of degree 2d �3 if n �d is odd
[22, Corollary 1], it is clear that the BRHQ rule (10) is precise up to these degrees. More precisely, as shown in
the proof of [22, Theorem 3], for f PC 2d�4ra , b s, we have

∥ f � r p1q
n r f s∥¤C h 2pd�1qpb �a q2δ∥ f p2d�2�2δq∥, (12)

where the constant C depends only on d and δ� 0 if n �d is even and δ� 1 if n �d is odd; this means that
the degree of precision of the BRHQ rule (10) is at least 2pd �δq�1. Analogous to the proof of Theorem 6.2
in [39], it is easy to show that the BRHQ rule (10) with δ� 0 and δ� 1 is not exact for the functions x 2pd�1q

and x 2pd�2q, respectively, hence the exact degree of precision of the BRHQ rule (10) is 2pd �δq�1. In what
follows, we prove that the convergence rate is O ph 2pd�1qq.

Theorem 2. For any f PC 2pd�2qra , b s, the approximation error of the BRHQ rule (10) satisfies

�

�I p f q�Q G
n

�

�¤C h 2pd�1q,

where C depends only on d , the derivatives of f , and the interval length b �a .

Proof. Assuming that the quadrature weights in (11) are approximated by a quadrature rule that converges
at least at the rate O ph 2pd�1qq, it suffices to show that» b

a

�
f pt q� r p1q

n r f spt q
�

dt (13)

converges to zero as O ph 2pd�1qq. To this end, we recall from [22] that the interpolation error of the LBRHI
in (5) can be written as

f pt q� r p1q
n r f spt q �

Apt q

W pt q2
,
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where Apt q �
°n

i�0βi

°n
j�0β j f rt , ti , t j s, with f rt , ti , t j s denoting the second divided difference of f at the

points t , ti , t j , and

W pt q �
ņ

k�0

βk

t � tk

is the denominator of the barycentric basis functions in (4). Since the function 1
W pt q2 is a non-negative

function, the mean value theorem for integrals asserts that» b

a

�
f pt q� r p1q

n r f spt q
�

dt � Apτq

» b

a

1

W pt q2
dt ,

for some τ P ra , b s. We know from the proof of Theorem 3 in [22] that Apt q is bounded by a constant;
moreover, for remember from [31, Section 4] that

W pt q �
n�ḑ

k�0

λk pt q,

in which λ�1
k pt q � p�1qk

±d
j�0pt � tk� j q are the blending functions in the Floater-Hormann interpolants. It

was proved in Theorems 2 and 3 in [31] that

|W pt q|¥

$''&''%
1

d !h d�1
, d ¥ 1,

1

p1�βqh
, d � 0,

with β as the local mesh ratio defined by

β � max
1¤i¤n�2

min

"
ti�1 � ti

ti � ti�1
,

ti�1 � ti

ti�2 � ti�1

*
.

Therefore,
�

�

�

�

�

» b

a

�
f pt q� r p1q

n r f spt q
�

dt

�

�

�

�

�

¤C h 2pd�1q,

where the constant C depends only on the integrand function f , d , and the interval length b �a .

The basic idea behind the BRHQ rule (10) is to approximate the integrand using the linear barycentric
rational Hermite interpolant (5), and to then apply the operator to the latter. If the resulting quadrature
formula is directly used in discretization methods for the numerical solution of time-dependent problems,
specifically Volterra type equations, the computational cost may grow significantly as the number of partition
nodes increases, since new quadrature weights must be computed at each step. By considering the fact that
the barycentric weights (11) are independent of the nodes, hence translation invariant, a composite version
of the BRHQ rule can be constructed to remedy this drawback.

To this end, we consider the uniform partition a � t0   t1   �� �   tN � b of ra , b s with stepsize h �
pb �a q{N , that is, tk � a �k h for k � 0, 1, . . . , N . To define the composite BRHQ formula for approximating
the integral of a given function f over ra , b s, let d and n with 0¤ d ¤ n ¤N {2 and set p � tN {nu�1. The
CBRHQ rule can then be written as

I p f q �
p�1̧

j�0

» tp j�1qn

t j n

f pt qdt �

» tN

tp n

f pt qdt

�

p�1̧

j�0

ņ

k�0

�
h w

p0q
n ,k f j n�k �h 2w

p1q
n ,k f 1j n�k

�
�

N�p n¸
k�0

�
h w

p0q
N�p n ,k fp n�k �h 2w

p1q
N�p n ,k f 1p n�k

�
�Q C

m , (14)

where

w
p0q
m ,k � h�1

» tm

t0

b
p0q
m ,k pt qdt �

» m

0
φ
p0q
m ,k px qdx ,

w
p1q
m ,k � h�2

» tm

t0

b
p1q
m ,k pt qdt �

» m

0
φ
p1q
m ,k px qdx
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Table 1: Test problems.

