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Introduction

L’universo è scritto in lingua matematica.
Galileo Galilei (1564–1642)

What is the shape and the extent of our home, the Earth, and of the cosmos
which contains it? Next to the questions about the meaning of life, the uni-
verse, and everything [1, 108], this is the oldest intellectual challenge facing
the human mind and has been the province of religion, poetry, and myth. In
the western scientific tradition this problem resolved itself into the twin enter-
prises of mapping the earth and the heavens. The Greek astronomer Claudius
Ptolemy (100–168 A.D.) was the first known to produce the data for creating a
map showing the inhabited world as it was known to the Greeks and Romans of
about 100–150 A.D. In his work Geography he explains how to project a sphere
onto a flat piece of paper using a system of gridlines—longitude and latitude.
As we all know from peeling oranges and trying to flatten the peels on a

table, the sphere cannot be projected onto the plane without distortions and
therefore certain compromises must be made. Figure 1 shows some examples.
The orthographic projection (a), which was known to the Egyptians and Greeks
more than 2 000 years ago, modifies areas and angles, but the directions from the
center of projection are true. Probably the most widely used projection is the
stereographic projection (b) usually attributed to Hipparchus (190–120 B.C.).
It is a conformal projection which preserves shapes and angles at the expense
of areas. It also preserves circles, no matter how large (great circles passing
on the central point are mapped into straight lines), but a loxodrome is plotted
as a logarithmic spiral. A loxodrome is a line of constant bearing and of vital
importance in navigation. In 1569, the Flemish cartographer Gerardus Merca-

(a) (b) (c) (d)

Figure 1: Orthographic (a), stereographic (b), Mercator (c), and Lambert (d)
projection of the Earth.
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Figure 2: The constellations Sagittarius, Leo, Gemini, and Libra.

tor (1512–1594), whose goal it was to produce a map which sailors could use to
determine courses, overcame this drawback by presenting the conformal cylin-
drical Mercator projection (c) which draws every loxodrome as a straight line.
The mathematical basis of both projections was developed in 1851 by Bernhard
Riemann (1826–1866) in his dissertation [111] and is known today as the Rie-
mann Mapping Theorem. It says that a three-dimensional curved surface can
be flattened while preserving the angular information. Finally, an equal area
projection (d) was developed by Johann Heinrich Lambert (1728–1777) in 1772.
All these projections can be seen as functions that map a part of the sphere’s

surface M ⊂ S2 to a planar domain Ω and the inverse of this mapping,
φ : Ω→M , is usually called a parameterization of M over Ω. The principles of
parametric surfaces were developed by Carl Friedrich Gauß (1777–1855), mostly
in [52].
This dissertation is about parameterizations of a special kind of surfaces,

namely triangulations. Triangulations are piecewise linear surfaces and play
an important role today in science, engineering, and entertainment as well. In
fact, the representation of surfaces in a digital environment requires some kind
of discretization and triangulations are the most common approach for two
reasons. Firstly, they can be displayed very efficiently since modern graphics
hardware is optimized for rendering triangles and secondly, they are capable of
approximating a surface with arbitrary accuracy.
The first part of this thesis deals with the theory of parameterizing triangu-

lations. Like projecting the sphere, this cannot be done without distortions in
general and, analogously, certain compromises must be made. So, in Chapter 1
the requirements of a good parameterization and the advantages and disadvan-
tages of several methods will be discussed.
In the second part of this thesis, the techniques of parameterizing trian-

gulations will be utilized to reconstruct surfaces from three-dimensional point
clouds. A major difficulty with point clouds is that they can be without any
order and therefore are very hard to handle, a problem we are all familiar with.
Anyone who has ever looked up to the starry skies at night knows how easily
one can get lost in this biggest natural point cloud we call the Milky Way. Dat-
ing back to the Babylonians, men have always tried to organize the stars for a
better orientation by grouping and connecting them with virtual lines. Figure 2
shows some examples of constellations originating from Greek mythology.
In Chapter 2 a similar concept is used to organize point clouds by connecting

certain pairs of points with virtual lines. Some of the parameterization methods
for triangulations also apply to point clouds with this more general kind of
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connectivity structure and can be used to parameterize them over a planar
domain. The correspondences between data points and associated parameter
points obtained that way are essential for any parametric surface reconstruction
method and the quality of a reconstructed surface usually depends on the quality
of these correspondences. The better the arrangement of the parameter points
in the parameter domain reflects the arrangement of the associated data points
on the surface of the object from which they were sampled, the better the
reconstructed surface approximates the shape of that object.
The simplest type of surface reconstruction is interpolation with piecewise

linear surfaces, which yields in fact a triangulation of the data points. Due to
the low quality of point cloud parameterizations, these triangulations usually
do not represent the shape of the original surface very well, but after optimizing
them with respect to some smoothness criterion they do. Once the data points
are organized in such a smooth triangulation, the techniques from Chapter 1
can be applied to obtain parameterizations of high quality which are further
used for other surface reconstruction methods.
Chapter 3 describes the approximation of data points with subdivision con-

nectivity triangulations and quadrilateral meshes, a problem also known as
remeshing. Due to its hierarchical structure, especially the former type of surface
is of particular interest to people dealing with computer graphics and conver-
sion of an arbitrary triangulation into one with subdivision connectivity can
be looked upon as an important task. Chapter 4 discusses various aspects of
surface reconstruction with tensor product B-splines. The main application of
this process is reverse engineering, as it occurs, for example, when a designer’s
clay model shall be represented in terms of a mathematically described surface,
so that it can further be processed by an engineer with a CAD software.
Finally, it seems appropriate to mention that the results of this thesis were

partly published in [71, 69, 45, 46] (Chapter 1), [33] (Chapter 2), [86, 70, 72]
(Chapter 3), and [58, 68] (Chapter 4).



Part I

Theory



Chapter 1

Parameterizing
Triangulations

Si les triangles faisaient un Dieu,
ils lui donneraient trois côtés.

Charles de Montesquieu (1689–1755)

In this chapter we review several ways of constructing a parameterization of
a triangulation, i.e. a surface which consist of triangles only. By a triangle T
we understand the convex hull T = [v1,v2,v3] of three non-collinear points
v1,v2,v3 ∈ IR3 and a triangulation is defined as follows.

Definition 1.1 Let T = {T1, . . . , Tn} be a set of triangles in IR3. We call T a
triangulation if

(i) Ti ∩ Tj, i �= j, is either empty, a common vertex, or a common edge and

(ii) the union of the triangles ΩT =
⋃n

i=1 Ti is an orientable 2-manifold.

Figure 1.1 clarifies this definition by showing some examples. We call ΩT the
surface of the triangulation T and further let V = V (T ) denote the set of vertices
and E = E(T ) the set of edges in T . If ΩT has a boundary we distinguish
between the disjoint sets of interior and boundary vertices VI and VB . Two
distinct vertices v,w ∈ V are neighbours if they are the end points of an edge

(a) (b) (c) (d)

Figure 1.1: The icosahedron in (a) is a triangulation, but the object in (b)
consists of triangles that intersect other than in a common vertex or edge and
the surfaces in (c) and (d) are not 2-manifolds.
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e = [v,w] ∈ E and for v ∈ V we let

Nv = {w ∈ V : [v,w] ∈ E}

be the set of neighbours of v. It will also be useful to define Sk(T ) to be the
linear space of all continuous functions s : ΩT → IRk which are linear over
each triangle T ∈ T . Thus each of the k components of s belongs to S01(T ),
where Sr

d(T ) is the usual notation for the spline space of piecewise polynomials
of degree d and smoothness Cr over ΩT .
In general a parameterization φ of a triangulation T over a parameter domain

Ω ⊂ IRk is a homeomorphism between this domain and the surface of T ,

φ : Ω→ ΩT .

From differential geometry we know that such a homeomorphism and the in-
verse parameterization ψ = φ−1 exist if and only if Ω and ΩT are topologically
equivalent, i.e. Ω is a 2-manifold with the same number of boundaries and han-
dles as ΩT . The number of handles is also called the genus of a manifold. A
sphere has genus zero, the genus of a torus is one, etc.
For triangulations the most natural class of parameterizations are piecewise

linear functions and we want to discuss only these mappings in this chapter.
Since the inverse of a bijective piecewise linear function is piecewise linear itself,
we can say that we consider only those φ for which ψ = φ−1 is an injective
element of Sk(T ). Due to the piecewise linearity, ψ induces a triangulation

S = {ψ(T ) : T ∈ T },

with ΩS = Ω which is equivalent to T in the sense that vertices, edges and
triangles of S and T naturally correspond to each other,

ψ(V (T )) = V (S), ψ(E(T )) = E(S), ψ(T ) = S,

and
φ(V (S)) = V (T ), φ(E(S)) = E(T ), φ(S) = T .

We call the triangles of S parameter triangles and S itself the parameter trian-
gulation. Note that φ and ψ are uniquely determined by the images ψ(v) which
we call the parameter points or parameter values of the vertices v ∈ V . Hence
the task of parameterizing T is equivalent to finding parameter values ψ(v) ∈ Ω,
one for each vertex v ∈ V . Since we want ψ to be injective we have to assure
the parameter points to be arranged such that the parameter triangles do not
overlap and the parameter triangulation is valid in the sense of Definition 1.1.
After reviewing the related work in Section 1.1 we study the parameterization

of simple triangulations with one boundary and genus zero in Sections 1.2 and
1.3. Since such triangulations are topologically equivalent to a disc they can
be parameterized over a planar domain Ω ⊂ IR2. The usual way of solving
the parameterization problem for this type of triangulations is to construct an
injective function ψ ∈ S2(T ), set Ω = ψ(ΩT ), and finally let φ = ψ−1 be the
parameterization of T over Ω.
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If the surface ΩT of a triangulation T is the graph of a piecewise lin-
ear bivariate function f with vertices vi = (xi, yi, f(xi, yi)) then we can sim-
ply take as ψ ∈ S2(T ) the orthogonal projection from IR3 into the xy-plane,
ψ(x, y, z) = (x, y). Such triangulations frequently turn up in the fields of geol-
ogy, meteorology, cartography, and others, but we are more interested in non-
projectable triangulations T for which the projection into any plane will result in
non-valid parameter triangulations. And even for projectable triangulations we
may prefer a different parameterization if the projection leads to highly distorted
triangles which are undesirable in many applications, e.g. texture mapping.
In Section 1.2 we show how to determine an injective ψ ∈ S2(T ) by solving

a linear system. This approach is motivated by a physical spring model which
is also capable of explaining the usual curve parameterization techniques. The
main drawback of these linear methods is that they require the parameter points
of the boundary vertices to be specified in advance and it is not always clear how
to choose them. In Section 1.3 we present a non-linear method which overcomes
this drawback. It is based on the observation that ψ normally deforms the shape
of the triangles of T and aims at minimizing these deformations.
The parameterization of more complicated triangulations with arbitrary

topology is discussed in Section 1.4. The main idea to tackle this problem
is to split the triangulation into several disjoint patches that are simple trian-
gulations and parameterize each patch by using one of the methods discussed
in Section 1.2. Special care has to be taken in order to guarantee continuity of
the individual parameterizations along the boundaries of the patches.

1.1 Related Work

Especially in computer graphics the application of texture mapping soon became
a driving force in the development of parameterization techniques for simple
triangulations.
Bennis et al. [11] proposed a method based on differential geometry. They

map isoparametric curves of the surface onto curves in the parameter domain so
that the geodesic curvature at each point is preserved. The parameterization is
then extended to both sides of that initial curve until some distortion threshold is
reached. Since this requires the triangulation to be split into several independent
regions they do not obtain one global parameterization but rather a collection
of local ones, i.e. an atlas of parameterizations.
Maillot et al. [96] suggested to reduce the distortion between the shape of

the triangles of T and the corresponding parameter triangles by minimizing
the Green-Lagrange deformation tensor ‖Iφ − I‖2 that measures the distance
of the first fundamental form of φ to the unit matrix in some 2 × 2 matrix
norm. However, this leads to a highly non-linear functional and since they were
interested in an interactive method they minimized a simplified version of the
Green-Lagrange deformation tensor instead.
While Maillot et al. aimed at minimizing the distortion by using a functional

that preserves lengths, Lévy and Mallet [92] presented a functional that pre-
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serves perpendicularity and constant spacing of the isoparametric curves traced
on the surface, and Sheffer and de Sturler [123] used a functional that preserves
the angles of the triangles. The methods discussed in Sections 1.2.3 and 1.3 are
also based on the idea of minimizing shape deformation.
Motivated by the problem of surface fitting as it occurs in several applica-

tions (see Chapter 4), Ma and Kruth [95] proposed to circumvent the problem
of non-projectability to a plane by projecting the vertices v ∈ V of the tri-
angulation onto a parametric base surface S : Ω → IR3 instead and taking the
parameter values of the projected vertices as ψ(v), thereby exploiting the known
parameterization of S. But since this method works only if the shape of the
base surface is close to ΩT the problem of finding a suitable base surface for
arbitrary triangulations becomes very difficult.
The problem of parameterizing triangulations with arbitrary topology has

first been addressed by Eck et al. in [35]. By growing Voronoi tiles around a
previously chosen set of site faces and constructing the dual Delaunay Triangu-
lation they partition the given triangulation into several simple triangulations
and use harmonic maps (see Section 1.2.3) for parameterizing the individual
patches.
Lee et al. [90] solve this problem by simultaneously creating a hierarchy

T = T n, . . . , T 0 of triangulations, a process known as mesh decimation, and
parameterizations φi : ΩT i−1 → ΩT i . In each decimation step they remove one
vertex from V (T i) and the triangles adjoint to this vertex and retriangulate the
hole. Therefore, T i and T i−1 differ only locally and φi is not hard to find. Com-
position of the individual φi finally yields a parameterization φ : ΩT 0 → ΩT ,
φ = φn ◦ · · · ◦ φ1.

1.2 Linear Methods

In this section we concentrate on parameterization methods for simple trian-
gulations T where the parameter values ψ(v) ∈ IR2 and thus the inverse pa-
rameterization ψ ∈ S2(T ) are determined by solving a linear system. All these
methods have the following outline in common:

1. Specify the parameter points of the boundary vertices v ∈ VB by a certain
method, e.g. by projection into a least squares plane.

2. Choose for each edge [v,w] ∈ E a weight λvw.

3. Use these weights to set up a linear system of equations and solve it twice
in order to obtain the coordinates of the interior parameter values.

In Sections 1.2.1 to 1.2.4 we present different ways of choosing the weights λvw.
The first approach is motivated by a physical spring model and the univariate
analogue (Sections 1.2.1 and 1.2.2). The inverse parameterization ψ obtained in
this way is guaranteed to be injective if the parameter points of the boundary
vertices form a convex polygon but fail to reproduce planar triangulations. In
contrast, the harmonic parameterizations [104, 35] discussed in Section 1.2.3
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 (v1)  (vn)

v1

vn

Figure 1.2: Parameterizing a sequence of n points with the spring model.

have this reproduction property but are not necessarily injective, i.e. the tri-
angulation ψ(T ) may not be a valid triangulation. In Section 1.2.4 we study
a choice of weights λvw that guarantees the resulting mapping ψ to have both
properties [42]. Various ways of defining the boundary parameter values are
reviewed in Section 1.2.5 and Section 1.2.6 finally discusses how to solve the
linear system which will turn out to be regular and thus uniquely solvable for
all three methods.

1.2.1 Univariate Spring Model

The first class of linear parameterization methods is motivated by a physi-
cal spring model. Let us first consider the case where a sequence of n points
v1, . . . ,vn ∈ IRd shall be parameterized over an interval [a, b] ⊂ IR. By connect-
ing each pair (vi,vi+1) of consecutive points with a spring we obtain a chain
of n− 1 springs. If we now take the two endpoints of this chain and pull them
apart, the springs will relax to the stable equilibrium of minimal energy and
the positions of the joints between the springs can be taken as parameter points
(see Figure 1.2).
The potential energy of a spring is E = 1

2Ds
2, where D is the (strictly

positive) spring constant and s the length of the spring. If we let ψ(v1) and
ψ(vn) be the two endpoints and ψ(v2), . . . , ψ(vn−1) the interior joints of the
chain of springs, the total energy is

ES(ψ) =
n−1∑
i=1

1
2Di(ψ(vi+1)− ψ(vi))2. (1.1)

Fixing the endpoints ψ(v1) = a and ψ(vn) = b and minimizing (1.1) with
respect to the remaining unknowns ψ(v2), . . . , ψ(vn−1) yields

ψ(vi+1)− ψ(vi)
ψ(vi)− ψ(vi−1)

=
Di−1
Di

for i = 2, . . . , n− 1, resembling the well-known uniform, centripetal, and chord-
length parameterization, if the spring constants Di = ‖vi+1−vi‖−p with p = 0,
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(a) (b) (c)

Figure 1.3: Interpolating cubic B-spline curve with uniform (a), centripetal (b),
and chord-length (c) parameterization.

p = 1/2, and p = 1 are chosen. Figure 1.3 shows an example of an interpolating
cubic B-spline curve for these three different parameterizations.
Note that the boundary conditions cannot be omitted, because the chain of

springs would collapse to a single point ψ(v1) = . . . = ψ(vn) then, a solution
with optimally low energy ES(ψ) = 0. The same is true in the bivariate setting
and will be explained more detailed in Section 1.2.5.
The following theorem [42, 67] summarizes the four most important charac-

terizations of these spring model parameterizations.

Theorem 1.1 For t1, . . . , tn ∈ IR and D1, . . . , Dn−1 ∈ IR+, the following state-
ments are equivalent:

(i)
ti+1 − ti
ti − ti−1

=
Di−1
Di

for i = 2, . . . , n− 1,

(ii) t2, . . . , tn−1 minimize the function E(s2, . . . , sn−1) =
n−1∑
i=1

Di(si+1 − si)2

with s1 = t1 and sn = tn,

(iii) ti = (1− λi)ti−1 + λiti+1 with λi =
Di

Di−1 +Di
for i = 2, . . . , n− 1,

(iv) ti+1 = ti +
µ

Di
for i = 1, . . . , n− 1 with µ =

tn − t1∑n−1
i=1 1/Di

.

Statement (i) characterizes the parameterizations in terms of ratios, (ii) is the
spring energy characterization that we are going to extend to triangulations
in Sections 1.2.2 and 1.2.3, and (iii) shows that the interior parameter points
can be expressed as convex combinations of their neighbours, an observation to
be generalized in Section 1.2.4. From (iv) we can immediately derive an effi-
cient algorithm for computing spring model parameterizations and an important
property of the chord length parameterization.
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Corollary 1.1 If points v1 < v2 < · · · < vn, vi ∈ IR are given and the
boundary conditions ψ(v1) = v1 and ψ(vn) = vn are chosen, then the chord
length parameterization with Di = 1/(vi+1 − vi) for i = 1, . . . , n − 1 yields
ψ(vi) = vi for i = 2, . . . , n− 1 and thus ψ = Id.

