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Abstract. In this paper we address the L∞ Voronoi diagram of polygonal objects and present applications in VLSI layout and manufacturing.
We show that in L∞ the Voronoi diagram of segments consists only of
straight line segments and is thus much simpler to compute than its Euclidean counterpart. Moreover, it has a natural interpretation. In applications where Euclidean precision is not particularly important the L∞
Voronoi diagram can provide a better alternative. Using the L∞ Voronoi
diagram of polygons we address the problem of calculating the critical
area for shorts in a VLSI layout. The critical area computation is the
main computational problem in VLSI yield prediction.

1

Introduction

The Voronoi diagram of polygonal objects has been given considerable attention
because of its numerous applications in diverse areas such as biology, geography,
robot motion planning, computer graphics. In this paper we present applications of Voronoi diagrams in VLSI layout and manufacturing. It is well known
that the ordinary Voronoi diagram of polygonal objects has linear combinatorial
complexity and consists of straight line segments and parabolic arcs. Several
eﬃcient algorithms using divide and conquer, plane sweep, or incremental construction are known for its computation (see [2,3] for a survey). However, the
existence of parabolic arcs in the diagram makes it hard to compute in practice.
In a recent paper [9], a new complexity model for geometric algorithms was introduced, called the degree of an algorithm, which characterizes the complexity
of the test computations of an algorithm. In the construction of the Voronoi
diagram of segments Burnikel showed that the well-known incircle test can be
solved with degree 40 [4,9]. This is very high for practical problems involving
Voronoi diagrams.
In a recent paper Aichholzer and Aurenhammer [1] introduced a new type
of skeleton for polygonal objects in the plane called the straight skeleton. The
straight skeleton consists of angular bisectors between edges and thus consists of
straight line segments. The straight skeleton captures the shape of the deﬁning
elements in a natural manner. Its main advantage over the Voronoi diagram is
the elimination of parabolic arcs. However, straight skeletons do not provide the
proximity information that Voronoi diagrams do and thus, they do not always
provide an alternative solution to Voronoi diagrams.
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In applications where Euclidean accuracy is not particularly important a
practical solution to the high degree problem of Euclidean Voronoi diagrams of
segments may be the use of a diﬀerent geometry, in particular, the L∞ -metric.
The L∞ Voronoi diagram of polygons (or segments) consists of straight line segments and its combinatorial complexity is similar to the Euclidean case. Moreover, if the input vertices are on rational coordinates the Voronoi vertices are
also rational. An intuitive way to view the L∞ Voronoi diagram of polygonal
shapes is to view it as the locus of points corresponding to centers of isothetic
squares1 that touch the boundary in at least two points. In contrast, the Euclidean Voronoi diagram can be regarded as the locus of centers of circles that
touch the boundary in at least two points. Note that in the rectilinear case where
the edges of the polygons are either horizontal or vertical, the L∞ Voronoi diagram coincides with the straight-skeleton of [1].
Our motivation for considering L∞ Voronoi diagrams comes from applications in VLSI layout and manufacturing, as described below. Note that layout
shapes have many orthogonal edges but are not necessarily rectilinear. The proximity information preserved in the L∞ Voronoi diagram can be used to calculate
the critical area, a measure used in estimating the sensitivity of a VLSI layout
to defects during manufacturing. The critical area calculation is the main computational problem in predicting the yield of a VLSI chip. Other applications
of Voronoi diagrams in extracting from the physical description of a design the
equivalent resistance are discussed in [12,16]. The L∞ version would be as good
in this case and much simpler to obtain [15]. Due to the simplicity of L∞ Voronoi
diagrams we expect them to also ﬁnd applications in other areas. For example,
in [17] an automatic generation for ﬁnite element meshes for multiply connected
planar domains with polygonal boundaries is described. The Euclidean Voronoi
diagram of the domain was used as a starting point and could be substituted by
the L∞ version [15] which is easier to compute.