Experiment Integrand Integration interval Figure Table

1 1{p1� t 2q r�1, 1s — 2

2 sinpt q r�4, 5s — 3

3 p1� tanhp�9t �1qq{2 r0, 1s — 4

4 e �pt�1{2q2{2 r0, 3s — 5

5 sin2 t cosp10 tanh t q r0, 1s 1 —

6 p1� ln t qcospt ln t q r100, 200s 2 —

for m � n , n �1, . . . ,2n �1 and k � 0, . . . , m and fℓn�k . Notice that in the case of n ¤N ¤ 2n , we just have
the last term of (14) which is the BRHQ rule. The following theorem establishes the order of convergence of
the CBRHQ formula (14).

Theorem 3. Suppose N , n are positive integers with n ¤N , d is non-negative integer with d ¤ n ¤N {2, and
f PC 2pd�2qra , b s. Then the CBRHQ formula (14) converges at the rate O ph 2pd�δq�2q, where δ� 0 if n �d is
even and δ� 1 if n �d is odd.

Proof. Using the change of variable t � a � x h , x P r0, ms and noting that the LBRHIs (5) error is bounded
by C h 2pd�1q, it is easy to see, by taking maximum norm, that each local quadrature formula tends to zero as
O ph 2pd�1q�1q. Since n is fixed and there are p �1�O pnq �O p1{hq integrals to be computed, the order of
the CBRHQ formula (14) is 2d �2. Moreover, according to Theorem 3 in [22] and relation (12), in the case of
δ� 1, the bound on the interpolation error involves an additional factor pnhq2, so the order of convergence
is two units larger than the stated above, that is, 2pd �δq�2, where δ� 0 for even values of n �d and δ� 1
for odd values of n �d .

4 Numerical experiments with the quadrature rules

In this section, some numerical experiments are provided to demonstrate the efficiency, robustness, and
accuracy of the introduced quadrature formulas as well as verifying the theoretical results. To this end, a set of
test problems are listed in Table 1. For each experiment, we report the approximation error EN � |I p f q�QN |
between the exact value of the definite integral and values of the BRHQ rule (10) and the CBRHQ rule (14), as
well as its corresponding experimental convergence orders OQ

G � log2pE
G
N

L
E G

N {2q and OQ
C � log2pE

C
N

L
E C

N {2q.

The superscripts G and C in EN are used to refer to the corresponding errors of the BRHQ rule (10) and the
CBRHQ rule (14), respectively.

Tables 2–5 present the numerical results for various choices of n and d for the first four experiments.
They demonstrate the efficiency and power of the proposed quadrature formulas and confirm the theo-
retical convergence orders stated in Theorems 2 and 3. It should be noted that for some values of N , the
approximations reaches machine precision, which explains some smaller experimental orders in the tables.
Moreover, according to Theorem 3, the CBRHQ errors are expected to decrease with order 2pd �δq� 2,
where δ� 1 for odd values of n �d and δ� 0 for even values of n �d , which is numerically verified by the
experimental approximation orders reported in these tables.

In Figure 1, the logarithmic error log10pEN q is plotted versus log10pN q, together with the slope lines
corresponding to the expected convergence rates, for Experiment 5, using the BRHQ rule (10) and the
CBRHQ rule (14).

The BRHQ rule is very accurate but slow, particularly when dealing with the approximation of integrals
over large integration intervals. In such instances, switching to the CBRHQ rule, having an order of at least
2d �2, turns out to be more efficient and cost-effective. Several practical and physical problems, such as
analysing water waves on sloping beaches, have motivated the study of irregular oscillatory integrands [30].
In the final experiment, a definite integral with such irregular oscillatory integrand is approximated with the
CBRHQ rule (14). The numerical results in Figure 2 confirm the theoretical results given in Theorem 3 and
show the high efficiency and capability of the CBRHQ rule for approximating such integrals. Moreover, the
numerical results of the LBRI-based composite quadrature rule introduced in [10, 39], which is referred to
as the CBRQ rule, have been included in this figure. These results illustrate that the CBRHQ rule is more
accurate than the CBRQ rule of the same order.
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Table 2: Error and approximation order for Experiment 1.