Proof. We first observe
∑n−1

i=1 1/Di = vn − v1 and therefore µ = 1. Assuming
ψ(vi) = vi we conclude by induction ψ(vi+1) = ψ(vi) + (vi+1 − vi) = vi+1. ✷

This property is so natural that we would like to have an analogous property
for triangulations.

Reproduction property: Whenever a given triangulation is planar, its pa-
rameterization should be the identity.

1.2.2 Bivariate Spring Model

Let us now go back to the problem of parameterizing a triangulation. In a
first approach we will stick to the physical spring model and generalize the
characterization (ii) of Theorem 1.1 to the bivariate setting.
By replacing each edge [v,w] = [w,v] ∈ E of the triangulation with a spring,

we obtain a network of |E| springs with joints ψ(v), v ∈ V . The total energy
of this system is, in analogy with the univariate case (1.1),

ES(ψ) =
1
2

∑
[v,w]∈E

1
2Dvw‖ψ(v)− ψ(w)‖2 (1.2)

with certain (strictly positive) spring constants Dvw = Dwv, the additional fac-
tor 1/2 occurring because each edge is summed up twice. The partial derivative
of ES with respect to ψ(v) is

∂ES

∂ψ(v)
(ψ) =

∑
w∈Nv

Dvw(ψ(v)− ψ(w))

and minimizing (1.2) subject to the boundary conditions of ψ(v) being fixed for
all v ∈ VB is equivalent to solving the linear system of equations

ψ(v)
∑

w∈Nv

Dvw =
∑

w∈Nv

Dvwψ(w), v ∈ VI . (1.3)

If we separate the interior and the boundary vertices in the sum on the right
side of (1.3), we can rewrite this linear system as

ψ(v)
∑

w∈Nv

Dvw −
∑

w∈Nv∩VI

Dvwψ(w) =
∑

w∈Nv∩VB

Dvwψ(w), v ∈ VI , (1.4)

or, more compact, as the matrix equation

Ax = b, (1.5)
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(a) (b) (c) (d)

Figure 1.4: A planar triangulation (a) and its uniform (b), centripetal (c), and
chord-length (d) parameterization.

where x = (ψ(v))v∈VI is the column vector of unknowns, b is the column vector
whose elements are the right hand sides of (1.4), and the symmetric matrix
A = (avw)v,w∈VI has dimension |VI | × |VI | and elements

avw =



∑

u∈Nv
Dvu, w = v,

−Dvw, w ∈ Nv,
0, otherwise.

(1.6)

Theorem 1.2 The matrix A is symmetric and positive definite.

Proof. The symmetry of A follows immediately from Dvw = Dwv, and from
the positivity of the spring constants we can conclude

xtAx =
∑

[v,w]∈E
v,w∈VI

1
2Dvw(xv − xw)2 +

∑
v∈VI

w∈Nv∩VB

Dvw(xv)2 ≥ 0.

If xtAx = 0 then xv = 0 for all v ∈ VI with Nv ∩ VB �= ∅ and xv = xw for all
interior edges [v,w]. Since the interior edges of a triangulation form a simply-
connected graph with all interior vertices as nodes we can conclude xv = 0 for
all v ∈ VI and thus x = 0. ✷

This does not only prove the existence and uniqueness of a solution to (1.3) but
also that this solution is a minimum of the spring energy ES(ψ) because A is
the Hessian matrix of ES . Furthermore, Theorem 1.6 on page 21 states that
the solution ψ is a bijection and thus φ = ψ−1 a valid parameterization, if the
previously fixed parameter points ψ(v) of the boundary vertices v ∈ VB form a
convex polygon.
In analogy with the univariate model we can choose the distance weights

Dvw = ‖v −w‖−p (1.7)

as spring constants with p = 0, p = 1/2, or p = 1 to obtain a uniform, cen-
tripetal, or chord length parameterization of the given triangulation.
The simple example in Figure 1.4 shows that neither choice gives the postu-

lated reproduction property but in the next section we will discuss a different
choice of spring constants Dvw that overcomes this drawback.
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Figure 1.5: Linear map between two triangles.

1.2.3 Harmonic Maps

Another parameterization method that fits into the spring model framework
was first proposed by Pinkall and Polthier as part of an algorithm for computing
discrete minimal surfaces [104] and later by Eck et al. in [35]. It is based on

Dirichlet’s boundary value problem: Given a two-manifold with boundary
M , a simply-connected region R ⊂ IR2, and a homeomorphism g : ∂M → ∂R
between the boundaries of M and R, find a function f : M → R that agrees
with g on ∂M and is harmonic, ∆f = 0.

Variational calculus states that the solution to this problem minimizes the
Dirichlet energy of f ,

ED(f) =
1
2

∫
M

‖∇f‖2, (1.8)

subject to the same boundary condition. In our special setting, where the
manifold M is a triangulation T and the boundary condition is given by the
previously fixed parameter points of the boundary vertices, the Dirichlet energy
of the piecewise linear mappings ψ ∈ S2(T ) that we are interested in can be
represented in the form (1.2). This is an immediate consequence of the following
lemma [104].

Lemma 1.1 Let f be the linear map between two triangles �1 and �2. Then
the Dirichlet energy of f is

ED(f) =
1
4
(cotαa2 + cotβ b2 + cotγ c2),

where α, β, γ are the angles in �1 and a, b, c are the corresponding side lengths
in �2 (see Figure 1.5).

Corollary 1.2 The Dirichlet energy of a piecewise linear mapping ψ ∈ S2(T )
is

ED(ψ) =
1
2

∑
[v,w]∈E

1
2Dvw‖ψ(v)− ψ(w)‖2 (1.9)
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Figure 1.6: Interior edge with two and boundary edge with one adjacent triangle.

with the harmonic weights

Dvw =
1
2
(cotα+ cotβ) and Dvw =

1
2
cotα (1.10)

for interior and boundary edges respectively, where α and β are the angles op-
posite to [v,w] in the adjacent triangles (see Figure 1.6).

Proof. By decomposing ψ into the linear maps ψ|T , T ∈ T and considering

ED(ψ) =
∑
T∈T

ED(ψ|T ),

Equation 1.9 follows from Lemma 1.1 by rearranging the sum over the triangles
T ∈ T to a sum over the edges [v,w] ∈ E of the triangulation T . ✷

If we now fix the parameter points ψ(v) for the boundary vertices v ∈ VB as we
did for the spring model, minimizing the Dirichlet energy ED(ψ) with respect
to the interior parameter points ψ(v), v ∈ VI gives a harmonic map ψ and the
corresponding harmonic parameterization φ = ψ−1.
According to [37, 35], these maps also minimize metric dispersion, a measure

of the extent to which a map stretches regions of small diameter in T . Another
approach that minimizes a different kind of metric distortion will be discussed
in Section 1.3.
Like in Section 1.2.2, the problem of minimizing (1.9) leads to a linear system

Ax = b. Unfortunately, we can no longer use the proof of Theorem 1.2 to show
the positive definiteness of A since the harmonic weights Dvw can be negative.

Proposition 1.1 Let [v,w] be an interior edge of a triangulation and �1, �2
the adjacent triangles. Rotating �2 around [v,w] into the plane P which is de-
fined by �1 gives a congruent triangle �̃2 = [v,w,p] ⊂ P . The harmonic weight
Dvw is positive, if and only if �1 and �̃2 have the local Delaunay property,
i.e. p does not lie in the circumcircle of �1.

Proof. In the notation of Figure 1.7 there exist for any points p1 outside and p2
inside the circumcircle C of �1 points p′

1 and p′
2 on C such that β1 < β

′
1 and

β2 > β
′
2. From the theorem of quadrilaterals inscribed in a circle we know that

α+ β′1 = α+ β
′
2 = π so that we can conclude α+ β1 < π < α+ β2 and further

cotα+ cotβ1 =
sin(α+ β1)
sinα sinβ1

> 0 >
sin(α+ β2)
sinα sinβ2

= cotα+ cotβ2.
✷
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Figure 1.7: Notation for the proof of Proposition 1.1.

It is remarkable that the sum of the harmonic weights is always positive.

Proposition 1.2 For any interior vertex v ∈ VI of a triangulation, the sum of
harmonic weights (1.10) corresponding to its neighbours w ∈ Nv is positive.

Proof. Let α and β be two angles in a non-degenerate triangle, then we have
0 < α, β, α+ β < π and therefore

cotα+ cotβ =
sin(α+ β)
sinα sinβ

> 0. (1.11)

If we now label the neighbours w ∈ Nv of a vertex v ∈ VI as in Figure 1.8, we
can conclude

n∑
i=1

Dvwi
=

n∑
i=1

1
2
(cotαi + cotβi) =

1
2

n∑
i=1

cotαi+1 + cotβi︸ ︷︷ ︸
(1.11)
> 0

> 0.

✷

v

w1

w2

wn �1

�1

�2

�2

�n

�n

Figure 1.8: Notation for the neighbourhood of an interior vertex v with n
neighbours w1, . . . ,wn.
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(x2; y2)

Figure 1.9: Notation for the proof of Lemma 1.2.

However, we can still show the positive definiteness of A and thus the existence
and uniqueness of the harmonic map ψ.

Lemma 1.2 For the Dirichlet energy of the linear map f between the two tri-
angles �1 and �2,

ED(f) ≥ area(�2)
holds with equality if and only if �1 and �2 are similar or �2 is degenerated
to a point.

Proof. The triangle �2 is degenerated to a point if and only if a = b = c = 0
and in this case ED(f) = 0 = area(�2). Let us now assume c > 0. Since the
angles α, β, γ of �1 do not depend on scalings and rotations we can assume
without loss of generality �1 =

[(−1
0

)
,
(
1
0

)
,
(
x1
y1

)]
with y1 > 0 and therefore

A2 = (x1 − 1)2 + y21 , B2 = (x1 + 1)2 + y21 , C2 = 4, and area(�1) = y1 (see
Figure 1.9). Using the cosine rule we get

cotα =
cosα
sinα

=
B2 + C2 −A2
2BC sinα

=
B2 + C2 −A2
4 area(�1)

=
1 + x1
y1

and similarly cotβ = 1−x1
y1
, cot γ = x2

1+y2
1−1

2y1
. Moreover, ED(f) and area(�2)

both depend quadratically on scalings of �2 and are invariant under rotations
of �2, so that we can further assume �2 =

[(−1
0

)
,
(
1
0

)
,
(
x2
y2

)]
. Therefore,

4(ED(f)− area(�2))y1 = y1(cotαa2 + cotβ b2 + cot γ c2 − 4 area(�2))
= (1 + x1)((x2 − 1)2 + y22) +
(1 − x1)((x2 + 1)2 + y22) + 2(x21 + y21 − 1)− 4y1y2

= 2x22 + 2− 4x1x2 + 2y22 + 2x21 + 2y21 − 2− 4y1y2
= 2(x2 − x1)2 + 2(y2 − y1)2

≥ 0

with equality if and only if
(
x1
y1

)
=
(
x2
y2

)
. The statement follows since y1 > 0. ✷
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Lemma 1.3 For the Dirichlet energy of a piecewise linear mapping ψ ∈ S2(T )

ED(ψ) ≥ 0

holds with equality if and only if all ψ(v), v ∈ V are the same, i.e. if ψ is a
constant function.

Proof. As in the proof of Corollary 1.2 we decompose ψ into the linear maps
ψ|T , T ∈ T and conclude with Lemma 1.2

ED(ψ) =
∑
T∈T

ED(ψ|T ) ≥
∑
T∈T
area(ψ(T )) ≥ 0

with equality if and only if the areas of all triangles ψ(T ) vanish. ✷

Theorem 1.3 The matrix A defined by the harmonic weights is symmetric and
positive definite.

Proof. The symmetry of A follows immediately from the symmetric definition of
the harmonic weights, Dvw = Dwv. In order to show the positive definiteness
we consider the symmetric |V | × |V | matrix Ā = (āvw)v,w∈V which is defined
similarly to (1.6) by

āvw =



∑

u∈Nv
Dvu, w = v,

−Dvw, w ∈ Nv,
0, otherwise.

with the rows and columns arranged such that A is the |VI | × |VI | upper left
submatrix,

Ā =
(
A ∗
∗ ∗

)
.

We can now write the Dirichlet energy as ED(ψ) = 1
2 x̄

tĀx̄ with x̄ = (ψ(v))v∈V

and from Lemma 1.3 we know

x̄tĀx̄ = 2ED(ψ) ≥ 0

with equality if and only if all triangles ψ(T ) are degenerated to the same point.
Therefore, Ā is positive definite as long as the boundary of the parameterization
is non-degenerate and so is A as an upper left submatrix of Ā. ✷

Furthermore, harmonic maps have the postulated reproduction property.

Theorem 1.4 For any planar triangulation T , the harmonic map ψ, defined as
the minimum of (1.9) subject to the boundary conditions ψ(v) = v for v ∈ VB ,
is the identity, ψ = Id.
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Figure 1.10: Notation for planar triangles. Let s be the orthogonal projection
of p on the opposite side, -c1 = s− q, -c2 = r − s, and -c = -c1 + -c2 = r − q.

Proof. We know from the previous section that the minimum of (1.9) solves the
equations (1.3). Since the uniqueness of this solution follows from Theorem 1.3,
it is sufficient to show that ψ(v) = v for v ∈ VI satisfies (1.3), i.e.

v
∑

w∈Nv

Dvw =
∑

w∈Nv

Dvww, v ∈ VI ,

with the special choice of Dvw in (1.10). For any planar triangle we have, using
the notation in Figure 1.10, cotα-h = R-c1 and cotβ-h = R-c2, where R =

(
0
−1

1
0

)
is the 90◦ clockwise rotation. From -c1 = cotαR−1-h and -c2 = cotβ R−1-h it
follows cotα-c2 = cotβ -c1 and with -a = -h+ -c2, -b = -h− -c1,

cotα-a+ cotβ-b = R-c1 + cotα-c2 +R-c2 − cotβ -c1 = R-c. (1.12)

In the notation of Figure 1.8 we have

n∑
i=1

Dvwi
(wi − v) =

n∑
i=1

1
2
(cotαi + cotβi)(wi − v)

=
1
2

n∑
i=1

cotαi+1(wi+1 − v) + cotβi(wi − v)

(1.12)
=
1
2

n∑
i=1

R(wi+1 −wi) =
1
2
R

n∑
i=1

(wi+1 −wi)︸ ︷︷ ︸
=0

= 0.
✷

Despite this important property, harmonic maps have the serious disadvantage
that ψ is not necessarily a bijection and thus ψ(T ) may not be a valid triangu-
lation (see Figure 1.11). As we will later see in Section 1.2.4, the reason for this
problem is that the harmonic weights can be negative. In fact, in the example
in Figure 1.11 we have Dvw1 = Dvw4 =

1−
√
5

2
√
10
< 0 .

We have now discussed two methods for choosing the spring constants of
the spring model approach. The distance weights (1.7) were motivated by the
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v

w1 w2

w3

w4  (v)

 (w1)  (w2)

 (w3) (w4)

Figure 1.11: A triangulation with five vertices v = (2, 0, 1), w1 = (−1,−1, 0),
w2 = (1,−1, 0), w3 = (1, 1, 0), w4 = (−1, 1, 0) and four triangles [v,wi,wi+1],
i = 1, 2, 3, 4, and its harmonic parameterization, ψ(w1) = (−1,−1), ψ(w2) =
(1,−1), ψ(w3) = (1, 1), ψ(w4) = (−1, 1), ψ(v) =

(
5
√
5−1

3
√
5+1
, 0
)
= (1.320715, 0).

univariate analogue and yield valid parameterizations but fail to reproduce pla-
nar triangulations. On the other hand, the harmonic weights (1.10) have the
reproduction property, but do not necessarily result in valid parameterizations.
Whether there exists yet another choice of spring constants which gives both
properties at the same time is currently unknown, but in the next section we
will present a slightly different approach that gives an acceptable answer.
Let us wind up this section by giving an example that illustrates the be-

haviour of the different spring constants we have discussed. For the simple
configuration in Figure 1.12 we have for the interior edge

Ddistance(x) =
(
1
2x

)p

and Dharmonic(x) =
1
x
− x
4
.

All weights, except for the uniform (p = 0), are reciprocal to the edge length,
i.e. the closer the end points are in the triangulation, the more they will attract
each other in the spring model. Note that this effect is the stronger the larger

(�x; 0) (x; 0)

(0;�2)

(0; 2)

harmonic
chord length
centripetal

uniform

x

D(x)

54.543.532.521.510.5

5

4

3

2

1

0

-1

-2

Figure 1.12: Behaviour of different spring constants for a simple configuration.
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p is and strongest for the harmonic weight. In fact, if the edge length exceeds
the distance between the two points opposite the edge in the adjacent triangles,
then the harmonic weight becomes negative and acts as a repelling force in the
spring model.

1.2.4 Convex Combination Maps

Another linear parameterization method was introduced by Floater in [42] and
generalizes the third characterization of Theorem 1.1. As in the previous sec-
tions, the first step of that method is to specify the parameter points ψ(v) of
the boundary vertices v ∈ VB. Then, for each interior vertex v ∈ VI a set of
strictly positive convex weights λvw, w ∈ Nv with∑

w∈Nv

λvw = 1

is chosen and the remaining ψ(v), v ∈ VI are determined by solving the linear
system of equations

ψ(v) =
∑

w∈Nv

λvwψ(w), v ∈ VI . (1.13)

Therefore, every interior parameter point is a convex combination of its neigh-
bours. Like in Section 1.2.2, by separating interior and boundary vertices, (1.13)
can be rewritten as

ψ(v)−
∑

w∈Nv∩VI

λvwψ(w) =
∑

w∈Nv∩VB

λvwψ(w), v ∈ VI , (1.14)

and further as
Bx = c, (1.15)

where x = (ψ(v))v∈VI is again the column vector of unknowns, c is the column
vector whose elements are the right hand sides of (1.14), and the |VI | × |VI |
matrix B = (bvw)v,w∈VI has elements

bvw =




1, w = v,
−λvw, w ∈ Nv,
0, otherwise.

Note that in general λvw �= λwv and therefore B is usually not symmetric in
contrast to A in (1.5). The following theorem guarantees the existence and
uniqueness of a solution to (1.13).

Theorem 1.5 The matrix B is regular.