2

1 Voronoi Diagrams

L

The L∞ distance between two points p = (xp , yp ) and q = (xq , yq ) is the
maximum between the horizontal and the vertical distance between p and q
i.e., d(p, q) = max{dx (p, q), dy (p, q)} where dx (p, q) = |xp − xq | and dy (p, q) =
|yp − yq |. The L∞ distance between a point p and a line l is d(p, l) = min{d(p, q),
∀q ∈ l}. Intuitively, the L∞ distance between two elements (points or lines) can
be deﬁned in terms of the smallest isothetic square touching the two elements.
We shall refer to a line of slope (±1) simply as a 45-degree line, denoted 45◦ line.
Consider a point p and the four 45◦ rays emanating away from p (see Fig. 1).
They partition the plane into four quadrants. In each quadrant the L∞ distance
between p and any point q simpliﬁes to either the vertical (q in upper and lower
quadrant) or the horizontal distance (q in right and left quadrant) between p
and q. Any non-45◦ line l that does not contain p intersects two 45◦ rays at
1

An isothetic square is one whose sides are parallel to the coordinate axes.
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Fig. 1. The 45◦ rays emanating from p Fig. 2. The L∞ distance form p to l
partition the plane into four quadrants. is dx (p, q).
points q and r. Assuming that dx (p, q) < dx (p, r), the L∞ distance between p
and l is clearly dx (p, q) (see Fig. 2).
Lemma 1. If the L∞ distance from a point p to a line l of slope ±s, s ≥ 0 is r,
.
the Euclidean distance from p to l is Sl r where Sl = √s+1
s2 +1
The bisector of two elements (points or lines) is the locus of points equidistant
from the two elements. The L∞ bisector can be regarded as the locus of centers of
squares touching the two elements. Figures 3 and 4 illustrate the bisector of two
points and two lines respectively. In case of two points along the same horizontal
or vertical line the bisector consists of a line segment and two unbounded regions
(shaded regions in Fig. 3). Without creating any signiﬁcant diﬀerence we will
assign one region to one point and consider only the outermost boundary of the
bisecting region as the bisector (thick lines in Fig. 3). The bisectors of two lines
have slopes given by the following lemma.
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Fig. 3. The L∞ bisector of two points.
Lemma 2. The L∞ bisector of two non-vertical lines l1 and l2 of slopes b1
and b2 , respectively, consists of two lines as follows:
2 +2b1 b2 )
– If b1 ≥ b2 ≥ 0 the bisector consists of two lines of slopes −1 and (b1(b+b
.
1 +b2 +2)
(−b1 −b2 +2b1 b2 )
– If b1 ≤ b2 ≤ 0 the slopes of the bisector are +1 and
.
(b1 +b2 −2)
+2b1 b2
1 +b2
and b1b−b
.
– If b1 > 0 and b2 < 0 the bisector has slopes b2 −bb11+b
2
2 +2

Note that if one of these two lines is vertical (i.e., b1 = ±∞), the L∞ bisector
consists of a 45◦ line and a line of slope (1 + 2b2 ) for b2 > 0 (resp. (−1 + 2b2 )
for b2 < 0). Moreover if b2 = −b1 the bisector is a vertical and a horizontal line
and if b1 = ∞, b2 = 0 the bisector consists of two 45◦ lines.
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Fig. 4. The L∞ bisector of two lines.

Fig. 5. The L∞ bisector between a
point and a line.