N 10 20 40 80 160 320

d � 0
E G

N 6.37�10�4 1.79�10�4 4.71�10�5 1.21�10�5 3.07�10�6 7.72�10�7

OQ
G 1.83 1.93 1.96 1.98 1.99

d � 2
E G

N 1.15�10�7 1.53�10�9 2.17�10�11 3.22�10�13 5.55�10�15 6.66�10�16

OQ
G 6.23 6.14 6.07 5.86 3.06

pn , d q� p2, 0q
E C

N 9.15�10�4 2.29�10�4 5.72�10�5 1.43�10�5 3.57�10�6 8.93�10�7

OQ
C 2.00 2.00 2.00 2.00 2.00

pn , d q� p8, 1q
E C

N 8.56�10�6 3.74�10�7 4.73�10�10 9.39�10�12 1.47�10�13 2.22�10�15

OQ
C 4.52 9.63 5.66 6.00 6.05

Table 3: Error and approximation order for Experiment 2.

N 10 20 40 80 160 320

d � 1
E G

N 5.37�10�4 3.19�10�5 1.96�10�6 1.21�10�7 7.55�10�9 4.71�10�10

OQ
G 4.07 4.02 4.02 4.00 4.00

d � 3
E G

N 3.25�10�6 6.79�10�9 1.66�10�11 4.86�10�14 3.33�10�16 1.11�10�15

OQ
G 8.90 8.68 8.42 7.19 -1.75

pn , d q� p5, 1q
E C

N 2.43�10�4 2.35�10�5 1.54�10�6 9.71�10�8 6.08�10�9 3.80�10�10

OQ
C 3.37 3.93 3.99 4.00 4.00

pn , d q� p5, 2q
E C

N 2.50�10�5 5.14�10�8 1.78�10�10 6.76�10�13 2.66�10�15 8.88�10�16

OQ
C 8.93 8.17 8.04 7.99 1.58

Table 4: Error and approximation order for Experiment 3.

N 10 20 40 80 160 320

pn , d q� p5, 1q
E C

N 2.18�10�5 1.07�10�6 3.37�10�8 3.48�10�9 2.23�10�10 1.40�10�11

OQ
C 4.35 4.99 3.28 3.96 3.99

pn , d q� p6, 2q
E C

N 8.32�10�5 6.73�10�8 1.95�10�9 2.45�10�11 3.84�10�13 6.11�10�15

OQ
C 10.27 5.11 6.31 6.00 5.97

Table 5: Error and approximation order for Experiment 4.

N 10 20 40 80 160 320

pn , d q� p3, 1q
E C

N 7.19�10�6 6.57�10�7 3.97�10�8 2.68�10�9 1.66�10�10 1.05�10�11

OQ
C 3.45 4.05 3.89 4.01 3.98

pn , d q� p6, 1q
E C

N 1.39�10�5 2.57�10�7 3.08�10�9 3.57�10�11 5.46�10�13 8.66�10�15

OQ
C 5.76 6.38 6.43 6.03 5.98

As a comparison with the Filon and Levin methods [15], we should say that the Filon and Levin methods
are specialized techniques designed primarily for efficiently evaluating highly oscillatory integrals. In
contrast, barycentric rational quadrature offers greater flexibility in node selection and excels in handling
singularities due to its rational basis but is less specialized for very high-frequency oscillations. Thus, while
Filon and Levin methods are typically preferred for integrals dominated by oscillatory behavior, barycentric
rational quadrature is advantageous when dealing with functions featuring singularities or rapidly varying
features not necessarily tied to oscillations.
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Figure 1: Log-log-plots of the approximation error for Experiment 5 with the BRHQ rule (10) (left) and the CBRHQ
rule (14) (right).

2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6
log

10
(N)

-7

-6

-5

-4

-3

-2

-1

0

1

lo
g 10

(E
NC

)

slope of order 2

slope of order 4

Figure 2: Log-log-plots of the approximation error for Experiment 6 with the CBRHQ rule (14) and the CBRQ rule [10, 39]
of orders 2 and 4 (left), and of orders 6 and 8 (right).