Proof. Since every internal node is the convex combination of its neighbours it
is also a convex combination of the boundary vertices, i.e. it lies within their
convex hull. Now, if Bx = 0, then all boundary vertices are 0 and their convex
hull is {0}. Therefore, x = 0. ✷
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v

w1
w2

w3w4

 (v)

 (w1)  (w2)

 (w4)

 (w3)

Figure 1.13: A planar triangulation with five vertices v = (12 ,
1
2 ), w1 = (0, 0),

w2 = (1, 0), w3 = (1, 1), w4 = (0, 1), four triangles [v,wi,wi+1] and con-
vex weights λvwi

= 1
4 , and its parameterization with a non-convex boundary,

ψ(w1) = (0, 0), ψ(w2) = (1, 0), ψ(w3) = (13 ,
1
7 ), ψ(w4) = (0, 1), ψ(v) = (13 ,

2
7 ).

The piecewise linear functions ψ that are defined by the parameter points ψ(v)
which solve (1.13) are called convex combinations maps and the following the-
orem [130, 42, 44] guarantees them to lead to proper parameterizations under
certain conditions.

Theorem 1.6 If the boundary polygon that is formed by the fixed parameter
points ψ(v), v ∈ VB is strictly convex, then the convex combination map ψ is a
bijection, i.e. the planar triangulation ψ(T ) is without self-intersections.

This also proves the spring model parameterizations from Section 1.2.2 to be
bijective because they are convex combination maps for the special choice of

λvw =
Dvw∑

u∈Nv
Dvu

, v ∈ VI , w ∈ Nv. (1.16)

Note that due to Proposition 1.2 these λvw’s are well-defined for the harmonic
weights, too. But they are negative if and only if the corresponding harmonic
weight Dvw is negative and therefore harmonic maps are not convex but only
affine combination maps and do not fulfill the requirements of Theorem 1.6.
Furthermore, the example in Figure 1.11 shows that the positivity of the

convex weights is a necessary condition of Theorem 1.6 and the example in
Figure 1.13 shows that we cannot do without the convexity condition of the
boundary polygon either. However, here is a slightly different version of Theo-
rem 1.6 with weaker assumptions [44].

Corollary 1.3 If the boundary polygon is weakly convex and there is no triangle
[u,v,w] ∈ T with u,v,w ∈ VB such that ψ(u), ψ(v), ψ(w) are collinear, then
ψ is a bijection.

Now that we know the convex combination maps to be unique and bijective the
question is whether the weights λvw can be chosen such that the reproduction
property holds in addition. The positive answer was given by Floater in [42]
and we will now briefly review his method of specifying the convex weights.
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Figure 1.14: A local configuration (a) is flattened out into the plane by an
exponential mapping (b) and the local weights are determined (c).

Let v ∈ VI be an interior vertex with n neighbours w1, . . . ,wn as in Fig-
ure 1.14.a. In a first step this local configuration is “flattened out” into the
plane by an exponential mapping, yielding temporary parameter points p and
q1, . . . , qn (see Figure 1.14.b). The exponential mapping preserves the length
of the edges [v,wi] and uniformly scales the angles γi = <) (wi,v,wi+1) of the
triangles [v,wi,wi+1] at v. One way to realize it is to set

p =
(
0
0

)
and qi = ‖wi − v‖

(
cos δi
sin δi

)

with

δi = ρ
i−1∑
j=1

γj and ρ =
2π∑n
i=1 γi

.

In a second step we locate for each qi the index j for which p ∈ [qi, qj , qj+1]
(see Figure 1.14.c) and determine the barycentric coordinates of p with respect
to that triangle,

p = τ ii qi + τ
i
jqj + τ

i
j+1qj+1,

with τ ii + τ
i
j + τ

i
j+1 = 1. Letting all other τ

i
k = 0, k �= i, j, j + 1, we finally take

the shape preserving weights to be the averages of the local weights τ ji ,

λvwi
=
1
n

n∑
j=1

τ ji . (1.17)

These weights yield the desired reproduction property.

Theorem 1.7 For any planar triangulation T , the convex combination map ψ,
defined by the solution to (1.13) with the shape preserving weights from (1.17)
and ψ(v) = v, v ∈ VB , is the identity, ψ = Id.
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Proof. We observe λvwi
> 0 because of the positivity of the barycentric coordi-

nates and τ ii > 0 and further

n∑
i=1

λvwi
=
1
n

n∑
j=1

n∑
i=1

τ ji︸ ︷︷ ︸
=1

= 1.

Therefore, the shape preserving weights are proper convex weights. In analogy
to the proof of Theorem 1.4 it remains to show that ψ(v) = v for v ∈ VI solves
(1.13). We know that

n∑
i=1

λvwi
qi =

1
n

n∑
j=1

n∑
i=1

τ ji qi︸ ︷︷ ︸
=p

= p (1.18)

and since the described exponential mapping is a solid body transformation for
planar triangulations and thus preserves convex combinations we can replace p
and qi in (1.18) with v and wi respectively. ✷

The convex combination map ψ that corresponds to the shape preserving weights
possesses all properties we were looking for. It is the unique solution to a linear
system, has the reproduction property and is guaranteed to be a bijection if the
parameter points of the boundary vertices were properly chosen. The inverse
φ = ψ−1 of ψ is called a shape preserving parameterization [42].

1.2.5 Parameterizing the Boundary

Any of the previously discussed linear parameterization methods demands the
boundary ∂T of the given triangulation T to be parameterized in advance, i.e.
we need to specify a piecewise linear mapping ψ : ∂T → IR2 which is uniquely
determined by the values ψ(v), v ∈ VB. We will now discuss various ways
of carrying out this task. For this purpose we let v1, . . . ,vn be the ordered
boundary vertices vi ∈ VB and identify vn+1 = v1 for the sake of convenience,
so that

⋃n
i=1[vi,vi+1] = ∂T .

The first method is motivated by Theorem 1.6 and the univariate param-
eterization methods discussed in Section 1.2.1. The bijectivity of the param-
eterization is assured if the parameter points of the boundary vertices form a
convex polygon, which can be achieved, for example, by placing them on the
unit circle and their distance should be chosen as in the spring model approach
(see Figure 1.15.a). If we write the parameter points as

ψ(vi) =
(
cosαi

sinαi

)
, i = 1, . . . , n+ 1,

a reasonable measure of the distance between ψ(vi) and ψ(vi+1) is the difference
αi+1 − αi as the length of the arc between those two points. The parameteri-
zation of the boundary can then be regarded as a univariate parameterization
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Figure 1.15: Parameterizing the boundary over a circle (a) or a rectangle (b).

problem with parameter points αi and fixed endpoints α0 = 0, αn+1 = 2π.
From statement (iv) of Theorem 1.1 we know the solution to this problem to be

αi+1 = αi +
µ

Di
, i = 1, . . . , n+ 1, with µ =

2π∑n
i=1 1/Di

,

using, for instance, the chord length weights Di = 1/‖vi+1 − vi‖.
Considering Corollary 1.3 we may also map the boundary of T to a weakly

convex polygon. Especially in the context of texture mapping it is often desirable
to have a square or rectangular parameter domain as many textures come in
such a shape. This necessitates to identify four prominent corner vertices among
the boundary vertices VB which will be mapped to the corners of a rectangle
(see Figure 1.15.b). If we let c1 < c2 < c3 < c4 be the indices of these corner
vertices, we set

ψ(vc1) =
(
0
0

)
, ψ(vc2) =

(
a
0

)
, ψ(vc3) =

(
a
b

)
, ψ(vc4) =

(
0
b

)
,

and parameterize the remaining boundary vertices by chord length over the
sides of the rectangle [0, a]× [0, b], e.g.

ψ(vi) =
(
a
ti

)
, ti+1 = ti +

µ

Di
, i = c2 + 1, . . . , c3 − 1,

with
µ =

b∑c3−1
i=c2
1/Di

and tc2 = 0.

Basically there are two ways of specifying the corner vertices. Firstly, we can
take into account the angle <) (vi−1,vi,vi+1) of the boundary polygon at vi and
take those four vertices with the smallest angles. This method works well as long
as the boundary polygon has a squarish shape with four almost equally spaced
vertices whose angles are significantly smaller than all other angles. Otherwise



CHAPTER 1. PARAMETERIZING TRIANGULATIONS 25

we should define the corner vertices such that the distance
∑ci+1−1

j=ci
‖vj+1−vj‖

between them reflects the side lengths of the rectangle.
The third boundary parameterization method is based on the reproduction

property in Theorems 1.4 and 1.7 which states that a bijective parameterization
is obtained for a planar triangulation by parameterizing the boundary with the
identity, regardless of whether ∂T is convex or not. Since the parameterization
depends continuously on the coordinates of the vertices, this motivates the fol-
lowing procedure for parameterizing ∂T . Note that it reproduces the identical
mapping for planar triangulations.
We project the boundary vertices orthogonally into the plane P that approx-

imates VB best in a least squares sense and further map the projected vertices
v′ to IR2 using a suitable solid body transformation in order to obtain the pa-
rameter points ψ(v). The least squares plane of VB is defined as the plane P
that minimizes

∑
v∈VB

dist(v, P )2 and can be characterized as follows.

Proposition 1.3 For a set of vertices V with centroid c = 1
|V |
∑

v∈V v the
plane P = {p ∈ IR3 : (p − c) ⊥ n} is the least squares plane of V if and only
if n is the normalized eigenvector belonging to the smallest eigenvalue of the
symmetric 3× 3 matrix A =

∑
v∈V (v − c)(v − c)t.

Proof. The distance between v and a plane Ps = {p ∈ IR3 : (p − s) ⊥ n} is
given by dist(v, Ps) = 〈v − s |n 〉. For any plane Ps that does not contain c it
follows dist(c, Ps)2 = 〈 c− s |n 〉2 > 0 and∑

v∈V

dist(v, Ps)2 =
∑
v∈V

〈v − s |n 〉2 =
∑
v∈V

(
〈v − c |n 〉+ 〈 c− s |n 〉

)2
=
∑
v∈V

〈v − c |n 〉2 + 2
∑
v∈V

〈v − c |n 〉
︸ ︷︷ ︸

=0

〈 c− s |n 〉

+
∑
v∈V

〈 c− s |n 〉2︸ ︷︷ ︸
> 0

>
∑
v∈V

dist(v, Pc)2,

proving c to lie in the least squares plane. Furthermore, we have∑
v∈V

dist(v, Pc)2 =
∑
v∈V

〈v − c |n 〉2 =
∑
v∈V

[
nt (v − c)

][
(v − c)t︸ ︷︷ ︸

=Av

n
]
= ntAn

with A =
∑

v∈V Av. From real analysis we know that f(n) = ntAn obtains its
extrema with the condition g(n) = ‖n‖2 = ntn = 1 if and only if there exists
a λ ∈ IR with

f ′(n) = λg′(n) ⇐⇒ An = λn ⇐⇒ λ is an eigenvalue of A.

Due to f(n) = ntAn = ntλn = λ‖n‖2 = λ, f is minimal for the normalized
eigenvector belonging to the smallest eigenvalue of A. ✷
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(a) (b) (c)

(d) (e) (f) (g)

Figure 1.16: Different shape preserving parameterizations of the triangulation
in (a) with |VI | = 100, |VB | = 66.

The projected vertices are then determined via v′ = v − 〈v − c |n 〉 and the
transformation to IR2 can be realized, for example, by expressing v′ in a local
coordinate system that is perpendicular to n.
Figure 1.16 gives an example of the impact the different boundary parame-

terization methods have on the shape preserving parameterization of the interior
vertices. Distributing the boundary vertices by chord length on a circle gives
the result shown in (d) and projecting them into the least squares plane leads to
the parameterization in (e). If we specify four corner vertices using the smallest
angle criterion (c) or by uniform distribution (g) and parameterize the boundary
over a square we obtain the parameterizations in (b) and (f) respectively. Note
that in this example the projection method gives the best result, namely the
one with least distortion.
Another example is shown in Figure 1.17. Here the projection method (c)

yields a non-bijective parameterization (one of the triangles on the boundary in
the upper right part is flipped) and the rectangular boundary parameterization
method (d) is to be preferred instead. In general it will depend on both the
triangulation and the application which method is most appropriate and the
choice should be left to the user.
We conclude this section by emphasizing the necessity of fixing the param-

eter values of the boundary vertices VB prior to parameterizing the interior
vertices VI . Taking a closer look at the matrices A and B in Equations 1.5 and
1.15 we observe the following. Each row of both A and B is weakly diagonal
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(a) (b)

(c) (d)

Figure 1.17: Different shape preserving parameterizations of the triangulation
in (a) with |VI | = 390, |VB | = 86.

dominant and only those rows corresponding to an interior vertex with at least
one neighbouring boundary vertex are strictly diagonal dominant. It is exactly
these rather few rows that keep the matrices from being singular.
Figure 1.18 illustrates the effect of fixing the parameter points of a subset

V ′
B ⊂ VB only and treating the remaining VB \ V ′

B like interior vertices instead.
For |V ′

B| ≥ 3 the parameterization is star-shaped and highly distorted (b,c).
Since we used chord length parameterization in this example which guarantees
the interior parameter points ψ(v), v ∈ VI to lie within the convex hull of ψ(v),
v ∈ V ′

B , the parameterization is degenerated to a line or a point if |V ′
B | = 2 (d)

or |V ′
B| = 1 (e). In the extreme case of V ′

B = ∅ both matrices A and B become
singular and for any c ∈ IR2 the constant parameterization ψ(v) = c, v ∈ V
solves (1.5) as well as (1.15). Note that the proofs of the regularity of A and B
in Theorems 1.2, 1.3, and 1.5 do not hold for VB = ∅ accordingly.

1.2.6 Solving the Linear System

So far we have only discussed the existence and uniqueness of the linear pa-
rameterization methods as solutions to (1.5) or (1.15). We will now study how
to efficiently solve these matrix equations. Although direct methods like LU
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(a) (b) (c) (d) (e)

Figure 1.18: Chord length parameterization of a triangulation (|VI | = 636,
|VB| = 64) with all (a) and only a few (b–e) boundary vertices fixed.

decomposition could be used, we consider iterative methods only since they are
more appropriate if the matrix is large and sparse. Our matrices indeed have
both properties because there can easily be as many as several thousands of
interior vertices in a given triangulation and the number of non-zero entries per
matrix row is |Nv| + 1, i.e. 7 on average. This means that for a triangulation
with 2000 interior vertices only 0.35% of the matrix coefficients are non-zero.
The simplest class of iterative methods for solving matrix systems Ax = b

is based on a splitting A =M −N of A such that the iteration step

Mx(k+1) = Nx(k) + b (1.19)

is “easy” to solve. The convergence of the process depends on the spectral radius

ρ(G) = max{|λ| : λ ∈ λ(G)},

i.e. the magnitude of the largest eigenvalue of the iteration matrix G =M−1N .
If ρ(G) < 1 then the iterates x(k) converge for any starting vector x(0) and
the rate of convergence is the faster the smaller ρ(G) is. The most prominent
representatives of this method are the Jacobi and the Gauss-Seidel iteration
(GS) with iteration matrices

GJ = −D−1(L+ U) and GGS = −(D + L)−1U

respectively, where A = L + D + U is the usual splitting of A into its lower
triangular, diagonal, and upper triangular part. For the kind of matrices that we
consider for determining parameterizations in (1.5) and (1.15) some important
theorems are known (see [134, 140, 127, 53] for details and proofs).
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Figure 1.19: Convergence rates of the Gauss-Seidel iteration for the examples
in Figure 1.18.

Theorem 1.8 For a weakly diagonal dominant matrix A the spectral radius of
the Jacobi iteration matrix is ρ(GJ ) ≤ 1. Moreover, if A is irreducible with
positive D and non-positive L+U , then the following statements are equivalent:

(i) ρ(GJ ) < 1,

(ii) at least one row of A is strictly diagonal dominant,

(iii) A is regular.

These propositions also hold for the Gauss-Seidel iteration.

Note that the statements (ii) and (iii) of this theorem correspond with the pre-
viously mentioned fact that the parameterizations are well-defined only if the
boundary vertices are fixed. While Theorem 1.8 guarantees both the Jacobi
iteration and GS to converge the next theorem tells which one should be pre-
ferred.

Theorem 1.9 (Stein-Rosenberg) If L + U is non-positive, then one of the fol-
lowing relations holds:

(i) ρ(GGS) = ρ(GJ ) = 0

(ii) 0 < ρ(GGS) < ρ(GJ ) < 1

(iii) ρ(GGS) = ρ(GJ ) = 1

(iv) ρ(GGS) > ρ(GJ ) > 1
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Figure 1.20: Convergence rates of successive over-relaxation with different re-
laxation parameters for the example in Figure 1.18.a.

Still we expect GS to be rather slow, especially for large triangulations where
the number of rows of A that are strictly diagonal dominant is small compared
to the size of the matrix and A is “almost” singular. Figure 1.19 affirms this
assumption by showing the convergence rates of GS for the examples in Fig-
ure 1.18. The less boundary vertices are fixed and the less dominant the diagonal
of A therefore is, the slower the method converges. In all cases we took the or-
thogonal projection of VI into the least squares plane of VB as initial vector
ψ(0)(v) and plotted the normalized residual error

ē(k) =
e(k)

e(0)
with e(k) =

1
|VI |
∑
v∈VI

‖ψ(k)(v)− ψ∗(v)‖,

where ψ(k) is the approximate solution after k iterations and ψ∗ is the exact
solution of the matrix equation.
It is possible to improve the convergence rate of GS with the method of

successive over-relaxation (SOR) which is given by (1.19) with M = D + ωL
and N = (1 − ω)D − ωU . Note that this resembles GS for ω = 1. The idea
behind SOR is to choose the relaxation parameter ω such that the spectral radius
of the iteration matrix

GSOR = (D + ωL)−1((1 − ω)D − ωU)

is minimized. The problem is that the optimal ω∗ is usually hard to guess. Two
of the few results known are that SOR can only converge for 0 < ω < 2 and that
1 ≤ ω∗ < 2 for irreducible matrices with non-positive L+U . Further statements
can only be made for special kinds of matrices.
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Figure 1.21: Convergence rates of various conjugate gradient methods for the
example in Figure 1.18.a.

Theorem 1.10 (Young, Varga) Let A be a consistently ordered1 matrix. Fur-
ther let all eigenvalues of GJ be real and ρ(GJ ) < 1. Then

ω∗ =
2

1 +
√
1− ρ(GJ )2

.