The bisector of a point p and a line l (p ∈ l, see Fig. 5) consists of at most
four parts, one for each quadrant of p. Each part corresponds to the portion
of the bisector between l and a vertical or horizontal line through p depending
on the quadrant of p. Thus, each part is a line segment or ray whose slopes
can be derived by Lemma 2. The unbounded parts of the bisector are always
parallel 45◦ rays (see Fig. 5). For a point p along a non-orthogonal line l the
bisector is a 45◦ line through p and for a point p along an orthogonal line l the
bisector is the area enclosed by the 45◦ lines through p. For simplicity we only
consider the boundary of this region as the bisector between p and l.
The L∞ Voronoi diagram of a set of elements S = {e1 , e2 , . . . , en }, denoted V(S), is a partitioning of the plane into regions, called Voronoi cells,
each of which is associated with an element, called the owner, of the cell. The
boundary that borders two Voronoi cells is called a Voronoi edge, and adjacent
Voronoi edges of each Voronoi cell are common to a Voronoi vertex. The collection of Voronoi edges and vertices is also called the Voronoi diagram. Fig. 6
illustrates the L∞ Voronoi diagram in the interior of a simple polygon (the
medial axis) and Fig. 7 illustrates the L∞ Voronoi diagram of polygons.
Let G be a planar straight line graph on n points in the plane as deﬁned
in [1,3] i.e., a set of non-crossing line segments spanned by these points. By the
above discussion it is clear that the L∞ Voronoi diagram of a planar straightline graph G consists only of straight line edges. Moreover, if the vertices of G
are on rational coordinates the L∞ Voronoi vertices are also rational. Hence,
the L∞ Voronoi diagram is computationally much simpler than its Euclidean
counterpart. Most of the existing algorithms to compute the Euclidean Voronoi
diagram of segments can be easily modiﬁed to compute the L∞ Voronoi diagram in O(n log n) time. The well known incircle test to determine whether
an element is in or out of the circle deﬁned by three other elements (lines or
points) now simpliﬁes to a test involving the square deﬁned by the three elements. (Note that three elements need not always deﬁne a square). In the worst
case the L∞ incircle test corresponds to 1) determining the intersection point I
of two lines (bisectors), 2) determining the intersection point J of a line and
a 45◦ line through I, and 3) comparing the horizontal or vertical distances between I and J and between I and one of the deﬁning elements. Note that no
square root computations are involved.
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Fig. 6. The L∞ medial Fig. 7. The L∞ Voronoi Fig. 8. The L∞ Voronoi
axis of a simple polygon. diagram of polygons.
diagram of Gt .
The combinatorial complexity of the L∞ diagram is similar to the Euclidean
one. However, there is some diﬀerence in the number of Voronoi vertices produced
by reﬂex angles. The number of 45◦ rays emanating from a concave vertex v
depends on the slopes of the incident edges and can be either one, two, or three.
In the Euclidean case the normals bisecting a vertex from the incident edges are
always two and in the straight-skeleton of [1] the corresponding angular bisector
is always one. Thus the combinatorial complexity of the L∞ diagram can be
lower or higher than the Euclidean one depending on the input. An exact bound
can be derived following the proof of [3] for the Euclidean case.
Lemma 3. Let G be a planar straight line graph on n points in the plane such
that G has t terminals (vertices of degree 1), tn of which are incident to nonorthogonal edges, r2 reflex angles inducing two 45◦ rays, and r3 reflex angles
inducing three 45◦ rays. The number of (finite and infinite) vertices of the L∞
Voronoi diagram of G is exactly 2n + t + tn + r2 + 2r3 − 2.
Note that in the Euclidean case this bound is 2n + t + r − 2 where r is the
total number of reﬂex vertices (i.e., r = r1 + r2 + r3 for r1 reﬂex vertices inducing
a single 45◦ ray) [3]. In the rectilinear case the bound becomes 2n + t − 2 as for
the straight skeletons.