5 Linear barycentric rational Hermite quadrature method (LBRHQM) for VIEs

In this section, we are interested in using the advantages of the quadrature rules introduced above, such as
smoothness, high accuracy, and arbitrarily high convergence order to construct direct quadrature methods
for the numerical solution of VIEs (2). To this end, we introduce two methods based on the BRHQ rule (10)
and the CBRHQ rule (14), called the global barycentric rational Hermite quadrature method (GBRHQM)
and the composite barycentric rational Hermite quadrature method (CBRHQM), and we discuss their
convergence in detail.

5.1 The global version

Let TN �tt0, t1, . . . , tN � T ube a uniform partition of the given interval I with the fixed stepsize h � ti�1�ti �
pT � t0q{N , i � 0, 1, . . . , N �1 and set F1ps , y ps qq � kptm , s , y ps qq. The GBRHQM for (2) can be obtained by
applying the BRHQ rule (10) to the integral part of (2) at the mesh point tm as

ym � g ptmq�h
m̧

k�0

w
p0q
m ,k
rF1,k �h 2

m̧

k�0

w
p1q
m ,k
rF 1
1,k , m � n �1, . . . , N , (15)

9



with w
p0q
m ,k and w

p1q
m ,k given by (11). Here, ym represents an approximation to the exact solution y of (2) at the

mesh point tm and

rF1,k � F1ptk , yk q,rF 1
1,k � F 1

1 ptk , yk q � ks ptm , tk , yk q�ky ptm , tk , yk qy 1k ,

where ks and ky denote the partial derivatives of the kernel k with respect to s and y , respectively.
To compute the values of the unknowns ym , an approximation of the exact value y 1 at tm must be

provided. To supply it, first differentiate (2) to obtain

y 1pt q � g 1pt q�kpt , t , y pt qq�

» t

t0

kt pt , s , y ps qqds , t P I . (16)

Then applying the BRHQ rule (10) to the integral part of the latter at the point tm yields

y 1m � g 1ptmq� rF1,m �h
m̧

k�0

w
p0q
m ,k
rF2,k �h 2

m̧

k�0

w
p1q
m ,k
rF 1
2,k , m � n �1, . . . , N , (17)

where y 1m denotes the approximation of the exact value y 1 of (2) at tm , and the rF2,k and rF 1
2,k stem from the

function F2, defined by F2ps , y ps qq � kt ptm , s , y ps qq, with kt denoting the partial derivative of the kernel k
with respect to t . Given this function, we let

rF2,k � F2ptk , yk q,rF 1
2,k � F 1

2 ptk , yk q � kt s ptm , tk , yk q�kt y ptm , tk , yk qy 1k ,

with kt s and kt y denoting the second-order partial derivatives of k with respect to t , s and t , y , respectively.
In order to obtain the approximations, the nonlinear algebraic equations (15) and (17) must be solved
simultaneously at each step.

To implement the method, we further need a set of initial values that guarantee the adequate accuracy
of the approximations. To obtain them, we use the BRHQ rule (10) to approximate the integral part of (2)
and (16) from t0 to tm , m � 1, 2, . . . , n , which gives

ym � g ptmq�h
ņ

k�0

sw p0q
m ,k
rF1,k �h 2

ņ

k�0

sw p1q
m ,k
rF 1
1,k ,

y 1m � g 1ptmq� rF1,m �h
ņ

k�0

sw p0q
m ,k
rF2,k �h 2

ņ

k�0

sw p1q
m ,k
rF 1
2,k ,

(18)

where

sw p0q
m ,k �

» m

0

�
2βk ν̄k ,1

x �k
�

β 2
k

px �kq2


N ņ

j�0

�
2β j ν̄ j ,1

x � j
�

β 2
j

px � j q2



dx ,

sw p1q
m ,k �

» m

0

β 2
k

x �k

N ņ

j�0

�
2β j ν̄ j ,1

x � j
�

β 2
j

px � j q2



dx ,

with barycentric weights β j that depend on n , but not on m . It should be noted that the system (18) includes
2n equations in the 2n unknowns ym and y 1m , m � 1, 2, . . . , n , which must be solved simultaneously. The next
theorem establishes the convergence rate of the initial values obtained from (18) in terms of the parameters
of the method.