Hence ω∗ is close to 2 if ρ(GJ) is close to 1. Although our matrices A in (1.5)
and B in (1.15) are not consistently ordered, ω = 2− ε with small ε > 0 seems
to be an appropriate choice and ε should be the smaller the larger |V | is. Yet
Figure 1.20 shows the sensitivity of SOR’s convergence rate to ω.
We prefer to use the method of conjugate gradients (CG) instead which per-

formed as well as SOR with optimal relaxation parameter ω∗ in the examples
tested. CG is guaranteed to converge for symmetric positive definite matri-
ces and is therefore suitable for determining spring model as well as harmonic
parameterizations. Moreover, CG can be speeded up considerably by slightly
modifying the matrix equation. Instead of Ax = b we solve

Ãx̃ = b̃ with Ã = C−1AC−1, x̃ = Cx, b̃ = C−1b,

where C is symmetric positive definite. This method is called preconditioned
conjugate gradient method (PCG) with preconditionerM = C2. The idea behind
is to choose C such that the condition number κ(Ã) of the new matrix is smaller
than κ(A) because the convergence rate of CG depends on this value. PCG
turns out to be an effective technique, provided the systemMy = z can easily be

1A matrix A = U + D + L is consistently ordered if the eigenvalues of D−1(αL + α−1U)
are independent of α �= 0.
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solved [53]. The following proposition motivates to use the simple preconditioner
M = diag(A) which we found to perform quite well (see Figure 1.21) at negligible
extra costs. Note that this always yields a matrix Ã with unit diagonal.

Proposition 1.4 For any 2× 2 matrix

A =
(
a+ δ −a
−a a+ ε

)

with a, δ, ε ≥ 0 and det(A) = a(δ + ε) + δε > 0 we have

κF (A) ≥ κF (Ã)

with Ã = C−1AC−1 and C2 = diag(A).

Proof. For any 2 × 2 matrix M =
(
a b
c d

)
we have M−1 = 1

det(M)

(
d −b
−c a

)
and

conclude ‖M‖2F = a2+ b2+ c2+d2, ‖M−1‖2F =
‖M‖2

F

det(M)2 , and κF (M) =
‖M‖2

F

|det(M)| .
If we now consider the matrices

A =
(
a+ δ −a
−a a+ ε

)
and Ã =

(
1 −a√

a+δ
√
a+ε

−a√
a+δ

√
a+ε

1

)
,

we have det(Ã) = det(A)
(a+δ)(a+ε) ,

κF (A) =
(a+ δ)2 + (a+ ε)2 + 2a2

det(A)
, κF (Ã) =

2(a+ δ)(a+ ε) + 2a2

det(A)
,

and finally

κF (A) − κF (Ã) =
(δ − ε)2
det(A)

≥ 0.
✷

Another way of preconditioning (1.5) and of obtaining a unit diagonal is to
multiply the system by M−1 from left,

M−1Ax =M−1b.

This is exactly how a spring model parameterization problem (1.5) turns into a
convex combination problem (1.15) since B = M−1A and c = M−1b with the
convex weights chosen as in (1.16).
In this more general setting of Section 1.2.4 we loose symmetry and can

no longer apply CG or PCG. Still we can use an iterative solver known as the
biconjugate gradient method (BCG) which was developed to adapt the CG tech-
nique to non-symmetric linear systems [132]. Although few theoretical results
are known about the convergence it is agreed on that BCG is performing well
in practice as confirmed, for example, by Figure 1.21.
Another example is given in Figures 1.22 and 1.23 where the chord length

parameterization of a triangulation with |V | = 17, 653 has been computed. The
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Figure 1.22: A triangulation with |VI | = 17, 408, |VB| = 245 and its chord length
parameterization.
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Figure 1.23: Convergence rates of different iterative solvers for the example in
Figure 1.22.
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convergence rates of the different iterative methods are similar to the previous
example. GS converges very slowly but can be accelerated considerably by
SOR if an adequate relaxation parameter is known. The performance of CG
is comparable with optimal SOR and preconditioning (PCG) improves it by
factor 2, approximately. BCG converges similarly to PCG except for the little
irregularities at k ≈ 260 and k ≈ 320. We therefore strongly advise to use BCG
to determine the shape preserving parameterization only and to apply PCG
otherwise.

1.3 Most Isometric Parameterizations

The linear parameterization methods discussed in the previous sections clearly
depend on the fixed parameter points ψ(v) for v ∈ VB , i.e. on the choice of the
boundary polygon ψ(∂T ). In Section 1.2.5 we have presented various ways of
determining ψ(∂T ) but it is hard to automatically decide for a given triangu-
lation which method produces the best results and the choice should be left to
the user’s expertise instead. The problem is that the linear methods are limited
in the sense that they can be used to determine the interior parameter values
only and do not give reasonable results if the boundary parameter points are
included in the optimization process. In this section we introduce a nonlinear
parameterization method that overcomes this limitation and yields parameter
points ψ(v) for all v ∈ V .

1.3.1 Shape Deformation of Triangles

The nonlinear parameterization technique we are to discuss is based on the ob-
servation that ψ normally deforms the shape of the triangles of T and aims
at minimizing these deformations. Consider the local configuration in Fig-
ure 1.14.a, which can be parameterized without distorting the triangles only if
the interior angles γi sum to 2π, e.g. if v,w1, . . . ,wn lie in the same plane. This
reflects a well-known fact from differential geometry [29] that only developable
surfaces (like planar, cylindrical and conical surfaces) can be parameterized
without any distortion. Such surfaces are isometric to the plane.

Definition 1.2 Let Ω ⊂ IR2 and f : Ω → IR3 be a differentiable and injective
mapping and thus a parameterization of the surface f(Ω) ⊂ IR3. The symmetric
2× 2 matrix

If = ∇tf · ∇f

is called the first fundamental form of f . The parameterization f is called
isometric, if

If =
(
1 0
0 1

)
= I

and a surface S ⊂ IR3 is called isometric to Ω if there exists an isometric
parameterization f of S with f(Ω) = S.
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(a) (b) (c)

Figure 1.24: Mapping a texture (a) to a surface using a non-isometric (b) and
an isometric parameterization (c).

The first fundamental form If expresses how a surface inherits the metric from
the parameter domain by f . The further If deviates from the identity matrix,
the more the metric quantities (length, angle, and area) are distorted. Sur-
faces that are parameterized isometrically will therefore behave (locally) like
planes which is very desirable in many applications. Consider, for example, the
functions f, g : IR2 → IR3,

f

(
u
v

)
=


 4u3 + 13u3 + 3v

v − 2


 and g = f ◦ π2 ◦ π1,

with π1, π2 : IR2 → IR2,

π1

(
u
v

)
=
1
65

(
13 −9
0 25

)(
u
v

)
and π2

(
u
v

)
=
(

3
√
u
v

)
,

as two parameterizations of the surface S = f(IR2) = g(IR2). We have

∇f
(
u
v

)
=


 12u2 09u2 3
0 1


 , If

(
u
v

)
=
(
225u4 27u2

27u2 10

)
,

and

g

(
u
v

)
=
1
65


52u− 36v + 6539u+ 48v

25v − 130


 , ∇g

(
u
v

)
=
1
65


 52 −3639 48
0 25


 , Ig

(
u
v

)
= I,

thus g is isometric whereas f is not. Using f and g to paste the texture infor-
mation (a) in Figure 1.24 onto S, we can see how f distorts the image (b) while
the isometric parameterization g perfectly preserves the planar metric (c).
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(a) (b) (c)

Figure 1.25: Translations (a), orthogonal transformations (b), and uniform scal-
ings (c) do not modify the shape of a triangle.

Let us now go back to the problem of finding for a given triangulation T
a piecewise linear mapping ψ ∈ S2(T ) such that the distortion between the
triangles T ∈ T and their images ψ(T ) is small. For each T ∈ T we can write
the restriction ψ|T as a linear mapping

ψ(v) = Av + p, v ∈ T,

with p ∈ IR2. By introducing a local orthonormal coordinate system at T with
the third axis perpendicular to T , we can assume A ∈ IR2×2 and therefore

ψ|T ∈ Π21, T ∈ T ,

where Π21 = {f : IR2 → IR2 : f linear} denotes the space of two-dimensional
linear functions. The question now is how to measure the shape deformation
between T and ψ(T ). Any such measure should be

• invariant with respect to translations, (∗1)

• invariant with respect to orthogonal transformations, (∗2)

• invariant with respect to uniform scalings, (∗3)

since these are the linear operations that do not modify the shape of a triangle
(see Figure 1.25). Let

E = {E : Π21 → IR, E fulfills (∗1), (∗2), and (∗3)}

be the set of functionals that measure the shape deformation of a linear function.
Note that the Dirichlet energy (1.9) is not a shape deformation functional of
this type, ED /∈ E , since it clearly depends on uniform scalings.

Theorem 1.11 For f(x) = Ax + b and E ∈ E, E(f) depends on the ratio
ρ = σ1/σ2 of the singular values of A only. Any such deformation functional
can thus be seen as a function E : {ρ ∈ IR : ρ ≥ 1} → IR.
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Proof. Because of (∗1), E(f) does not depend on the constant part b of f . If
we then consider the singular value decomposition [53] of A which guarantees
the existence of orthogonal matrices U and V such that

U tAV = Σ =
(
σ1 0
0 σ2

)
,

where σ1 ≥ σ2 ≥ 0 are the singular values of A, it is clear that any E fulfilling
(∗2) depends on σ1 and σ2 only. The singular values are the lengths of the
semi-axes of the ellipse {Ax : ‖x‖2 = 1} and indicate the scaling of the linear
mapping along the principal axes. Because of (∗3) the statement holds. ✷

The ratio ρ = σ1/σ2 is minimal (ρ = 1) for all linear mappings that do not
deform shape (σ1 = σ2) and maximal (ρ =∞) for all singular mappings (σ2 = 0)
that let triangles collapse to lines (σ1 > 0) or points (σ1 = 0). This motivates
to consider only those functionals E ∈ E , which are monotonically increasing
as a function of ρ and to call them proper shape deformation functionals. For
any proper shape deformation functional E we can then find a mapping ψ∗ in
S2(T ) which minimizes ∑

T∈T
E(ψ|T ) . (1.20)

We will now look for a simple choice of such an E and find the concept of
condition numbers of matrices [53] to provide an adequate tool. The condition
number κ(A) = ‖A‖ ‖A−1‖ of a matrix A quantifies the sensitivity of the linear
system Ax = b and measures the inverse distance of A to the set of singular
matrices with respect to a certain matrix norm ‖·‖. A large value κ(A) indicates
that there exists a perturbationM with ‖M‖ small such that A+M is singular.
By convention, κ(A) =∞ for singular matrices.

Corollary 1.4 For a linear function f(x) = Ax + b the condition numbers
κ2 and κF of A and of the first fundamental form If = AtA are proper shape
deformation functionals.

Proof. From linear algebra we know

‖A‖2 = σ1 and ‖A‖2F = σ21 + σ22

and that the singular values of If are σ21 and σ
2
2 . Therefore,

E1(f) = κ2(A) = ‖A‖2‖A−1‖2 =
σ1
σ2
,

E2(f) = κF (A) = ‖A‖F‖A−1‖F =
√
σ21 + σ22

√
( 1σ1
)2 + ( 1σ2

)2 =
σ21 + σ

2
2

σ1σ2
,

E3(f) = κ2(If ) = κ2(AtA) =
σ21
σ22
,

E4(f) = κF (If ) = κF (AtA) =
σ41 + σ

4
2

σ21σ
2
2

,
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Figure 1.26: Comparison of different proper shape deformation functionals.

or, if seen as functions of ρ = σ1/σ2 (see Figure 1.26),

E1(ρ) = ρ,

E2(ρ) = ρ+
1
ρ
,

E3(ρ) = ρ2,

E4(ρ) =
(
ρ+
1
ρ

)2
− 2 .

✷

In order be able to compute ψ efficiently by minimizing (1.20), we would further
like to have a functional E that is a simple function of the unknown parameter
points ψ(v), v ∈ V , which uniquely define ψ. Of course, we would prefer a
quadratic dependence, since ψ could then be found by solving a linear system
as in Section 1.2, but this automatically contradicts the postulated scaling in-
variance (∗3). However, we can show that E2 is a rational quadratic function
of ψ(v), v ∈ V .

Proposition 1.5 For ψ ∈ S2(T ) and with the notations of Figure 1.27 the
proper shape deformation functional E2 can be written as

E2(ψ|T ) =
cotα ‖-a‖2 + cotβ ‖-b‖2 + cot γ ‖-c‖2

‖-b× -c‖
(1.21)

with -a = ψ(v)− ψ(w), -b = ψ(w)− ψ(u), and -c = ψ(v)− ψ(u).
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Figure 1.27: Decomposition of the linear map ψ|T .

Proof. Let ψ|T be given by ψ|T (x) = Ax+ b. Then we know from Corollary 1.4

E2(ψ|T ) = κF (A) =
σ21 + σ

2
2

σ1σ2
=
trace(AtA)
|det(A)| .

Defining the two linear maps

π1 : �e → T, x !→ A1x+ u with A1 = (-t, -s)

and
π2 : �e → ψ(T ), x !→ A2x+ ψ(u) with A2 = (-c,-b)

we can decompose ψ|T according to Figure 1.27 as ψ|T = π2 ◦ π−11 obtaining
A = A2A

−1
1 and b = ψ(u)−A2A−1

1 u. Considering

At
2A2 =

(
〈-c |-c 〉 〈-b |-c 〉
〈-b |-c 〉 〈-b |-b 〉

)

and

A−1
1 A

−t
1 = (A

t
1A1)

−1 =
1

det(A1)2

(
〈-s |-s 〉 −〈-s |-t 〉
−〈-s |-t 〉 〈-t |-t 〉

)
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we get

E2(ψ|T ) =
trace(AtA)
|det(A)| =

trace(A−t
1 A

t
2A2A

−1
1 )

|det(A2)| |det(A−1
1 )|

=
|det(A1)| trace(At

2A2A
−1
1 A

−t
1 )

|det(A2)|

=
〈-c |-c 〉〈-s |-s 〉 − 2〈-b |-c 〉〈-s |-t 〉+ 〈-b |-b 〉〈-t |-t 〉

|det(A1)| |det(A2)|
.

With -a = -c−-b and −2〈-b |-c 〉 = 〈-a |-a 〉 − 〈-b |-b 〉 − 〈-c |-c 〉 we further have

E2(ψ|T ) =
〈-a |-a 〉〈-s |-t 〉+ 〈-b |-b 〉〈-t− -s |-t 〉+ 〈-c |-c 〉〈-s |-s− -t 〉

|det(A1)| |det(A2)|

=
‖-a‖2〈-s |-t 〉+ ‖-b‖2〈−-r | − -t 〉+ ‖-c‖2〈−-s |-r 〉

|det(A1)| |det(A2)|
.

Recalling |det(A1)| = ‖-s× -t‖ = 2 area(T ),

cos(α) =
〈-s |-t 〉
‖-s‖ ‖-t‖

, sin(α) =
‖-s× -t‖
‖-s‖ ‖-t‖

=⇒ cot(α) =
〈-s |-t 〉
2 area(T )

and analogously for cot(β) and cot(γ) we conclude

E2(ψ|T ) =
‖-a‖2 cot(α) + ‖-b‖2 cot(β) + ‖-c‖2 cot(γ)

|det(A2)|
.

The statement finally follows with |det(A2)| = ‖-b× -c‖. ✷

Interestingly, this reveals a close connection between the Dirichlet energy ED

(1.9) and E2,
2ED(ψ|T ) = E2(ψ|T ) area(ψ(T )), (1.22)

confirming an observation we have made before. While E2 is unaffected by
uniform scalings of ψ(T ), the Dirichlet energy favours small parameter triangles
which is the reason why the parameter values of the boundary vertices had to
be fixed in Section 1.2.3.
Since the shape deformation measured by E2 is minimal for isometric map-

pings, minimizing
EM (ψ) =

∑
T∈T

E2(ψ|T ) (1.23)

gives parameterizations φ = ψ−1 that are “as isometric as possible”. This has
led to the term MIPS [69], an acronym of most isometric parameterizations. We
will also call EM the MIPS energy.



CHAPTER 1. PARAMETERIZING TRIANGULATIONS 41

1.3.2 Minimizing the MIPS Energy

When it comes to minimizing the MIPS energy EM (1.23) we have to consider
the following. As stated in Proposition 1.5, EM is a quadratic rational func-
tion and it is possible to derive EM analytically. The actual computation of
∇EM is furthermore quite efficient (see Proposition 1.6) and suggests to use
either a multivariate conjugate gradient method or the Davidon-Fletcher-Powell
algorithm [105, 107]. The problem with both methods is that they require as a
subtask to minimize EM along a line,

min
t∈IR

EM (ψ0 + tψ).

Albeit simple in principle this one-dimensional search is critical if we accept
bijective mappings only. Assuming ψ0 to be a bijection, the continuity of EM

guarantees an interval I = ]a, b[ with a < 0 < b to exist such that ψ0 + tψ is
bijective for all t ∈ I. However, finding I in order to restrict the line minimiza-
tion problem to this interval requires to carry out quite often the rather costly
operation of deciding whether a triangulation ψ(T ) self-intersects or not.
Instead, we use a Gauss-Seidel-like optimization approach and minimize the

MIPS energy successively with respect to one parameter value at a time:

procedure optimize (ψ)
repeat
choose v ∈ V at random
minimize EM with respect to ψ(v) (∗)

until numerical convergence

The advantage of this search method is that the local minimization problem (∗)
is convex and thus has a unique solution. Moreover, if the initial mapping ψ is
bijective then this property is automatically preserved by each local optimization
step. Before proving these statements let us establish some useful lemmas.

Lemma 1.4 Let a, b, c, d, e ∈ IR with a �= 0 and d �= 0. Then

f : IR \ {−e
d } → IR, x !→

ax2 + bx+ c
|dx+ e|

is either piecewise convex or piecewise concave and the positivity of f is sufficient
for its convexity.

Proof. For any univariate g(x) = u(x)
|v(x)| we have

g′ =
u′|v| − uv′sgn(v)

|v|2 =
u′

|v| −
u

|v|
v′

v
=
u′

|v| − g
v′

v

and

g′′ =
u′′

|v| −
u′

|v|
v′

v
− g′ v

′

v
− g v

′′

v
+ g

v′

v

v′

v
=
u′′

|v| − 2g
′ v

′

v
− g v

′′

v

=
u′′v2 − 2u′vv′ + 2u(v′)2 − uvv′′

|v|v2 ,
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so that we conclude for f :

f ′′(x) =
2a(dx+ e)2 − 2(2ax+ b)(dx+ e)d+ 2(ax2 + bx+ c)d2

|dx+ e|(dx+ e)2

= 2
ae2 − bde+ cd2
|dx+ e|3 .

Depending on the sign of the numerator, f ′′(x) is either positive or negative
for all x and therefore f is convex or concave on both intervals ]−∞, −e

d [ and
]−e
d ,∞[. Rewriting the numerator of f(x) and f ′′(x) as

a
(
x+ b

2a

)2 + c− b2

4a and a
(
e− b

2ad
)2 + d2(c− b2

4a

)
immediately shows that the positivity of f implies f ′′ to be positive, too. ✷

Lemma 1.5 Using the same notation as in Proposition 1.5, the function

FT : ψ(u) !→ E2(ψ|T ). (1.24)

is convex on both half-planes H+ and H− defined by the line L = ψ(w)ψ(v).