3

1 Voronoi Diagram

A Sweep-Line Algorithm for the L

In [5], Dehne and Klein described a plane sweep paradigm for the Voronoi diagram of points in “nice metrics”. In this section we modify their algorithm to
accommodate segments in the L∞ metric.
Let G be a planar straight-line graph on n points. We will compute the L∞
Voronoi diagram of G, V(G). Consider a vertical sweep-line L sweeping across the
entire plane from left to right. At any instant t of the sweeping process the sweepline partitions the set of segments (edges) of G into three subsets Sl , Sm and Sr ,
corresponding to those that lie totally to the left of L, intersect L, and lie totally
to the right of L, respectively. The segments in Sm cut L into |Sm | + 1 sweepline
segments, two of which are unbounded, denoted by Lt . Let St denote the portions
of segments in Sm to the left of L. In other words, St = {s(t) | s ∈ Sm } where s(t)
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denotes the portion of s to the left of L. At every instant t of the sweeping
process we compute the Voronoi diagram of Gt = Sl ∪ St ∪ Lt . Note that at any
instant t the sweep-line segments are treated as being part of G. (In case G is a
collection of simple polygons and we only want to compute the Voronoi diagram
in the exterior of the polygons we exclude from Lt the segments in the interior
of polygons, Fig. 8).
The boundary of the Voronoi cell of each segment in Lt is referred to as an
individual wavefront and the collection of individual wavefronts for all segments
in Lt is called the wavefront. In Fig. 8, the wavefront is shown in dashed lines.
Note that in the case of points the whole wavefront is a single individual wavefront. Clearly, in the L∞ metric the wavefront is y-monotone. The Voronoi edges
that have an endpoint common with the wavefront are called spike bisectors.
As the plane sweep proceeds, the wavefront, and therefore the endpoints of
spike bisectors, as well as the endpoints of segments in St move continuously
to the right until an event takes place which causes the wavefront to change.
Following [5], we have two kinds of events: 1) events corresponding to the occurrence of a vertex or a vertical edge in G, referred to as site events and 2) events
corresponding to the intersection point of two neighboring spike bisectors, referred to as spike events. A site event induced by a point p takes place at t = xp ,
where xp is the abscissa of point p. A spike event C takes place at t = xc + w
where xc is the abscissa of the intersection point and w is the distance of the
intersection from the inducing element.
Throughout the plane sweep we implicitly maintain the wavefront in a data
structure referred to as the sweep-line status which is implemented as a heightbalanced binary tree T . In particular, the sweep-line status contains the spike
bisectors and the edges in St . To simulate the wavefront movement to the right
we parameterize the endpoints of spike bisectors and segments in St as linear
functions of t. At any instant t the wavefront is the polygonal line obtained by
connecting the endpoints of the elements in T in increasing y-coordinate value.
The events are organized in a priority queue referred to as the event list in
increasing priority value. Due to space limit we omit the details of the plane
sweep algorithm. The number of site and spike events is O(n) and thus the time
complexity of the algorithm is O(n log n).