Theorem 4. Assume that g PC 2pd�2qpI q and k PC 2pd�2qpS �RD q, that n and d with d ¤ n are respectively

positive and non-negative integers, and let en �
�

e p0q
n , e p1q

n

�T
, where e p0q

n �
�

e
p0q
1 , . . . , e

p0q
n

�T
and e p1q

n �

pe
p1q
1 , . . . , e

p1q
n qT are the initial errors with e

p0q
i � y pti q� yi and e

p1q
i � y 1pti q� y 1i , i � 1, 2, . . . , n. Then, ∥en∥8

tends to zero at the rate O ph 2pd�δq�3q, where δ� 0 for even values of n �d and δ� 1 for odd values of n �d .
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Proof. Substituting the exact values for y and y 1 in the initial value procedure (18) and including the consis-
tency errors R0,mphq and R1,mphq gives

y ptmq � g ptmq�h
ņ

k�0

sw p0q
m ,k F1ptk , y ptk qq�h 2

ņ

k�0

sw p1q
m ,k F 1

1 ptk , y ptk qq�R0,mphq,

y 1ptmq � g 1ptmq� F1ptm , y ptmqq�h
ņ

k�0

sw p0q
m ,k F2ptk , y ptk qq�h 2

ņ

k�0

sw p1q
m ,k F 1

2 ptk , y ptk qq�R1,mphq.

(19)

Further substituting t � tm in (2) and (16) and subtracting from (19) yields

R0,mphq �

» tm

t0

kptm , s , y ps qqds �h
ņ

k�0

sw p0q
m ,k F1ptk , y ptk qq�h 2

ņ

k�0

sw p1q
m ,k F 1

1 ptk , y ptk qq,

R1,mphq �

» tm

t0

kt ptm , s , y ps qqds �h
ņ

k�0

sw p0q
m ,k F2ptk , y ptk qq�h 2

ņ

k�0

sw p1q
m ,k F 1

2 ptk , y ptk qq.

Again, using the change of variable t � a � x h , x P r0, ms and taking the maximum norm, we find that the
consistency errors are bounded by C h 2d�3 where C is a constant that depends only on d , the derivatives of f ,
and the interval length. It must be noted that, in view of the reasons mentioned in the proof of Theorem 3,
if n �d is odd, then the order of convergence for the initial values is two units larger than stated before, that
is, 2pd �δq�3, where δ is the same quantity as stated in Theorem 3.

Subtracting the initial values in (18) from (19) and using the mean value theorem gives

em � h
ņ

k�0

sw p0q
m ,k ky ptm , tk ,ξ0,k qek

�h 2
ņ

k�0

sw p1q
m ,k

�
ks y ptm , tk ,η0,k qek �ky y ptm , tk ,ζ0,k qy 1ptk qek �ky ptm , tk , yk qe

1
k

�
�R0,mphq, m � 1, 2, . . . , n ,

e 1m � ky ptm , tm ,ξmq�h
ņ

k�0

sw p0q
m ,k kt y ptm , tk ,ξ1,k qek

�h 2
ņ

k�0

sw p1q
m ,k

�
kt s y ptm , tk ,η1,k qek �kt y y ptm , tk ,ζ1,k qy 1ptk qek �kt y ptm , tk , yk qe

1
k

�
�R1,mphq, m � 1, 2, . . . , n ,

where ξi ,k , ηi ,k , ζi ,k , i � 0, 1, and ξm are the interior points of the line segments connecting the exact value
of y and its approximation at the corresponding functions. These equations can be written in block matrix
form as

pDn �hWnqen �Rnphq,

where

Dn �

�
In 0

�Wp2q
n In



, Wn �

�
Wp0q

n �hWp1q
n h�Wp0q

n

Wp3q
n �hWp4q

n h�Wp1q
n

�
,

with In denoting the n �n identity matrix and the other matrices being defined as