Proof. We prove this statement by first showing FT ◦ g to be piecewise convex
for any line g : t !→ ψ0(u) + tψ(u) with ψ(u) �= 0. Substituting a = cotα,
b = cotβ, c = cotγ, x = ψ(u), y = ψ(v)− ψ0(u), z = ψ(w)− ψ0(u) in (1.21)
we obtain

(FT ◦ g)(t) =
a ‖y − z‖2 + b ‖z − tx‖2 + c ‖y − tx‖2

‖(z − tx)× (y − tx)‖

=
t2(b+ c)‖x‖2 − 2t〈 bz + cy |x 〉+ a ‖y − z‖2 + b ‖z‖2 + c ‖y‖2

‖ tx× (z − y) + z × y‖ .

From (1.11) we know (b + c)‖x‖2 > 0. If x is parallel to L, x = µ(z − y), the
denominator of (FT ◦g)(t) simplifies to a positive constant and FT ◦g is a convex
quadratic function. Otherwise, x× (z−y) �= 0 and Lemma 1.4 proves FT ◦ g to
be piecewise convex. Note that the denominator vanishes if tx = λz+(1−λ)y,

tx× (z − y) + z × y = (λz + (1 − λ)y)× (z − y) + z × y

= (−λ− (1 − λ) + 1)z × y

= 0,

which is equivalent to g(t) ∈ L, and we conclude FT |g(IR)∩H+ and FT |g(IR)∩H−

to be convex. ✷

An example is shown in Figure 1.28 where we chose α = 90◦, β = γ = 45◦,
ψ(v) =

(
0
−1
)
, ψ(w) =

(
0
1

)
. With ψ(u) =

(
x
y

)
, FT in (1.24) becomes

FT

(
x
y

)
=
x2 + y2 + 1
|x|

with two minima at
(
1
0

)
and
(−1
0

)
.
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Figure 1.28: The graph of the function f(x, y) = (x2+ y2+1)/|x| (top) and the
isolines for f(x, y) ∈ {2.05, 2.2, 2.5, 3, 5, 10, 20, 50} (bottom).
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Figure 1.29: Let u ∈ VI (a) or u ∈ VB (b). Then the triangulation ψ(T )
is locally without self-intersections as long as ψ(u) lies within the dashed re-
gion, which is the intersection of all half-planes left to the lines connecting the
neighbour vertices ψ(w1), . . . , ψ(wn) of ψ(u).

Theorem 1.12 Let u ∈ V . Then the local minimization problem

min
ψ(u)

EM (ψ)

is convex on the space of bijective mappings ψ ∈ S2(T ).

Proof. Let w1, . . . ,wn be the neighbour vertices of u ordered counterclockwise
and Ti = [u,wi,wi+1], i ∈ I be the triangles that contain u with I = {1, . . . , n}
if u ∈ VI and I = {1, . . . , n− 1} if u ∈ VB. Since E2(ψ|T ) does not depend on
ψ(u) for T ∈ T with u /∈ T , we have

min
ψ(u)

EM (ψ)
(1.23)
= min

ψ(u)

∑
T∈T

E2(ψ|T ) = min
ψ(u)

∑
i∈I

E2(ψ|Ti
)
(1.24)
= min

ψ(u)
Eu(ψ(u)),

where Eu =
∑

i∈I FTi denotes the local MIPS energy at ψ(u). Now let H+
i

and H−
i be the half-planes to the right and the left of the line ψ(wi)ψ(wi+1).

According to Lemma 1.5, Eu is convex on any region R ∈ R with

R =
{⋂

i∈I
Hi : Hi ∈ {H+

i , H
−
i }
}
.

The statement follows because ψ is bijective if and only if ψ(u) ∈
⋂

i∈I H
−

(see Figure 1.29). ✷
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Figure 1.30: A triangulation ψ(T ) (a) and the graph of the local MIPS energy,
restricted to the region that guarantees bijectivity (b) and for all regions (c).

Note that this statement is valid for all vertices V and not restricted to the inte-
rior ones VI which enables us to optimize the parameter values of the boundary
vertices, too. Figure 1.30 shows an example of the local MIPS energy Eu.
In order to find the unique minimum of Eu we apply Newton’s method [107],

ψ(u)(k+1) = ψ(u)(k) −H−1
Eu
(ψ(u)(k))∇Eu(ψ(u)(k)),

which is known to converge quadratically and because Eu is convex this method
converges for any initial guess ψ(u)(0). Moreover, since Eu is a sum of functions
FTi , the gradient ∇Eu as well as the Hessian matrix HEu can be computed
efficiently using the following formulas.

Proposition 1.6 The function value, the gradient, and the Hessian matrix of
FT at ψ(u) = 0 are

FT (0) = ma(d2x + d
2
y) +mb(w2x + w

2
y) +mc(v2x + v

2
y) = e,

∇FT (0) =
(
− 2(mbwx +mcvx) +mye,−2(mbwy +mcvy)−mxe

)
= (ex, ey),

HFT (0) =
(
2(mb +mc +myex) myey −mxex
myey −mxex 2(mb +mc −mxey)

)
,

where
(
vx

vy

)
= ψ(v),

(
wx

wy

)
= ψ(w), dx = vx−wx, dy = vy−wy, m = wxvy−wyvx,

ma = cotα
|m| , mb = cotβ

|m| , mc = cotγ
|m| , mx = dx

m , my =
dy

m .

Proof. In analogy to the discussion on the derivatives of a univariate function
g(x) = u(x)

|v(x)| in Lemma 1.4 we have for a multivariate g(x) =
u(x)
|v(x)|

∇g = ∇u|v| − g
∇v
v

and ∇∇tg =Hg =
Hu

|v| −
∇tv∇g +∇tg∇v

v
− gHv

v
.
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Considering the numerator and the denominator of FT we find with ψ(u) =
(
ux

uy

)
,

u
(
ux

uy

)
= cotα

[
(vx − wx)2 + (vy − wy)2

]
+

cotβ
[
(wx − ux)2 + (wy − uy)2

]
+

cot γ
[
(vx − ux)2 + (vy − uy)2

]
,

∇u
(
ux

uy

)
=
(
− 2 cotβ(wx − ux)− 2 cotγ(vx − ux),

− 2 cotβ(wy − uy)− 2 cotγ(vy − uy)
)
,

Hu

(
ux

uy

)
=
(
2 cotβ + 2 cotγ 0

0 2 cotβ + 2 cotγ

)

and

v
(
ux

uy

)
= wxvy − wyvx − ux(vy − wy) + uy(vx − wx),

∇v
(
ux

uy

)
= (wy − vy, vx − wx),

Hv

(
ux

uy

)
=
(
0 0
0 0

)
,

and for ψ(u) = 0,

u(0) = |m|
(
ma(d2x + d

2
y) +mb(w2x + w

2
y) +mc(v2x + v

2
y)
)

∇u(0) = |m|
(
− 2(mbwx +mcvx),−2(mbwy +mcvy)

)
Hu(0) = |m|

(
2(mb +mc) 0

0 2(mb +mc)

)

and

v(0) = m, ∇v(0) = (−dy, dx), Hv(0) =
(
0 0
0 0

)
,

leading directly to the formulas stated above. ✷

Note that it suffices to evaluate ∇Eu and HEu at the origin if we keep shifting
the neighbour vertices ψ(wi), i ∈ I instead of ψ(u),

ψ(wi)(0) = ψ(wi)− ψ(u),

ψ(wi)(k+1) = ψ(wi)(k) +H−1
Eu
(0)∇Eu(0).

In all the examples tested we found this process to converge numerically after
just a few iterations (k ≈ 5), thus confirming the theoretical convergence rate.
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Let us now summarize why the procedure optimize is suited for determining
MIPS. Firstly, Theorem 1.12 assures the local minimization problem (∗) to have
a unique solution which can be determined efficiently with the formulas given in
Proposition 1.6. Secondly, Theorem 1.12 also guarantees that once we start with
a bijective initial parameterization ψ, we are not going to lose the bijectivity
by successively performing the local optimization steps. Note that such an
initial parameterization can always be found by using one of the linear methods
discussed in Section 1.2. Thirdly, the algorithm always terminates since EM as a
positive function is bounded from below and reduced in each local minimization
step.
It remains to be seen whether this approach finds the global minimum of

EM or only a local one. First of all, let us recall that E2 is invariant with
respect to translations, rotations, reflections, and scalings and so is EM . Thus
any minimum of EM is only unique up to these transformations. However,
by fixing the parameter values of any two vertices v1,v2 ∈ V we eliminate
the diversity due to translations, rotations, and scalings. The remaining two
triangulations ψ(T ) and ψ′(T ) which correspond to the same minimum differ
from each other by reflection along the line ψ(v1)ψ(v2) and by considering only
those parameterizations that keep the orientation of the triangles we exclude
one of them. On the subspace of parameterizations defined by these restrictions
any minimum of EM is unique.
Motivated by the local convexity as proved in Theorem 1.12 we may expect

the MIPS energy to be globally convex as well. We could then be sure that
one and only one minimum exists at which the procedure optimize necessarily
arrives. But a simple example dashes hopes.
Consider the triangulation T = {[v1,v2,v3], [v4,v3,v2]} with v1 =

(
1
−1
)
,

v2 =
(
2
0

)
, v3 =

(
0
0

)
, v4 =

(
0
2

)
and the two parameterizations ψ0, ψ ∈ S2(T )

defined by

ψ0(v1) =
(−1
−2
)
, ψ0(v2) =

(
1
0

)
, ψ0(v3) =

(−1
2

)
, ψ0(v4) =

(
1
1

)
and

ψ(v1) =
(
1
−2
)
, ψ(v2) =

(
2
1

)
, ψ(v3) =

(
1
0

)
, ψ(v4) =

(
1
2

)
.

Along the line g : t !→ ψ0 + tψ we have

(EM ◦ g)(t) =
7t2 + 16t+ 12
|t+ 2|2 +

6t2 − 4t+ 13
|2t2 + t+ 2| , (1.25)

which is clearly not convex (see Figure 1.31).
However, this does not contradict the existence of a unique global minimum.

In all the examples tested the optimization method optimize yielded the same
minimum for various initial values, affirming the assumption that EM has indeed
no local minima, but a proof needs yet to be found.
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Figure 1.31: Graph of the function in (1.25) and the triangulations (ψ0+tψ)(T )
for t = 0, at the local minima t = −0.8997, t = 1.3819, and at the local
maximum t = −0.5328.

The main drawback of this minimization approach is its very slow conver-
gence. We have already seen Gauss-Seidel iterations to be most inapt for solving
the linear problems in Section 1.2.6 and the performance is even worse when
applied to the MIPS energy. One way of accelerating the process by exploit-
ing hierarchies will be discussed in the next section, another one is inspired
by the following relation between the MIPS and the Dirichlet energy (compare
Equation 1.22):

EM (ψ) = 2
∑
T∈T

ED(ψ|T )
area(ψ(T ))

.

If we assume area(ψ(T )) to be approximately the same for all T ∈ T the pa-
rameterizations obtained by minimizing both energies should be quite similar.
And in fact, if we take the most isometric parameterization of the triangula-
tion in Figure 1.17.a, fix the parameter values of the boundary vertices, and
minimize the Dirichlet energy with respect to the interior parameter points,
the result is almost indistinguishable from the most isometric parameterization
(see Figure 1.32). This observation suggests to use the nonlinear and costly
minimization of the MIPS energy for determining the parameter values at the
boundary only while applying one of the linear methods to the interior vertices.
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(a) (b)

Figure 1.32: The most isometric parameterization (a) of the triangulation in
Figure 1.17.a has a MIPS energy of 1 735.98 while the harmonic parameteriza-
tion with the same boundary (b) has MIPS energy 1 737.89.

1.3.3 Hierarchical Optimization

As explained in the previous section, finding the most isometric parameteri-
zation especially of large triangulations can be quite tedious due to the slow
convergence rate of the minimization algorithm. Nevertheless, if the triangula-
tion consists of a few triangles only or if good estimates of the optimal parameter
values ψ(v) are known, it does perform quite well. We will now present a method
that utilizes this observation and accelerates the parameterization process con-
siderably. It exploits a hierarchical representation of the triangulation and is
thus comparable to multigrid methods [15] that are frequently used to efficiently
solve linear systems.
The basic idea of this hierarchical optimization approach is to generate a

hierarchy T = T n, . . . , T 0 of triangulations and to determine the parameteri-
zation φ0 of the coarsest level T 0 first. Since this involves only a very limited
number of triangles, it poses no problem to the minimization method. Further-
more, φ0 is a good approximation to the parameterization φ1 of the next level
T 1 so that computing φ1 is not too costly either. Iterating this principle finally
gives the parameterization φn = φ of T .
The process of creating a hierarchical representation of a triangulation is also

known asmesh decimation ormesh simplification and surveys of the large variety
of techniques can be found in [64, 83]. The major class of these algorithms
modifies a given triangulation by iteratively applying a topological operator
such as vertex removal or edge collapse that decreases the number of triangles
by two in each step without changing the topology of the triangulation’s surface.
The algorithms differ mainly by the strategy that is chosen to decide in which
order the simplification steps are to be carried out.
We decided to use the simplest type of an edge collapse operation, namely

the half edge collapse, which collapses a vertex v into a neighboring vertex
w1 (see Figure 1.33). We can further apply these simplification operations in
random order since our hierarchical parameterization method does not depend
on the accuracy and the quality of the triangulations at coarser levels. In detail,
we proceed as follows.
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Figure 1.33: Half edge collapse of vi into w1.

Given a triangulation T i we randomly choose a vertex vi ∈ V (T i) with
n neighbours w1, . . . ,wn to be removed by collapsing it into w1 as shown in
Figure 1.33 in order to create the coarser triangulation T i−1. This half edge
collapse removes not only the vertex vi, so that V (T i−1) = V (T i) \ vi, but
also the two triangles [vi,w1,w2] and [vi,w1,wn]. It also replaces the n − 2
triangles [vi,wj ,wj+1], j = 2, . . . , n − 1, by [w1,wj ,wj+1], so that T i+1 can
be written as

T i−1 = T \
n⋃

j=1

[vi,wj ,wj+1] ∪
n−1⋃
j=2

[w1,wj ,wj+1],

where wn+1 = w1 by definition. In order to be able to reverse the half edge col-
lapse later, we also determine the parametric coordinates of vi. To this end, we
compute the exponential mapping of the local configuration around vi, yielding
the planar points p and q1, . . . , qn as described in Section 1.2.4 on page 22 and
consider the corresponding half edge collapse in the plane (see Figure 1.34). We
then locate the index j for which p ∈ [q1, qj , qj+1] and determine the barycen-
tric coordinates of p with respect to that triangle,

p = τ0q1 + τ1qj + τ2qj+1,

with τ0 + τ1 + τ2 = 1. After having computed the inverse parameterization
ψi−1 of T i−1 which is uniquely determined by the parameter values ψi−1(v),
v ∈ V (T i−1), we set

ψi(v) = ψi−1(v), v ∈ V (T i−1)

p

q
1

q
2

q
n

p
q
1

qj

qj+1

Figure 1.34: Determining the parametric coordinates of a half edge collapse.
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Figure 1.35: Reversing a half edge collapse in the parameter domain.

and
ψi(vi) = τ0ψi(w1) + τ1ψi(wj) + τ2ψi(wj+1)

as shown in Figure 1.35, thereby defining an initial ψi which is further optimized
by the minimization algorithm.
In order to speed up this hierarchical approach it is useful to collect several

successive half edge collapses and consider a coarser hierarchy of triangulations.
Such a coarser hierarchy is determined as follows. Given the triangulation T i

at level i, we first mark all vertices as “selectable”. Then we successively choose
selectable vertices for a half edge collapse and mark all neighbour vertices as
“non selectable” until no selectable vertices are left. The resulting triangulation
is finally defined as the triangulation T i−1 at the next level i− 1. In this way,
the number of triangles is reduced by approximately 25%, |T i| ≈ 4

3 |T i−1|.
As an example we have parameterized the triangulation from Figure 1.17.a

with this hierarchical approach. It was decomposed into 10 coarse hierarchy
levels T = T 9, . . . , T 0. Figure 1.36 shows the triangulations of level 9 (a) with
|T 9| = 476, level 6 (b) with |T 6| = 198, level 3 (c) with |T 3| = 76, and level
0 (d) with |T 0| = 32 and the corresponding most isometric parameterizations
at those levels. Overall, the hierarchical sequence and the parameterizations
of the triangulations on all levels were computed in 20 seconds while it took
the non-hierarchical optimization method more than 20 minutes to find the
parameterization of T , taking the shape preserving parameterization as start
value.

1.4 Arbitrary Topology

So far we have only considered the parameterization of simple triangulations, but
what has to be done if the triangulation is more complicated, e.g. homeomorphic
to a sphere or a torus? A triangulation T with arbitrary topology can no longer
be parameterized over a planar parameter domain as in the previous sections
and we rather need a spatial domain that is topologically equivalent to ΩT .
One way of generating a suitable spatial parameter domain is by one of the

various mesh decimation or mesh simplification algorithms mentioned in Sec-
tion 1.3.3. All these algorithms result in a triangulation T 0 that approximates
the shape of the initial triangulation T in some way, ΩT 0 ≈ ΩT . An example is
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(a)

(b)

(c)

(d)

Figure 1.36: Computing the most isometric parameterization of the data set in
Figure 1.17.a by using hierarchical optimization.
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(a) (b) (c)

Figure 1.37: A triangulation with sphere-like topology (a), its simplified trian-
gulation (b), and its surface triangulation (c).

shown in Figure 1.37 where a triangulation with 768 triangles (a) was simplified
to one with 100 triangles (b) using the method of Campagna [16].
We solve the parameterization problem for triangulations with arbitrary

topology by partitioning the triangulation T into M0 = |T 0| disjoint subsets
S1,S2, . . . ,SM0 such that each Si is a simple triangulation and corresponds to
one of the triangles Ti ∈ T 0 in the spatial parameter domain. We call each Si
a surface triangle and the collection S = {Si}i=1,... ,M0 a surface triangulation.
Figure 1.37.c shows an example.
We can then use any of the simple parameterization methods for constructing

a parameterization φi of Si over Ti and combine them in the end to define the
parameterization φ by letting

φ|Ti
= φi, i = 1, . . . ,M0.