4

1

The L Voronoi Diagram and the Critical Area
Problem

The yield of a VLSI chip is the percentage of functional chips among all chips
manufactured. Predicting the yield of a chip is important due to the growing need
to control the cost of manufacturing. In this section we describe an important
problem in VLSI yield prediction that can be solved accurately and eﬃciently
using the L∞ Voronoi diagram of a layout.
Yield estimation models are based on the concept of critical area which is a
measure reﬂecting the sensitivity of the layout to spot defects caused by particles
such as dust and other contaminants in materials and equipment. The main
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reason for yield loss during manufacturing are “extra material” defects causing
shorts between diﬀerent conducting regions. For information on yield estimation
and spot defects see for example [6,7,8,10,11,14,18,19,20].
∞
Given a circuit layout C, the critical area is deﬁned as Ac = 0 A(r)D(r)dr
where A(r) denotes the area in which the center of a defect of radius r must fall
in order to cause circuit failure and D(r) is the density function of the defect
size. Defects are usually modeled as circles and the density function has been
estimated to follow the “1/r3 ” distribution [7,14,18,20]. Existing methods require
substantial CPU time for large layouts. They can be summarized into three
categories: 1) Geometric methods, where A(r) is computed for several diﬀerent
values of r independently and then the results are used to approximate Ac .
The methods to compute A(r) are usually based on shape-expansion followed
by shape-intersection (see [20] for references). For rectilinear layouts there is a
more eﬃcient scan-line method [14]. 2) Monte Carlo simulation, where a large
number of defects is drawn with their radii distributed according to D(r). The
critical area is estimated by dividing the number of defects causing faults over
the total number of defects [21]. 3) Grid-based approach, where an integer grid
is assumed over the layout and the critical radius (i.e., the radius of the smallest
defect causing a fault at this point) of every grid point is computed.
For rectilinear layouts our solution to the critical area problem for shorts
(assuming that defects are isothetic squares) appears in [13]. It was shown that
the problem can be reduced to computing the 2nd order L∞ Voronoi diagram
of polygons. Consider an arbitrary point p in the layout. The critical radius of p
for shorts is the radius of the smallest defect which if centered at p overlaps with
two diﬀerent polygons. Such a defect causes a short between the two diﬀerent
conducting regions represented by the polygons. Thus, the critical radius of p is
the distance of p from its second nearest polygon. Given the Voronoi diagram of
the polygons in the layout, we subdivide the Voronoi cell of a polygon P by the
Voronoi diagram of its neighbors. In other words we obtain the 2nd order Voronoi
diagram of polygons. A region of an element s (edge or reﬂex vertex) within
the Voronoi cell of P is deﬁned as regP (s) = {x | d(s, x) ≤ d(t, x), ∀t ∈ C − P },
where C is the given collection of polygons. The critical radius of every point
x ∈ regP (s) is determined by the distance of x from element s; we say that s is
the owner of regP (s).
Having the critical area computation done based on Euclidean Voronoi diagrams would be out of the question in practice due to the diﬃculty of computing
the Voronoi diagram of segments. However, the computation in L∞ is practical.
In [13], we showed that once the 2nd order Voronoi diagram is available, the
critical area for shorts in rectilinear layouts can be done analytically. In particular, we showed that the critical area formula can be written as a function of
the edges of the 2nd order Voronoi diagram. In the following we generalize this
result to general non-rectilinear layouts.
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The Critical Area for Shorts as a Function of Voronoi Edges

We have a layer in a circuit layout consisting of a collection of disjoint simple
polygons
C in arbitrary orientations. Our goal is to evaluate the integral Ac =
∞
A(r)D(r)dr,
where D(r) = r02 /r3 and r0 is a minimum optically resolvable
0
size. Recall that A(r) denotes the area of the critical region for square defects of
radius r. The critical region for radius r is the locus of points where if the center
of a square defect of radius r is placed it causes a short i.e., the defect overlaps
with two disjoint polygons.
Let’s assume that we are given the 2nd order L∞ Voronoi diagram of C.
Fig. 7 shows the L∞ Voronoi diagram of a set of shapesand Fig. 9 shows the
2nd order subdivision within a bounded cell. Then Ac = V Ac (V ) for all (2nd
order) Voronoi cells V where Ac (V ) denotes the critical area within V . Note
∞
that Ac (V ) = 0 A(r, V )D(r)dr where A(r, V ) denotes the area of the critical
region for defect radius r within V .

e

(a)

e

(b)

Fig. 9. The 2nd order subdivision Fig. 10. The decomposition of V into
within a Voronoi cell.
trapezoids.