Wp0q
n �

� sw p0q
i , j ky pti , t j ,ξ0, j q

�
, Wp1q

n �
� sw p1q

i , j

�
ks y pti , t j ,η0, j q�ky y pti , t j ,ζ0, j qy 1pt j q

��
,

Wp2q
n � diag

�
ky pti , ti ,ξi q

�
, Wp3q

n �
� sw p0q

i , j kt y pti , t j ,ξ1, j q
�

,

Wp4q
n �

� sw p1q
i , j

�
kt s y pti , t j ,η1, j q�kt y y pti , t j ,ζ1, j qy 1pt j q

��
,�Wp0q

n �
� sw p1q

i , j ky pti , t j , yj q
�

, �Wp1q
n �

� sw p1q
i , j kt y pti , t j , yj q

�
,

and
Rnphq �

�
R p0q

n phq, R p1q
n phq

�T
,

where R p0q
n phq �

�
R0,1phq, . . . , R0,nphq

�T
and R p1q

n phq �
�

R1,1phq, . . . , R1,nphq
�T

.
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The differentiability hypothesis on the kernel k in (2) indicates that the corresponding functions and
their partial derivatives in the aforementioned matrices have a maximum absolute value. Furthermore,
since n is fixed in the initial value procedure (18) and only the stepsize h is variable, the initial quadrature
weights have a maximum absolute value as well. This implies that the norm of the matrix Wn is bounded
and can be made as small as necessary by reducing the stepsize h . Therefore, since the block matrix Dn is
nonsingular, there exists, for sufficiently small h , a positive constant C such that

∥e n∥8� ∥pDn �hWnq
�1∥8∥Rnphq∥8¤

1

∥Dn∥8�h∥Wn∥8
∥Rnphq∥8¤C ∥Rnphq∥8,

which implies ∥e n∥8�O ph 2pd�δq�3q.

The next theorem states the order of convergence of the GBRHQM, which can be obtained in a way that is
similar to the one used in Theorem 7.2 in [44] by considering certain conditions on the functions g and k .

Theorem 5. Assume that g PC 2pd�2qpI q and k PC 2pd�2qpS �RD q, that n and d with d ¤ n are respectively
positive and non-negative integers, and let the nodes be equispaced. Then, the approximate solution of (2)
obtained by the global method with the initial value procedure (18) converges at the rate O ph 2d�2q, if the
utilized initial errors tend to zero as h decreases.

5.2 The composite version

As mentioned before, the implementation of the GBRHQM for solving time-dependent problems implies
considerable computational cost; since the corresponding quadrature weights must be calculated at each
step, and as the number of nodes increases, the number of terms in the BRHQ rule (10) becomes larger
and larger. In order to avoid computing new quadrature weights for every step, the CBRHQ rule can be
considered instead. Let TN be again a uniform partition of the interval I and assume that d and n are as
introduced above. Applying the CBRHQ rule (14) to the integrals in (2) and (16) at the mesh point tm yields

ym � g ptmq�

p�1̧

j�0

ņ

k�0

�
h w

p0q
n ,k
rF1, j n�k �h 2w

p1q
n ,k
rF 1
1, j n�k

�
�

m�p n¸
k�0

�
h w

p0q
m�p n ,k

rF1,p n�k �h 2w
p1q
m�p n ,k

rF 1
1,p n�k

�
, m � n �1, . . . , N ,

y 1m � g 1ptmq� rF1,m �

p�1̧

j�0

ņ

k�0

�
h w

p0q
n ,k
rF2, j n�k �h 2w

p1q
n ,k
rF 1
2, j n�k

�
�

m�p n¸
k�0

�
h w

p0q
m�p n ,k

rF2,p n�k �h 2w
p1q
m�p n ,k

rF 1
2,p n�k

�
, m � n �1, . . . , N ,

(20)

where p � tm{nu�1. As before, utilizing the composite method as a global one necessitates a procedure for
obtaining initial values with adequate accuracy. So, the procedure (18) can be used again to provide suitable
approximations of the initial values.

The convergence rate of the CBRHQM (20) can easily be deduced with the same ingredients as in
Theorem 5 and the help of Theorems 3 and 4.

Theorem 6. Assume that g P C 2pd�2qpI q and k P C 2pd�2qpS �RD q, that n and d with d ¤ n are respec-
tively positive and non-negative integers, and let the nodes be equispaced. Then, the absolute errors of the
CBRHQM (20) tend to zero at the rate O ph 2pd�δq�2q, where δ� 0 for even values of n �d , and δ� 1 for odd
values of n �d , if the errors of the initial values from procedure (18) vanish as the stepsize h is reduced.