In order to assure φ to be a homeomorphism we require the individual param-
eterizations φi to be continuous across the edges of T 0. This is achieved by
parameterizing the edges first and then fixing these parameter values before
parameterizing the interior of each surface triangle.
In practice the whole procedure is performed in three steps. Firstly, φ is

defined for the vertices V 0 of T 0. If T 0 was constructed by mesh simplification
we always have V 0 ⊂ V and simply set φ(v) = v, v ∈ V 0. If the vertex
correspondences are chosen by some other method, e.g. interactively, φ(v) does
not necessarily need to be a vertex of T . In this case we refine T by an edge or
a one-to-three triangle split to a triangle mesh T ′ such that φ(v) is a vertex of
T ′ (see Figure 1.38). Note that this does not change the geometry of the given
triangulation, i.e. ΩT = ΩT ′ , but only its connectivity. We therefore assume
without loss of generality φ(V 0) ⊂ V .
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Figure 1.38: Refining T by an edge split (a) or a one-to-three triangle split (b).

Secondly, φ is extended to the edges E0 of T 0. This is done by finding for
each edge e = [v,w] ∈ E0 the shortest path ē on ΩT between φ(v) and φ(w),
e.g. with one of the algorithms in [20, 79, 77]. We refer to this shortest path
as a surface edge. Since the shortest path across a triangle is a straight line,
shortest paths on triangulations are polygonal curves with the vertices lying on
the edges of the triangulation. Thus we may write ē as a set of line segments

ē = [u1,u2] ∪ [u2,u3] ∪ · · · ∪ [ur−1,ur],

where u1 = φ(v), ur = φ(w) and the ui are located on the edges of T . Since we
can always refine T to a triangle mesh T ′ as shown in Figure 1.39, we assume
without loss of generality ui ∈ V and [ui,ui+1] ∈ E. We can now parameterize ē
over e by a standard line parameterization technique, for example, chord length
parameterization (see Section 1.2.1).
Thirdly, we further extend φ to the triangles of T 0. For each triangle

Ti = [u,v,w] ∈ T 0 we let the surface triangle Si be that region of T which is
bounded by the three surface edges φ([u,v]), φ([v,w]), φ([w,u]). As we have al-
ready defined the parameter points of the boundary vertices of Si in the previous
step we can now apply shape preserving parameterization (see Section 1.2.4), for
example, to determine the parameter points of the interior vertices. In this way
we obtain for each i = 1, . . . ,M0 the individual parameterization φi : Ti → ΩSi

which are then combined to give φ : ΩT 0 → ΩT . Note that the use of shortest
paths as surface edges and Corollary 1.3 always guarantee each φi and thus φ
to be bijective.
Though this parameterization method applies to triangulations of arbitrary

topology, we simply illustrate with the triangulation T in Figure 1.40.a which
is homeomorphic to a sphere. We first computed a simplified triangulation T 0
by mesh decimation as described in [16], shown in Figure 1.40.b. For the 171
edges in T 0 we then computed the corresponding surface edges in ΩT as shown
in Figure 1.41.a and parameterized them using chord length parameterization.

u2

ur�1

T 0

u1

ur

u1

u2

ur�1

T

ur

Figure 1.39: Refining T in order to embed a surface edge ē.
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(a) (b)

Figure 1.40: Triangulation of a fandisk with 12 946 triangles (a) and simplified
triangulation T 0 with 114 triangles (b).

(a) (b)

Figure 1.41: Surface edges on ΩT (a) and parameterization of ΩT over ΩT 0 (b).

For each surface triangle Si of T we then computed the shape preserving pa-
rameterization over the corresponding triangle Ti ∈ T 0, the result being shown
in Figure 1.41.b.



Part II

Applications



Chapter 2

Triangulating Point Clouds

Es gibt keine Ordnung der Dinge a priori.
Ludwig Wittgenstein (1889–1951)

The problem of reconstructing surfaces from a set of scattered data points arises
in many practical situations. In this chapter we shall focus on the task of
triangulating such point clouds, while the reconstruction of smooth surfaces
from scattered data will be discussed in Chapter 4. The problem we consider
here can be stated as follows: given a set V = {vi}i of data points vi ∈ IR3,
find a triangulation T with these data points as vertices, V (T ) = V .
Several methods for solving this problem have been developed in recent years,

based on different ideas. We give a brief survey of the most important work in
Section 2.1 but also refer to [98] as a detailed survey paper. In Section 2.2 we
discuss a recently presented technique for triangulating unorganized points that
is based on parameterizing the data points [47]. This method is limited to recon-
structing surfaces that are homeomorphic to a disc but in Section 2.2.3 we show
how it can be extended to handle spherical topology as well. In Section 2.3 we
finally present an algorithm for optimizing the shape of a triangulation without
changing the position or number of vertices but only by modifying the way in
which they are connected by triangles.

2.1 Related Work

A common approach is to start with the Delaunay tetrahedrization [106] of the
data points. A tetrahedrization of a set V of three-dimensional points is a
decomposition of the convex hull of V into tetrahedra such that the vertices of
all tetrahedra are the points in V . It is called a Delaunay tetrahedrization if
the circumsphere of each tetrahedron does not contain points in V . In a second
step certain tetrahedra are removed from the tetrahedrization and finally the
boundary triangles of the remaining tetrahedra are taken as the reconstructed
surface. The algorithms in [14, 36, 135, 75] follow this idea and differ by the
strategy chosen for removing the tetrahedra.
The methods in [116, 5] are similar but use properties of the Voronoi dia-

gram. The Voronoi diagram of a point set V is a partition of the space into
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regions of nearest neighbourhood. For each point in V the corresponding re-
gion in the Voronoi diagram consists of all points in space that are closer to
this point than to any other point in V . The Voronoi diagram is dual to the
Delaunay tetrahedrization in the sense that each vertex in the Voronoi diagram
corresponds to the center of a tetrahedron in the Delaunay tetrahedrization and
an edge in the Voronoi diagram corresponds to the triangle which the tetrahedra
dual to the vertices connected by the edge have in common.
Incremental algorithms for triangulating point clouds were presented in

[14, 97, 12, 54]. They start with a single edge or triangle connecting two or
three of the given data points and successively add more points by generating
additional edges and triangles. The process stops when all data points have
been connected.
Another class of methods [65, 66, 7, 4] does not create a triangulation that in-

terpolates the points but only approximates the data set. The common strategy
of these methods is to first decompose the space into either cubic or tetrahedral
cells. In a second step those cells that are traversed by the surface, especially
those containing at least one data point, are determined and finally a surface is
extracted from the selected cells.

2.2 Meshless Parameterization

A totally different approach for triangulating three-dimensional point clouds
was proposed by Floater and Reimers in [47]. They observed that the usual
linear parameterization methods (see Section 1.2) do not require the data points
to be organized in a globally consistent triangulation. The only information
needed for setting up the linear system in the case of harmonic maps or shape
preserving parameterizations is the triangle fan around each vertex, in other
words an ordered set of neighbours Nv for each v ∈ V . And computing the
distance weights for the spring model parameterizations does not even require
this ordering but an unordered neighbourhood Nv only. Several ways of defining
neighbourhoods of scattered data points will be explained in Section 2.2.1.
Once these neighbourhoods are specified, we can apply one of the linear

parameterization methods to determine parameter points ψ(v), one for each
v ∈ V . Note that in contrast to Chapter 1, ψ is not a piecewise linear function
over some triangulation but just a discrete mapping ψ : V → Ω with Ω ⊂ IR2.
We can then use one of the standard methods for triangulating two-dimensional
data points, e.g. the Delaunay triangulation, to find a triangulation S of the
parameter points ψ(v). Finally, we create a triangulation T of the given point
cloud by collecting all triangles [u,v,w] for which [ψ(u), ψ(v), ψ(w)] is a trian-
gle in S. We shall review the details of this approach in Section 2.2.2.
The drawback of this method is that it can only handle point sets which are

assumed to be sampled from a single surface patch, i.e. a surface with genus zero
and one boundary. However, more complex point sets can be split into several
patches and each patch triangulated separately. In Section 2.2.3 we show how
this can be done for points sampled from a surface homeomorphic to a sphere.
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Figure 2.1: Choosing different radii for the ball neighbourhood.

2.2.1 Local Neighbourhoods

The simplest way of defining a set of unordered neighboursNv for a point v from
a point cloud V is motivated by discretizing the concept of neighbourhood on
the surface from which the data was sampled. Suppose the underlying surface
is a two-manifoldM and let d(v,w) be the geodesic distance, i.e. the Euclidean
length of the shortest path in M connecting v and w. Then we can define for
each v ∈M the (open) r-neighbourhood

N r,M
v = {w ∈M : 0 < d(v,w) < r}

for some radius r > 0 and the discrete version

N̂ r
v = N

r,M
v ∩ V

for the data set V ⊂ M . Of course, M is unknown and we cannot determine
N̂ r

v this way, but the ball neighbourhood

N r
v = {w ∈ V : 0 < ‖v −w‖ < r}.

is a good approximation as long as the ball radius r is adequately chosen. If
r is too large then it may happen that the neighbourhood of a vertex contains
points that were sampled from a different part of the surface and if r is too small
then the set of neighbours can be empty for some data points (see Figure 2.1).
A data set V ⊂ M is said to be ρ-dense [65] if ρ is the smallest value such

that any sphere with radius ρ and center in M contains at least one point in
V . For a ρ-dense data set we can assure N r

v �= ∅ for all v ∈ V if r > 2ρ and if
the distribution of the points is reasonably uniform in addition, r = 2ρ usually
is a good choice. However, determining ρ remains a rather computationally
expensive task and it is simpler to choose r interactively.
If the density of the point set V varies, it might be preferable to adapt r to

the local density of V in order to avoid big differences in the size of the neigh-
bourhoods. Another strategy is to fix the size of Nv and let each neighbourhood
consist of the k nearest points to v. In practice, k ≈ 10 has proven to give good
results.
Figure 2.2 illustrates the effect of choosing different values for r and k by

showing the connectivity graph of the data set which consists of all edges

E = {[v,w] : w ∈ Nv or v ∈ Nw}.

Note that w ∈ Nv implies v ∈ Nw only for the ball neighbourhood.
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1

r = 0.08

k = 8

r = 0.1

k = 10

r = 0.12

k = 12

Figure 2.2: Connectivity graph of the data set to the left for different ball
neighbourhoods (top) and different numbers of nearest neighbours (bottom).

The ball neighbourhood as well as the neighbourhood defined by the k near-
est points are unordered and allow to use the parameterization methods based
on the distance weights. But computing a harmonic or a shape preserving pa-
rameterization further requires the neighbours of each point to be ordered. This
can be done as follows. Let Nv = {v1, . . . ,vn} be the unordered neighbours of
a point v ∈ V . Then we first compute the least squares plane Pv of v ∪Nv and
project v and Nv orthogonally into Pv , yielding new vertices v′ and v′

1, . . . ,v
′
n

(compare Section 1.2.5). A slightly different approach that rotates the vertices
in Nv into the least squares plane of Nv through v was proposed in [54]. How-
ever, in both cases we proceed by computing the Delaunay triangulation T ′ of
the new vertices and defining the Delaunay neighbourhood

N ′
v = {vi ∈ Nv : [v′,v′

i] ∈ E(T ′)}

and order the vertices w in N ′
v in the same way as the corresponding vertices

w′ around v′ in T ′. The whole process is shown in Figure 2.3.

vvi

v
0

v
0

i

Pv

v
0

i

v
0

T 0

Figure 2.3: Projecting the unordered neighbours into the least squares plane
(left) and computing the Delaunay neighbourhood (right).
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2.2.2 Patch Topology

In order to parameterize a point cloud V which is assumed to be sampled from a
surface patch we proceed in the same way as for the parameterization of a simple
triangulation. We first specify parameter points for the boundary vertices VB
and then find the parameter points of the interior vertices VI = V \ VB by
solving a linear system. Therefore, we have to identify a set VB ⊂ V containing
those vertices in the data set V that were sampled from the boundary of the
underlying surface. This can be done interactively or by means of the method
proposed by Floater and Reimers in [47].
They suggest to let VB consist of those vertices v ∈ V for which the projected

point v′ is a boundary vertex in the local Delaunay triangulation T ′. Since
according to Section 1.2.5 we also require the boundary vertices to be ordered,
they further divide VB into two halves V 1B, V

2
B using a suitable dividing plane

and apply a univariate analogue of the meshless parameterization method to
determine the order of the vertices in V 1B and V

2
B .

After specifying the ordered set of boundary vertices we can compute cor-
responding parameter points ψ(v), v ∈ VB with any of the methods from Sec-
tion 1.2.5. The remaining ψ(v), v ∈ VI are then determined by solving the
linear system (1.15) with either distance, harmonic, or shape preserving weights
(see Section 1.2). With the arguments from the proof of Theorem 1.5 it can
be shown that the linear system for the unorganized points is uniquely solvable
as long as the connectivity graph is simply connected. Whether the resulting
parameter points ψ(v) are always distinct remains an open problem but in the
numerical examples this only happened for uniform parameterizations. In fact,
it has been shown in [47] that if the neighbourhoods of two interior vertices v,
w have the property that v ∪ Nv = w ∪ Nw and uniform weights are used to
determine the parameter points, then ψ(v) = ψ(w).
Once the parameter points ψ(v), v ∈ V have been computed, we can use

a standard method for finding a triangulation S with V (S) = ψ(V ). One par-
ticular choice is the Delaunay triangulation which can be characterized in many
ways, e.g. by the fact that the circumcircle of each triangle in the Delaunay
triangulation does not contain any vertices (local circle criterion) or that the
Delaunay triangulation is among all possible triangulations of a data set the one
that maximizes the minimal angle (max-min angle criterion). For other proper-
ties of the Delaunay triangulation and efficient algorithms for its determination
we refer to [24, 126, 89, 50, 120, 60]. Finally, we let T be the triangulation of V
corresponding to S, in other words, we take T to be the set of triangles [u,v,w]
for which [ψ(u), ψ(v), ψ(w)] is a triangle in S.
Figures 2.4–2.6 show some examples. In the saltdome example, the ordered

boundary was already part of the data set and we chose the projection method
for parameterizing it. For parameterizing the interior vertices we used local
ball neighbourhoods with radius r = 0.6. The boundary of the foot data set
was specified interactively and parameterized by chord length onto a unit circle.
In this example we computed the k = 10 nearest neighbours for each data
point. For the bunny example, the boundary was determined by univariate
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(a) (b) (c)

(d) (e) (f)

Figure 2.4: Point cloud of a saltdome with 1 019 data points (a), connectivity
graph for the ball neighbourhoods with r = 0.6 (b), and reconstructed trian-
gulation with 2 006 triangles (c). The bottom row shows the corresponding
parameter points (d), their connectivity graph (e), and the Delaunay triangula-
tion (f).

(a) (b)

Figure 2.5: Point cloud of a foot with 5 092 data points (a) and reconstructed
triangulation with 10 121 triangles (b).
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(a) (b)

Figure 2.6: Point cloud of a bunny with 30 571 data points (a) and reconstructed
triangulation with 61 050 triangles (b).

meshless parameterization and mapped onto a circle. The radius of the ball
neighbourhoods was set to r = 0.003. In all three examples we employed chord
length parameterization for the interior vertices and Delaunay triangulation for
triangulating the parameter points.

2.2.3 Spherical Topology

For parameterizing a point cloud V that was sampled from an object which is
topologically more complicated, e.g. homeomorphic to a sphere or a torus, we
can adapt the ideas of parameterizing triangulations with arbitrary topology
from Section 1.4. That is, we start with a coarse base mesh T 0 whose vertices
V (T 0) are a subset of V and which has the same topology as the underlying
object. Then we partition the point cloud V intoM0 = |T 0| subsets V 1, . . . , VM0

such that each V i corresponds to one of the triangles Ti ∈ T 0.
Like in Section 1.4 this partitioning of V is found as follows. For each edge

e = [v,w] ∈ E0 in the base mesh we find the shortest path ē in the connectivity
graph E of V connecting v and w, say

ē = [u1,u2] ∪ [u2,u3] ∪ · · · ∪ [ur−1,ur],

where u1 = v, ur = w and [ui,ui+1] ∈ E. A common algorithm for determining
shortest paths in a graph is Dijkstra’s algorithm [28]. We further let Vvw ⊂ V
be the set of vertices traversed by this path, Vvw =

⋃r
i=1 ui. The remaining

interior vertices
VI = V \

⋃
[v,w]∈E0

Vvw
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Figure 2.7: The vertices traversed by the shortest paths between u, v, and w
are collected in the sets Vuv, Vvw, and Vwu and the vertices that are surrounded
by these boundary vertices are defined as the interior vertices V i

I .

are then split into disjoint subsets V 1I , . . . , V
M0
I such that for each base mesh

triangle Ti = [u,v,w] ∈ T 0 the corresponding set of interior vertices V i
I is

bounded by the shortest paths connecting u, v, and w (see Figure 2.7). We
collect all vertices traversed by these three paths in the set of boundary vertices
V i
B = Vuv ∪ Vvw ∪ Vwu and finally let V i = V i

B ∪ V i
I for all i = 1, . . . ,M0.

We can now apply the triangulation method of Section 2.2.2 to each V i,
yielding triangulations T i whose union T = T 1 ∪ · · · ∪ T M0 gives a triangula-
tion of the whole point cloud V . Note that the order of the boundary vertices V i

B

as required by the meshless parameterization method is given by the sequence
of vertices in the shortest paths. The reason for T to be a proper triangula-
tion is that neighbouring triangulations T i and T j match nicely. Consider two
neighbouring triangles Ti, Tj in T 0 and their common edge e = [v,w]. Then
the shortest path ē between v and w in E is part of both the boundaries of T i

and T j . In fact, ē = ΩT i ∩ΩT j , and therefore T i∪T j is a proper triangulation.
For a better understanding of this algorithm the following example may be

helpful. The point cloud V in Figure 2.8 was sampled from an object homeo-
morphic to a sphere and we therefore chose the simplest base mesh representing
this topology, namely a tetrahedron T 0, whose vertices were set interactively
be the user. Figure 2.8.c shows this base mesh as well as the shortest paths
connecting its vertices in the connectivity graph E of V . In the next step of
the algorithm we have to split the interior vertices into four subsets V 1I , . . . , V

4
I ,

each corresponding to one of the four triangles in T 0. Figures 2.9 and 2.10
illustrate how this is done. Firstly, we temporarily enlarge the set of boundary
vertices by adding all neighbouring vertices,

V ′
B = VB ∪ {v ∈ VI : ∃ w ∈ VB with [v,w] ∈ E}.
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(a) (b) (c)

Figure 2.8: Point cloud of a cat with 1 458 data points (a), connectivity graph
using the 12 nearest neighbours (b), tetrahedron base mesh T 0, and shortest
paths corresponding to the edges of T 0 (c).