Let’s ﬁrst concentrate on a single (2nd order) Voronoi cell V having as owner
an edge e of slope ±s, s ≥ 0. The Voronoi cell of a vertex is considered as the
Voronoi cell of a vertical or horizontal edge. Consider a decomposition of V into
trapezoids by drawing lines perpendicular to e (lines of slope ±1/s) emanating
from the Voronoi vertices of V (see Fig. 10a). Each trapezoid T is further decomposed into orthogonal triangles and at most one rectangle R by drawing lines
parallel to e (slope ±s) through its vertices. (In case T is a slanted parallelogram continue the decomposition recursively). We distinguish between two kinds
of triangles, red and blue, depending on the relevant position of the hypotenuse
and the orthogonal apex with respect to e. In particular, if the owner e and the
orthogonal apex lie on opposite sides of the hypotenuse the triangle is colored
red, otherwise it is colored blue. In Fig. 10b, the lightly shaded triangle is red
and the darker shaded one is blue.
Given two vertices vj and vk such that vj is closer to e than vk , let rj , rk
denote the corresponding critical defect radii i.e., the L∞ distance of vj and vk
from the line l through e respectively. We derive the following formulas for the
critical area within an element of the above decomposition.
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Lemma 4. The critical area within a rectangle R, a red triangle Tred and a blue
triangle Tblue is given by the following formulas, using the “r02 /r3 ” defect density
distribution:
r2 S l
l
Ac (R) = 0 ( − )
(1)
2 rj
rk
Ac (Tred ) =

rk
r02 S
l
(ST ln ( ) − )
2
rj
rk

(2)

Ac (Tblue ) =

r02 S l
rk
( − ST ln ( ))
2 rj
rj

(3)

where l is the size of the edge of R, Tred and Tblue parallel to e, rk , rj , rk > rj
are the maximum and the minimum critical radius of their vertices, S = √s+1
,
s2 +1
ts+1
where s is the absolute value of the slope of e, and T = |t−s| , where t is the
absolute value of the slope of the hypotenuse (i.e, the slope of the corresponding
Voronoi edge). For s = ∞, S = 1 and T = t.
We can derive the critical area within V by adding up the critical areas within
every rectangle and triangle in the above decomposition of V . Because of the
summation, terms of the form Sl/rl corresponding to internal decomposition
edges cancel out. Similarly, for logarithmic terms involving endpoints of the
decomposition other than Voronoi vertices. Thus, the critical area within V can
be written as a function of Voronoi edges. Let’s color the Voronoi edges that
induce the hypotenuse of red triangles as red and those inducing the hypotenuse
of blue triangles as blue. Voronoi edges that are incident to a rectangle or induce
an orthogonal edge of a triangle must be either parallel or perpendicular to
the owner of the cell. Those Voronoi edges that are parallel to the owner are
referred to as prime and they are portions of bisectors of two parallel edges.
Prime Voronoi edges are colored red if the interior and the owner of the cell lie
on opposite sides of the edge; otherwise they are colored blue. Those Voronoi
edges that are perpendicular to the owner are colored neutral. In the formulas of
Lemma 4, terms corresponding to red edges get added while terms corresponding
to blue edges get subtracted. Neutral edges do not contribute in the formulas.
The boundary of the layout is assumed to be a rectangle whose intersection points
with the Voronoi diagram are treated as Voronoi vertices. Boundary edges are
treated as Voronoi edges but they contribute at most once in the formulas.
We derive the following theorem, which is given without a proof due to space
limitation.
Theorem 1. Given the 2nd order L∞ Voronoi diagram of polygons of a layer
in a circuit layout C and assuming that defects are squares following the “r02 /r3 ”
defect density distribution, the critical area for shorts in that layer is given by
the following formula:
 Si l i

−
ri blue,
red,

Ac = r02 (

prime ei

prime em

Si l i 1 
rk 1 
rk B
+
Se2 Te ln −
S 2 Te ln + )
ri 2 red,nonprime e ,
rj 2 blue,nonprime ee ,
rj 2
wrt e

j

wrt e

j
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where li and ri denote the length and the critical radius of a prime Voronoi
edge ei , and rk , rj , rk > rj denote the maximum and the minimum critical radius
of a non-prime Voronoi edge ej . The factors Se and Te are as defined in Lemma 4
for each owner e of the non-prime edge ej . B is the sum of the blue terms for
prime boundary edges and appears as a correction factor since boundary edges
contribute at most once.
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