6 Numerical experiments with the LBRHQM

To confirm the theoretical orders of convergence derived in Section 5, we shall now examine the efficiency of
the aforementioned methods and the initial value procedure, as well as the accuracy of the approximations
by applying them with various choices of n and d to several VIEs. For every example, the approximation
quality is measured by computing e S

h � max1¤m¤n ∥y ptmq� ym∥8, the maximum norm of the errors at

12



Table 6: Numerical results of the CBRHQM applied to the nonlinear VIE in (21).

h 2�1 2�2 2�3 2�4 2�5 2�6

pn , d , ds q� p2, 0, 0q
e C

h pT q 7.64�10�4 1.73�10�4 2.72�10�5 7.21�10�6 1.94�10�6 4.99�10�7

OC 2.14 2.67 1.92 1.89 1.96

pn , d , ds q� p5, 1, 1q
e C

h pT q 8.13�10�3 2.59�10�5 3.67�10�7 4.36�10�8 2.88�10�9 1.68�10�10

OC 8.29 6.14 3.07 3.92 4.10

pn , d , ds q� p11, 3, 2q
e C

h pT q 1.97�10�2 5.59�10�6 2.15�10�9 6.81�10�12 3.31�10�14 2.13�10�14

OC 11.78 11.34 8.30 7.68 0.64
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Figure 3: Log-log-plot of the approximation error of the GBRHQM applied to the nonlinear VIE in (21).

the initial values and ehpT q � ∥y ptN q� yN ∥8, the maximum norm of the error at tN � T , the extremity of
the integration interval. In the following numerical experiments, the superscripts G and C in ehpT q are
used to refer to the errors of the GBRHQM and the CBRHQM, respectively. Moreover, the initial values are
computed with the parameter ds , and the experimental approximation orders for the initial value procedure,
the GBRHQM, and the CBRHQM are respectively computed by

OS � log2

�
e S

h {e S
h{2

�
, OG � log2

�
e G

h pT q{e G
h{2pT q

�
, OC � log2

�
e C

h pT q{e C
h{2pT q

�
.

As a first example, consider the nonlinear VIE

y pt q � 1�

» t

0
pt � s q3p4� t � s qe�t�s y 4ps q

1�2y 2ps q�2y 4ps q
ds , t P r0, 10s, (21)

arising in the analysis of neural networks with post-inhibitory rebound [20, 34]. A reference solution at
the endpoint T � 10 of the integration interval is given by y p10q � 1.25995582337233. The numerical
results of the CBRHQM for this equation are reported in Table 6 for pn , d , ds q � p2, 0, 0q, p5, 1, 1q, and p11, 3, 2q.
According to Theorem 6, the expected orders of convergence are 2, 4, and 8, respectively, which are confirmed
by the numerical results. Moreover, Figure 3 shows the logarithmic error log10pe

G
h pT qq of the GBRHQM

for this equation, plotted versus log10phq, together with the slope lines corresponding to the expected
convergence rates. These numerical results confirm the expected orders of convergence for various choices
of pn , d q as predicted by Theorem 5. In the case of pn , d , ds q � p11, 3, 2q, the approximation reaches machine
precision for h � 2�5, which explains some smaller experimental orders in the last column of the table.

Since the order of convergence of the CBRHQM is at least 2d � 2 and the cost of its computation is
significantly less than for the global method, we investigate just the composite version for the following
examples.

To demonstrate the efficiency and accuracy of the CBRHQM, consider the highly oscillatory VIE

y pt q � g pt q�

» t

�1
cospωps � t qqy ps qds , t P r�1, 1s, (22)
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Table 7: Numerical results of the CBRHQM applied to the oscillatory VIE in (22) withω� 100.

h 2�6 2�7 2�8 2�9 2�10 2�11

pn , d , ds q� p1, 0, 0q

Initial values
e S

h 3.10�10�5 1.34�10�6 4.51�10�8 1.44�10�9 4.52�10�11 1.42�10�12

OS 4.53 4.89 4.97 5.00 5.00

CBRHQM
e C

h pT q 1.82�10�5 1.05�10�6 6.44�10�8 4.01�10�9 2.50�10�10 1.56�10�11

OC 4.12 4.03 4.01 4.00 4.00

pn , d , ds q� p4, 2, 2q

Initial values
e S

h 2.29�10�6 4.70�10�8 6.34�10�10 7.08�10�12 6.03�10�14 5.00�10�16

OS 5.61 6.21 6.48 6.88 6.91

CBRHQM
e C

h pT q 1.56�10�4 3.49�10�8 4.67�10�10 7.06�10�12 1.10�10�13 1.78�10�15

OC 12.13 6.22 6.05 6.00 5.95

Table 8: Numerical results of the CBRHQM applied to the oscillatory VIE in (22) withω� 1000.