(a) (b) (c)

Figure 2.9: Detecting interior vertices by first growing the shortest paths (a),
then finding a connected component in the connectivity graph (b), and finally
growing that region (c).
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(a) (b) (c) (d)

Figure 2.10: Close-up view to the connectivity graph with shortest path (a).
Interior vertices are found by growing the shortest paths (b), finding connected
components in the connectivity graph (c), and growing these regions (d).

(a) (b) (c) (d)

Figure 2.11: Reconstructing one of the subsets V i. Connectivity graph (a),
parameterization (b), Delaunay triangulation (c), and triangulation T i.

(a) (b)

Figure 2.12: Final reconstruction T with 2 912 triangles before (a), and after
optimization (b).
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(a) (b) (c)

Figure 2.13: Point cloud of a fandisk with 6 475 data points and shortest paths
(a), reconstructed triangulation with 12 946 triangles before (b) and after opti-
mization (c).

For clarity, we have coloured all edges [v,w] with v,w ∈ V ′
B blue. We then

remove all edges incident to one of the vertices in V ′
B from the connectivity

graph,
E′ = E \

{
[v,w] : v ∈ V ′

B

}
,

and determine the connected components in E′ as shown in Figures 2.9.b and
2.10.c. In this example, the number of connected components equals the number
of triangles in the base mesh but if the connectivity graph is very dense, it may
happen that two or more regions that should be disjoint are still connected by an
edge, resulting in a smaller number of connected components. Then we simply
enlarge V ′

B again and remove further edges from the connectivity graph until
E′ decomposes into the desired number of components Ei.
Finally, the components Ei are enlarged again by adding the “missing” inte-

rior vertices. For each v ∈ V ′
B \ VB we determine the closest neighbour w ∈ Nv

that is not in V ′
B . If such a w exists, it clearly belongs to one of the components

Ei. In this case we add all edges [v,w] ∈ E with w ∈ Ei to Ei and remove v
from V ′

B . If all neighbours of v are in V
′
B then we proceed with another vertex

and come back to v later. This growing procedure stops when all vertices in
V ′
B \VB have been added to one of the components (see Figures 2.9.c and 2.10.d)
and we can now define the disjoint sets of interior vertices

V i
I = {v ∈ VI : v ∈ Ei}.

We then reconstruct each subset V i with the method from Section 2.2.2, yielding
triangulations T i (see Figure 2.11) which are finally merged to the triangulation
T of V shown in Figure 2.12.a. Although it looks a bit crinkly it is a topologi-
cally correct triangulation which can be further optimized to give the result in
Figure 2.12.b. We will explain how to perform this optimization in the next
section. Figure 2.13 shows another example.



CHAPTER 2. TRIANGULATING POINT CLOUDS 68

v

v
0

v v
0

v v
0

(a) (b) (c)

Figure 2.14: Avoiding coincidence of three shortest paths emanating from v.

Let us wind up this section by mentioning that although we have only tested
this method for spherical topology it can also be applied to arbitrary topology,
but it might be hard to interactively set the vertices of the base mesh in ex-
treme cases. We also realize that the base mesh does not necessarily have to
consist of triangles but can be a more general polyhedral object since we only
need the base mesh as a blueprint of a patch-layout. With general n-gons as
faces we are also able to create base meshes of any topology where all vertices
have exactly three neighbours. This is of particular interest since we can avoid
the problem of coincident shortest paths for such vertices which may lead to
degeneracies otherwise. As we compute the shortest paths in the connectivity
graph emanating from a vertex v it can happen that the first segments of two
or more paths are the same. However, if there are exactly three paths then we
can always find a new vertex v′ with three different outgoing paths. Figure 2.14
shows how to find v′. If two of the paths from v coincide we simply follow
this common path until we reach the branching point v′ where the two paths
diverge (a). Should all three paths have a common starting sequence we omit
these edges and choose v′ as in Figure 2.14.b or 2.14.c.

2.3 Optimizing Triangulations

Over the past few years the problem of fairing (or smoothing) triangulations
has received a lot of attention. The need for these methods ranges from tech-
nical applications, where the noise that is due to measurement errors has to be
removed from measured data, to entertainment applications, that require trian-
gulated three-dimensional models with a pleasing visual appearance. The usual
approach in fairing triangulations is to move the vertices of the triangulation
such that a certain energy functional is minimized [129, 81, 25] or to apply a
subdivision scheme [17, 31, 93, 32, 141, 82, 85] that refines a given triangulation
by inserting additional vertices and places the new vertices such that the refined
triangulation is smooth.
However, these methods cannot be applied whenever the position and the

number of the original data points must not be changed, which is exactly the
situation at which we arrive in Section 2.2 after having triangulated a point
cloud V . Of course, there exist many triangulations with V as vertices which
differ by the way in which the points are connected by triangles and in this
section we investigate how to obtain an optimal triangulation of V .
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While the optimization of two-dimensional triangulations has been studied
thoroughly in the early 1990ies [34, 109, 10, 121] little is known so far of the
three-dimensional case [131, 2, 3]. Assuming the surface from which the data
points were sampled to be smooth we claim an optimal triangulation to be
smooth, too. But how to define the smoothness of a triangulation?
In Section 4.3.3 we shall see that the smoothness of (twice differentiable)

surfaces can be expressed in terms of curvature. Since the concept of curvature
carries over to triangulations as continuous, piecewise linear surfaces, yielding
discrete curvatures as explained in Section 2.3.1, we can use discrete variants of
the smoothness functionals from Section 4.3.3 to rate the quality of a triangu-
lation.
Then a simple algorithm can be used to find the optimal triangulation in

the sense that it minimizes a discrete smoothness functional. Starting with an
arbitrary initial triangulation of V we successively swap edges in a greedy way so
as to reduce the functional at each step to the highest possible degree. We shall
explain this algorithm that is guaranteed to terminate at a (local) minimum of
the functional in Section 2.3.2 and give some examples.

2.3.1 Discrete Curvatures

From a theoretical point of view, a triangulation T does not have any curvature
at all, since all triangles are flat and the curvature is not properly defined along
edges and at vertices because the surface ΩT is not C2-differentiable there. But
thinking of a triangulation as a piecewise linear approximation of an unknown
smooth surface one can try to estimate the curvatures of that unknown surface
by using only the information that is given by the triangulation itself. We
are particularly interested in computing the Gaussian curvature K and the
absolute mean curvature |H | at the vertices of the triangulation, since we base
the discrete smoothness functionals to be minimized in the optimization process
on these values. But let us first fix the notation before explaining how to derive
K and |H | from the given data.
Let v ∈ VI be an interior vertex of a triangulation T and let v1, . . . ,vn

be the ordered neighbouring vertices of v as in Figure 2.15.a. We define the
(directed) edges -ei = vi−v, the angles αi = <) (-ei, -ei+1) between two successive
edges, and the normal -ni =

0ei×0ei+1
‖0ei×0ei+1‖ of the triangle Ti = [v,vi,vi+1]. The

dihedral angle βi = <) (-ni−1, -ni) at an edge -ei is the angle between the normals
of the adjacent triangles. Note that in these definitions we identify the index 0
with n and the index n+ 1 with 1.
Now we can define the integral Gaussian curvature K̄ = K̄v and the inte-

gral absolute mean curvature |H̄ | = |H̄v | with respect to the region S = Sv

attributed to v by

K̄ =
∫
S

K = 2π −
n∑

i=1

αi and |H̄ | =
∫
S

|H | = 1
4

n∑
i=1

‖-ei‖ |βi|. (2.1)
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(a) (b)

Figure 2.15: The local configuration around an interior vertex v (a) and the
blending cylinder along -ei between triangles Ti−1 and Ti, seen from the side (b).

These formulas are also used by other authors [129, 131, 2, 3] and can be
understood in the following way. Suppose we replace each edge by a small cylin-
der of radius r that joins the adjacent triangles tangentially (see Figure 2.15.b)
and blend these cylinders smoothly at the vertices in a C2 manner. Now the
triangulation is approximated by a smooth surface, K and |H | are integrable
functions on it, and we can apply well-known theorems from differential geome-
try [29]. A straightforward computation [131, 2] finally results in formulas (2.1)
that depend neither on the choice of r nor on the specific blending method at
the vertices.
To derive the curvatures at the vertex v from these integral values, we as-

sume the curvatures to be uniformly distributed around the vertex, and simply
normalize by the area of the region S:

K =
K̄

area(S)
and |H | = |H̄ |

area(S)
.

Of course there are different ways of defining the region Sv attributed to a
vertex v, which result in different curvature values. We confine ourselves to
those methods for which the regions around all vertices sum up to the sur-
face of the triangulation T , i.e.,

∑
v∈V Sv = ΩT , since this enables us to

write an integral over ΩT as the sum of integrals over the single regions, e.g.∫
ΩT
K =

∑
v∈V

∫
Sv
K.

The region that is most commonly used in literature is the barycentric re-
gion SB which is one third of the area of the triangles adjacent to v, and can
be constructed by connecting the edge midpoints with the barycenters of the
adjacent triangles (see Figure 2.16.a). However, we decided to use the Voronoi
region SV instead, which sums up the local Voronoi cells of v restricted to the
triangles adjacent to v, according to the Euclidean distance to the vertices of
the triangulation (see Figure 2.16.b).
In order to compute the areas of the local Voronoi cells restricted to a triangle

� = [A,B,C], we have to distinguish between obtuse and non-obtuse triangles



CHAPTER 2. TRIANGULATING POINT CLOUDS 71

(a) (b)

Figure 2.16: Barycentric region SB (a) and Voronoi region SV (b) around a
vertex.

(see Figure 2.17). In the latter case they are given by

area
(
SV
A

)
=
1
8
(
b2 cot(β) + c2 cot(γ)

)
,

and likewise for SV
B and S

V
C . For obtuse triangles,

area
(
SV
B

)
= 1

8 c
2 tan(β), area

(
SV
C

)
= 1

8 b
2 tan(γ),

area
(
SV
A

)
= area(�)− area

(
SV
B

)
− area

(
SV
C

)
.

Besides the Gaussian and the absolute mean curvature, we are also interested
in the sum of the absolute principal curvatures |κ1| and |κ2|. From the relations
K = κ1κ2 and H = 1

2 (κ1+ κ2), we get κ1,2 = H ±
√
H2 −K. Moreover, we get

the sum of the absolute principal curvatures without knowing H but only |H |:

|κ1|+ |κ2| =
{

2 |H |, if K ≥ 0,
2
√
|H |2 −K, otherwise.

Note that |κ1| + |κ2| is always a real number, even if |H |2 = H2 < K, which
corresponds to complex principal curvature values. Of course, H2 is always
greater or equal to K for smooth surfaces, but since we are dealing with discrete
curvatures, it may be smaller than K at some vertices.

C

�
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Figure 2.17: Local Voronoi cells restricted to a triangle for a non-obtuse (left)
and an obtuse triangle (right).
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2.3.2 Minimizing Discrete Smoothness Functionals

One of the energy functionals that has often been used for fairing triangulations
as well as for fairing continuous surfaces is the thin plate energy

FTP =
∫
ΩT

4aH2 + 2 (1− a− b)K,

with certain parameters a, b ∈ IR. However, for closed surfaces or surfaces with
a fixed boundary this expression can be simplified to FTP = 4a

∫
H2, because

the theorem of Gauss-Bonnet states that
∫
K is constant in these cases. Note

that for closed surfaces this also holds for the discrete version of the integral
Gaussian curvature:∫

ΩT

K =
∑

v

∫
Sv

K =
∑

v

(
2π −

nv∑
i=1

αvi

)
= |V | 2π − |T |π = 2π χ(T ),

where χ(T ) is the Euler characteristic of T . We therefore assume a constant
integral Gaussian curvature in our setting.
Minimizing FTP is therefore equivalent to the minimization of H in the

L2 norm, ‖H‖2 =
(∫
H2
)1/2. Likewise, the minimization of the integral absolute

mean curvature relates to the L1 norm of H , ‖H‖1 =
∫
|H |. Besides these two

energy functionals we have also used the L1 norm of the principal curvatures,
‖κ‖1 =

∫
|κ1| + |κ2|, as an optimization criterion. Note that the minimum of

‖κ‖2 equals the minimum of ‖H‖2, since κ21 + κ22 = 4H2 − 2K. Using (2.1),
these three energy functionals are given by

F1 = ‖H‖22 =
∫
ΩT

|H |2 =
∑
v∈V

1
Sv
|H̄v|2,

F2 = ‖H‖1 =
∫
ΩT

|H | =
∑
v∈V

|H̄v|,

F3 = ‖κ‖1 =
∫
ΩT

|κ1|+ |κ2| =
∑
v∈V

{
2 |H̄v|, if K̄v ≥ 0,

2
√
|H̄v |2 − SvK̄v, otherwise.

Choosing either of these three energy functionals as a cost function F and
starting with an initial triangulation T , we perform a local swapping algorithm
that decreases the functional in each step. The key ingredients of this algorithm
are the determination of a swap value sj for each edge ej and the use of a priority
queue P . The swap value is the difference between the value of the functional
before and after swapping the corresponding edge and indicates the reduction
of the functional caused by this edge swap. Note that the swapping operation is
not defined for boundary edges, and should be forbidden for edges that connect
to a vertex of valency three, since it would result in two identical edges and two
triangles glued together. We avoid swapping those edges by simply setting their
swap value to −∞. The priority queue P is a permutation of the set of integers
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Figure 2.18: After swapping an edge (thick line) the swapping values of the
edge itself and the edges in the butterfly-neighborhood (dashed lines) or the
2-neighbourhood (dotted lines) have to be updated.

{1, . . . , |E|}, such that sP (i) ≥ sP (j) for all 1 ≤ i < j ≤ |E|. The main advantage
of using such a priority queue is the low complexity in building and updating
it. Furthermore, P (1) is always the index of the edge with the largest swap
value and testing sP (1) > 0 tells whether the functional can be further reduced
by swapping one of the edges or not. When an edge swap is actually carried
out, the swap value of the swapped edge and all neighbouring edges change
and the priority queue has to be updated. The size of the neighbourhood in
which swap values change depends on the functional chosen. For F1 and F3 we
have to recompute the swap values of all edges in the 2-neighbourhood, i.e. all
edges for which the adjacent triangles share a common vertex with the adjacent
triangles of the swapped edge (see Figure 2.18), while only the edges in the
butterfly-neighbourhood need to be considered for the minimization of F2.
As the number of all possible triangulations of the given data is finite and the

functional is decreased by each swap, this algorithm is guaranteed to terminate
in a finite number of steps. Unfortunately, it is generally impossible to determine
whether the algorithm reaches a global minimum or not. For the L1 norm of
the Gaussian curvature, ‖K‖1, Alboul and van Damme could show that in
case of convex data this optimization strategy always converges to the global
minimum, which is the convex triangulation [3]. We have also tested our three
functionals on convex data and observed that the convex triangulation was the
global optimum for F2 and F3 in all the examples but we could not give a
general prove yet. Nevertheless, this does not mean that the local swapping
algorithm necessarily finds this global optimum because the functional can have
local minima, too. Figure 2.19 shows an example of a convex data set for
which the convex triangulation is the global minimum of F1, F2, and F3. Still
there exists a non-convex triangulation of the data corresponding to a local
minimum of any of the functionals at which the local swapping algorithm might
get trapped.
We have tested all three cost functions and observed that they behaved quite

similarly within the scope of our investigations except for convex data, and it is
hard to tell which one performs best. But we favour the use of F2 for two reasons.
Firstly, the computation of the absolute mean curvature is the simplest since it
does not involve the calculation of the area around the vertices and secondly,
the number of edges for which the swap values have to be updated after an edge
swap is smallest for F2 which speeds up the algorithm considerably.
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Figure 2.19: A convex data set with 7 vertices for which the non-convex triangu-
lation in the first row corresponds to a local minimum of any of the functionals
F1, F2, F3. The second row shows the convex triangulation of the data.

(a) (b)

(c) (d)

Figure 2.20: Optimizing a triangulation sampled from a torus (a) using different
functionals: F1 (b), F2 (c), and F3 (d).

Finally, we present some examples. Figure 2.20 shows the results using the
different functionals on a simple data set. For the more complex data sets in
Figures 2.12, 2.13, and 2.21–2.23, the results were so similar that we show the
optimal triangulation with respect to our favourite functional F2 only. Note
how the optimized triangulations look much smoother and how the feature lines
are enhanced in Figures 2.13, 2.22, and 2.23.
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Figure 2.21: Optimizing a triangulation with 16 386 triangles.

Figure 2.22: Optimizing a triangulation with 4 100 triangles.

Figure 2.23: Optimizing a triangulation with 3 374 triangles.



Chapter 3

Remeshing Triangulations

L’ordre est le plaisir de la raison,
mais le désordre est le délice de l’imagination.

Paul Claudel (1868–1955)

In this chapter we discuss how to approximate a given triangulation T by a
new triangulation T ′ which has a certain connectivity structure. This process
is commonly known as remeshing and motivated by the fact that the special
structure of the new triangulation allows to apply very efficient algorithms for
displaying, storing, transmitting, and editing. The special structure required
by these algorithms is the subdivision connectivity, which is generated by iter-
atively refining a triangulation dyadically and is furthermore characterized by
the property of almost all vertices having valency six (see Figure 3.1.a).
Several approaches exist to solve the remeshing problem of which the most

important shall be listed in Section 3.1. The main idea behind most of these
methods is similar to the one that we explain in detail in Section 3.2. We first
find a parameterization φ : Ω→ ΩT of T over a parameter domain Ω which can
easily be remeshed by a triangulation S′ with vertices in Ω. Then φ is used to lift
the vertices of S′ to ΩT yielding the remesh T ′ (see Figure 3.4). In Section 3.3
we focus on remeshing a triangulation with another type of structured mesh,
namely a regular quadrilateral mesh with quadrilateral facets and all vertices
having valency four except for the boundary vertices (see Figure 3.1.b). We
will use these kind of meshes for a very simple and efficient smooth surface
reconstruction method with tensor product B-spline surfaces in Section 4.4.