h 2�7 2�8 2�9 2�10 2�11 2�12

pn , d , ds q� p1, 0, 0q

Initial values
e S

h 2.98�10�3 1.32�10�4 7.54�10�6 3.93�10�7 1.37�10�8 4.39�10�10

OS 4.50 4.13 4.26 4.84 4.96

CBRHQM
e C

h pT q 9.85�10�4 5.69�10�5 2.58�10�6 1.52�10�7 9.33�10�9 5.81�10�10

OC 4.11 4.46 4.09 4.03 4.01

pn , d , ds q� p4, 2, 2q

Initial values
e S

h 5.08�10�3 1.41�10�4 6.21�10�7 1.82�10�8 2.40�10�10 3.27�10�12

OS 5.17 7.83 5.09 6.24 6.20

CBRHQM
e C

h pT q 4.21�10�2 3.93�10�5 1.69�10�7 5.92�10�9 7.90�10�11 1.20�10�12

OC 10.07 7.86 4.84 6.23 6.04

where

g pt q � e t �
1

e p1�ω2q

�
e t�1 � cospωpt �1qq�ωsinpωpt �1qq

�
,

with the exact solution y pt q � e t . The numerical results for the initial value procedure and the CBRHQM are
reported in Tables 7 and 8 for pn , d , ds q � p1, 0, 0q and pn , d , ds q � p4, 2, 2q, different values ofω, and various
choices of the stepsize h . As to be expected from Theorem 4, the error of the initial values decreases with
order 2pds �δq� 3, with δ � 1 for odd n �ds and δ � 0 for even n �ds , and the errors of the CBRHQM
decrease with the order 2pd �δq� 2, with δ� 1 for odd n �d and δ� 0 for even n �d , as predicted by
Theorem 6.

Next, consider the VIE

y pt q � g pt q�

» t

0
e s cospωs qy ps qds , t P r0, 1s, (23)

where the function g is chosen such that the exact solution is y pt q � cospt q. Figure 4 shows the logarithmic
error log10pe

C
h pT qq of the CBRHQM for this equation, plotted versus log10phq, together with the expected

convergence rates. Again, the numerical results for various choices of pn , d , ds q confirm the orders expected
from the theory.

Finally, consider the nonlinear VIE

y pt q � e�t �

» t

0
e s�t py ps q� e�y psqqds , t P r0, 40s, (24)
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Figure 4: Log-log-plots of the approximation error of the CBRHQM applied to the VIE in (23) withω� 100 (left) and
ω� 1000 (right).

Table 9: Numerical results of the CBRHQM applied to the nonlinear VIE in (24).

h 2�1 2�2 2�3 2�4 2�5 2�6

pn , d , ds q� p5, 1, 1q

Initial values
e S

h 2.60�10�4 6.39�10�6 1.96�10�7 6.23�10�9 1.98�10�10 6.25�10�12

OS 5.35 5.03 4.98 4.98 4.99

CBRHQM
e C

h pT q 2.43�10�3 1.34�10�4 9.01�10�6 6.24�10�7 4.19�10�8 2.73�10�9

OC 4.18 3.89 3.85 3.90 3.94

pn , d , ds q� p8, 2, 2q

Initial values
e S

h 1.38�10�5 4.04�10�8 2.80�10�10 2.21�10�12 1.80�10�14 2.22�10�16

OS 8.42 7.17 6.99 6.94 6.34

CBRHQM
e C

h pT q 3.15�10�5 3.78�10�7 5.96�10�9 1.09�10�10 1.96�10�12 3.02�10�14

OC 6.38 5.99 5.77 5.80 6.02

where the exact solution is y pt q � logpt � e q. The numerical results for this equation with parameters
pn , d , ds q � p5,1,1q and pn , d , ds q � p8,2,2q are given in Table 9 and confirm once more our theoretical
results.

Implementation of the proposed methods becomes somewhat more challenging when dealing with stiff
VIEs, which require the use of sufficiently small step sizes h . Further investigation into the stability behavior
of the proposed methods in the present manuscript will be addressed in future work.
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