(a) (b)

Figure 3.1: A triangulation with subdivision connectivity (a) and a regular
quadrilateral mesh (b).
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3.1 Related Work

The basic idea of the shrink wrapping approach by Kobbelt et al. [84] is to place
a triangulation T ′ with subdivision connectivity around the given triangulation
T and shrink it onto the surface ΩT . This process simulates two forces: an
attracting force, moving the vertices of T ′ in the direction of ΩT , and a relaxing
force, distributing the vertices uniformly over the surface. With this approach
it is possible to remesh triangulations which are topologically equivalent to a
sphere only.
The problem of remeshing triangulations with arbitrary topology has been

considered by Eck et al. in [35], Lee et al. in [90], and Floater et al. in [46]. All
three methods start by constructing a simplified triangulation T 0 which serves
as a parameter domain, Ω = ΩT 0 , and then finding a parameterization φ of T
over Ω. In the next step they apply iterative dyadic refinement to the triangles
in T 0, yielding a sequence T 0, T 1, . . . , T j of triangulations with subdivision
connectivity. Finally, the parameterization φ maps the vertices of T j to the
surface ΩT of the given triangulation so as to obtain the remesh T ′. Figure 3.2
shows an example, taken from [46]. In order to achieve global smoothness of
T ′, the method in [90] applies a variant of Loop’s subdivision scheme [93] to T j

prior to the mapping of the vertices.
The advantage of triangulations with subdivision connectivity is that the dif-

ferent refinement levels automatically provide a hierarchy which can be utilized
by multiresolution algorithms such as level-of-detail rendering [19], progressive
transmission [78, 87], multiresolution editing [142], and wavelet decomposition
and reconstruction [117, 94, 46]. An example of the last application is shown in
Figure 3.3. It was taken from [46] and we refer to that work for further details.

(a) (b)

Figure 3.2: Dyadic refinement T 3 (a) of the triangulation T 0 in Figure 1.40.b
and remesh T ′ (b) of the triangulation T in Figure 1.40.a.
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(a) (b)

Figure 3.3: Wavelet reconstruction of T ′ in Figure 3.2.b using 5% (a) and 20%
(b) of the wavelet coefficients.

3.2 Subdivision Connectivity Triangulations

In this section we concentrate on the problem of remeshing a simple triangula-
tion T . The main idea of our remeshing strategy is to use a parameterization φ
of T that enables us to shift the remeshing problem from three to two dimen-
sions. Figure 3.4 sketches the whole concept. The inverse ψ of φ maps T to
the planar triangulation S which is remeshed by a new planar triangulation S′.
Section 3.2.1 explains how to solve this planar remeshing problem. We finally
find the remesh T ′ by lifting the vertices of S′ with φ, in other words, we let T ′

be the set of triangles [φ(u), φ(v), φ(w)] for which [u,v,w] is a triangle in S′.

✲

❄
✻ ✻

S S′

T T ′

φφψ

Figure 3.4: The general concept of remeshing a simple triangulation.



CHAPTER 3. REMESHING TRIANGULATIONS 79

v1 v2

v3

−→

v1 v2

v3

w1w2

w3

Figure 3.5: Dyadic refinement of a triangle.

As we have already mentioned we want the new triangulation T ′ to have
a special kind of connectivity structure, namely subdivision connectivity. We
call T ′ a subdivision connectivity triangulation of level j if it is the last element
of a sequence of triangulations T 0, T 1, . . . , T j = T ′ where each T i+1 emerges
from T i by dyadically refining each triangle T = [v1,v2,v3] in T i into the four
subtriangles

[v1,w2,w3], [w1,v2,w3], [w1,w2,v3], [w1,w2,w3]

as shown in Figures 3.5 and 3.6. This refinement is also referred to as the one-
to-four split. Note that all vertices of T i for i > 0 have valency six except
for the boundary vertices and those who correspond to the vertices of T 0 with
valency other than six. Apart from the connectivity structure, a good remesh
should meet three other criteria.

1. The number of triangles in T 0 shall be as small as possible for this results
in a large number j of hierarchy levels in the triangulation T ′ = T j and
assures a maximal utilization of the multiresolution techniques that can
be applied to T ′.

2. The new triangulation T ′ shall be geometrically close to the given trian-
gulation T , in other words, ΩT ′ ≈ ΩT .

3. All triangles in T ′ should be about equilateral and uniform in size.

These criteria can easily be fulfill in the plane which is our motivitation for
shifting the remeshing problem from three to two dimensions with the help of the
parameterization. However, a good planar remesh S′ of S does not necessarily
lead to a good remesh T ′ of T because the parameterization φ usually distorts
the shape of the triangles. In Section 3.2.2 we discuss how to avoid this problem.

T 0

−→

T 1

−→

T 2

−→

T 3

Figure 3.6: A sequence of subdivision connectivity triangulations.
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(a) (b) (c) (d) (e)

Figure 3.7: Using a base mesh with one (a–c) or six triangles (d–e) for remeshing
a disc.

3.2.1 Planar Remeshing

In order to find an appropriate planar remesh S′ of the planar triangulation S
we have to address several problems. Firstly, we have to determine a suitable
base mesh S0 with a small number of triangles which will then be subdivided
iteratively to obtain a sequence S0,S1, . . . ,Sj of subdivision connectivity tri-
angulations. Secondly, we need a strategy for placing the boundary vertices of
the refinements Si such that they lie on the boundary of S in order to fulfill
the geometric criterion ΩSi ≈ ΩS . And thirdly, the interior vertices of each Si
should be located such that the triangles in Si have approximately the same
size and are as equilateral as possible.
Since we consider only simple triangulations it is feasible to use just a single

triangle as a base mesh S0. But in most cases this will not lead to a satisfying
remesh due to the distortion of the triangles in the subsequent refinements.
Consider the situation in Figure 3.7 where the boundary vertices of the planar
triangulation S lie on a circle so that ΩS is a polygonal approximation of a
disc. Of course, we are able to distribute three vertices uniformly along ∂S to
form a perfectly shaped single triangle base mesh S0 (a), but after performing
a one-to-four split (b) and moving the boundary vertices to the boundary of S
we obtain a refinement S1 with highly distorted triangles (c). It is therefore
much better to use a base mesh S0 with six triangles arranged as a hexagon (d)
in this case, yielding the refined triangulation S1 in (e).
If the boundary vertices of S do not lie on a circle but have been placed

on a rectangle, found by projection of ∂T , or determined by minimizing the
MIPS energy, we propose another way of constructing a base mesh. At first we
specify corner vertices among the boundary vertices of S by an angle criterion
similarly to the way described in Section 1.2.5. In other words, we either define
those k vertices as corner vertices at which the boundary polygon ∂S has the k
smallest angles or all vertices with an angle below a certain threshold α. If these
corner vertices are distributed very irregularly along ∂S we determine additional
vertices so that the distance between all these vertices is about the same.
The set of vertices chosen so far defines the boundary ∂S0 of the base

mesh. We then obtain the base mesh S0 by triangulating this boundary with
Shewchuk’s triangle program [125]. Based on a Delaunay refinement algorithm
by Ruppert [113], this program inserts new interior vertices, called Steiner
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Figure 3.8: Constructing a base mesh for remeshing a triangulation with an
arbitrary boundary.

points, to maximize the minimum angle of the triangles in the triangulation.
An example is shown in Figure 3.8 where the base mesh construction for the
most isometric parameterization (see Figure 1.32.a) of the triangulation in Fig-
ure 1.17 is illustrated. The four black vertices were identified as corner vertices,
the grey vertices were inserted to adapt the distances between the boundary
vertices, and the white interior vertices were added as Steiner points to improve
the shape of the triangles.
We can now refine the base mesh S0 iteratively by applying one-to-four splits

to the triangles. Topologically, Si+1 emerges from Si by adding new vertices at
the midpoint of the edges in Si and connecting them as suggested by Figures 3.5
and 3.6. Geometrically, we place these new vertices as follows. New boundary
vertices are moved to the boundary of S, namely half way between the neigh-
bouring boundary vertices along ∂S (see Figure 3.7.b). Finding the positions of
the interior vertices VI = VI(Si+1) is then considered a linear parameterization
problem as in Section 1.2.4. In other words, the vertices v ∈ VI are determined
by solving the linear system of equations

v =
∑

w∈Nv

λvww, v ∈ VI (3.1)

with certain convex weights λvw that sum to one. In order to obtain almost
equilateral and uniformly sized triangles we use uniform weights

λvw =
1
|Nv|

, v ∈ VI , w ∈ Nv

so that every interior vertex is located at the barycentre of its neighbours.
Figure 3.9 shows an example of planar remeshes computed with this strategy.

S0 S1 S2 S3

Figure 3.9: A refinement sequence of the base mesh in Figure 3.8.
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3.2.2 Spatial Remeshing

After having remeshed the parameter triangulation S = ψ(T ) with a subdivision
connectivity triangulation S′ we obtain a remesh T ′ of T by lifting the vertices
of S′ with the parameterization φ to the surface ΩT . In this way T ′ inherits
almost all properties of a good remesh from S′. Firstly, the number of triangles
in the spatial base mesh T 0 is as small as the number of triangles in the planar
base mesh S0, ensuring a large number of hierarchy levels in the remesh T ′.
Secondly, T ′ is geometrically close to T because its vertices are located on the
surface ΩT . It is indeed not hard to verify

lim
i→∞
ΩT i = ΩT .

But as the parameterization φ is not isometric in general, it inevitably modifies
the size and the shape of the triangles so that T ′ does not inherit the third
property of having triangles that are almost equilateral and uniformly sized
from S′. Even if we use most isometric parameterizations (see Section 1.3),
which are designed to minimize the shape deformation of the triangles, we can
still get non-uniformly sized triangles in T ′ since the MIPS energy is invariant
to scalings. We therefore suggest the following modifications to the planar
remeshing strategy in order to obtain good spatial remeshes.
We construct the base mesh S0 by first identifying corner vertices in the

boundary polygon ∂T rather than ∂S. Then we let the boundary ∂S0 consist
of the images ψ(v) ∈ ∂S of these corner vertices v ∈ ∂T plus additional vertices
if necessary so as to ensure the vertices in ∂T 0 to be regularly distributed along
∂T . After refining Si to Si+1 we place the new boundary vertices of Si+1
such that the corresponding boundary vertices of T i+1 are halfway between the
neighbouring boundary vertices along ∂T . For determining the interior vertices
VI = VI(Si+1) we solve again the linear system (3.1) but instead of taking
uniform weights we use area dependent weights

λvw =
aw∑

u∈Nv
au
, v ∈ VI , w ∈ Nv, (3.2)

where
au = ρu

∑
[u,v,w]∈Si+1

area
(
[φ(u), φ(v), φ(w)]

)
is the area of the triangle fan around φ(u) in T i+1 with ρu = 1 for interior
vertices u ∈ VI and

ρu =
2π∑

[u,v,w]∈Si+1
<) (φ(v), φ(u), φ(w))

for boundary vertices u ∈ VB(Si+1) thereby extrapolating the area of an open
triangle fan to the area of a closed one. Since the area dependent weights au
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Figure 3.10: Triangulation of a head with 10 833 vertices and 21 680 triangles.

clearly depend on the position of the interior vertices VI we alternately com-
pute the weights au and solve (3.1) until numerical convergence, which usually
takes a few iterations only. The idea behind these area dependent weights is
that the interior vertices of Si+1 are pushed towards those neighbours whose
corresponding vertices in T i+1 have the largest triangle fan areas and can be
seen as an approach to compose the parameterization φ with a reparameteri-
zation φ′ which compensates for the scaling defects in φ. As we will see in the
following examples this strategy leads to uniformly sized triangles in T i+1 but
may distort the triangles considerably at the same time.

(a) (b)

Figure 3.11: Shape preserving parameterization S (a) of the triangulation in
Figure 3.10 and planar base mesh S0 (b).
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Figure 3.12: Planar remesh S6 (left) and spatial remesh T 6 (right) of the tri-
angulation in Figure 3.10 using uniform weights.

We parameterized the triangulation in Figure 3.10 by mapping the boundary
to a circle and using shape preserving parameterization for the interior vertices.
Figure 3.11 shows the result (a) as well as the triangulation that we chose as
a base mesh. After 6 refinements, the planar remeshing method with uniform
weights leads to the triangulations in Figure 3.12 while Figure 3.13 displays the
result for area dependent weights. All remeshes have 6 · 46 = 24 576 triangles.

Figure 3.13: Planar remesh S6 (left) and spatial remesh T 6 (right) of the tri-
angulation in Figure 3.10 using area dependent weights.
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Figure 3.14: Histograms of relative triangle size (left) and shape deformation
(right) for the spatial remesh in Figure 3.12.
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Figure 3.15: Histograms of relative triangle size (left) and shape deformation
(right) for the spatial remesh in Figure 3.13.

At first sight we recognize that the triangles in the remesh with uniform weights
vary largely in size while the bandwidth of triangle size in the other remesh is
much smaller. The histograms in Figures 3.14 and 3.15 underpin this obser-
vation but also verify that the triangles are less equilateral in the remesh with
area dependent weights. The equilaterality of a triangle T was measured by
computing the shape deformation E2(ψ) (see Equation 1.21 on page 38) of the
linear function ψ that maps an equilateral triangle to T . After all, getting al-
most equilateral triangles on the one hand and uniformly sized triangles on the
other are two competing goals of the remeshing process and cannot be fulfilled
simultaneously in general.
Let us now consider another example that illustrates how different param-

eterizations affect the remeshing process. Figure 3.17 shows three parameter-
izations of the triangulation in Figure 3.16 which we used for computing the
triangulations in Figure 3.18. In this example we took area dependent weights
and refined a base mesh with 10 triangles 5 times so that the remeshes consist of
10 ·45 = 10 240 triangles. As we can see from the pictures and the histograms in
Figure 3.19, the most isometric (a) and the shape preserving parameterization
(b) give very similar results which are clearly better than the one generated with
uniform parameterization (c). This confirms the fact that the spatial remesh
inherits the properties of a good planar remesh if the parameterization that is
used for lifting the vertices keeps the deformation of triangle shape and size low.
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Figure 3.16: Triangulated technical data set with 4 100 vertices and 7 938 tri-
angles.

(a) (b) (c)

Figure 3.17: Most isometric (a), shape preserving (b), and uniform parameter-
ization (c) of the triangulation in Figure 3.16.

(a) (b) (c)

Figure 3.18: Planar (top) and spatial remeshes (bottom) of the triangulation in
Figure 3.16 using the parameterizations in Figure 3.17.
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Figure 3.19: Histograms of relative triangle size (top) and shape deformation
(bottom) for the spatial remeshes in Figure 3.18.

3.3 Regular Quadrilateral Meshes

The concept of remeshing a triangulation T with a subdivision connectivity
triangulation T ′ can also be used for remeshing with other types of regu-
lar meshes, for example regular quadrilateral meshes. We call Q a regular
quadrilateral mesh of dimension (m,n) if it consists of (m + 1) · (n + 1) ver-
tices V = {vr,s : 0 ≤ r ≤ m, 0 ≤ s ≤ n} which are arranged in m + 1
columns and n + 1 rows. Successive vertices in each row and column are con-
nected by an edge so that the four vertices vr,s, vr+1,s, vr+1,s+1, vr,s+1 form
a quadrilateral. Like for triangulations we distinguish between interior vertices
VI = {vr,s : 0 < r < m, 0 < s < n} and boundary vertices VB = V \VI and call
the four vertices v0,0, vm,0, vm,n, v0,n the corners of Q. Note that the corners
have exactly two, all other boundary vertices three, and the interior vertices four
neighbours. We further say thatQ is of level j if j is the largest integer such that
m and n are divisible by 2j . Then Q is also the last element of a hierarchical
sequence of regular quadrilateral meshes Q0,Q1, . . . ,Qj = Q where eachQi is of
level i and consists of the vertices {v2j−ir,2j−is : 0 ≤ r ≤ 2i−jm, 0 ≤ s ≤ 2i−jn}.
Conversely, a regular quadrilateral mesh Qi+1 of level i+1 emerges from a reg-
ular quadrilateral mesh Qi of level i by dyadically refining each quadrilateral
Q = (v1,v2,v3,v4) in Qi into the four subquadrilaterals

(v1,w1,w5,w4), (v2,w2,w5,w1), (v3,w3,w5,w2), (v4,w4,w5,w3)

as shown in Figure 3.20. An example of a regular quadrilateral mesh of dimen-
sion (8, 6) and level 1 is shown in Figure 3.1.b.
The objectives for remeshing with regular quadrilateral meshes are similar

to the ones for remeshing with subdivision connectivity triangulations. We want
a base mesh of small dimension and a remesh that is geometrically close to the
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Figure 3.20: Dyadic refinement of a quadrilateral.

given triangulation with quadrilaterals that are about square in shape and uni-
form in size. Such remeshes can be created in the same way as discussed in the
previous section. We start by finding four corner vertices v in the boundary
polygon ∂T and let their images ψ(v) ∈ ∂S be the corners of a planar base
mesh Q0. Again, we may add vertices to the boundary ∂Q0 to ensure a regular
distribution of boundary vertices and thus almost square and uniformly sized
quadrilaterals in Q. After refining Qi to Qi+1 we place the new boundary ver-
tices of Qi+1 halfway along the boundary between their neighbouring vertices.
The interior vertices are then determined by solving the linear system (3.1) with
either uniform weights λvw = 1

4 or area dependent weights as in (3.2). We also
define au to be the area of the triangle fan formed by φ(u) and its neighbours
φ(v), v ∈ Nu, multiplied by the extrapolation factor ρu = 4 at the corners of
Q, ρu = 2 for other boundary vertices, and ρu = 1 for interior vertices. Finally,
we define the spatial remesh Q′ of T by lifting the vertices of the planar remesh
Q, in other words, we let Q′ consist of the vertices φ(V (Q)).
Figure 3.21 shows a regular quadrilateral remesh of the triangulation in

Figure 3.16 that was computed as explained above. In this example we took
area dependent weights and refined a base mesh of dimension (5, 3) four times
yielding remeshes of dimension (80, 48). Another example is illustrated in Fig-
ure 3.23 where we parameterized the triangulation in Figure 3.22 to a square
using shape preserving parameterization and took the square itself as a base
mesh of dimension (1, 1). The remeshes are of dimension (32, 32) and level 5.

Figure 3.21: Planar (left) and spatial quadrilateral remesh (right) of the trian-
gulation in Figure 3.16.
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Figure 3.22: Triangulation of a face with 1 042 vertices and 1 999 triangles.

Figure 3.23: Shape preserving parameterization (left), planar (middle), and
spatial remesh (right) of the triangulation in Figure 3.22.



Chapter 4

Fitting Smooth Surfaces

Quam quidem propositionem in construendis
navibus non inutilem futuram esse cenceo.

Isaac Newton (1643–1727)

The problem of reconstructing smooth surfaces from discrete scattered data
arises in many fields of science and engineering and has been studied thoroughly
for nearly 40 years. The data sources include measured values (meteorology,
oceanography, optics, geology, laser range scanning, etc.) as well as experimental
results (from physical, chemical or engineering experiments) and computational
values (evaluation of mathematical functions, finite element solutions, or results
of other numerical simulations). Due to the vast variety of data sources many
different methods have been developed, each of them more or less suited to a
specific problem.
After a brief survey of the related work in Section 4.1 we shall review several

methods for solving the parametric surface fitting problem in the remaining
sections of this chapter. Although many of the methods dicussed generalize to
arbitrary linear spaces of functions we shall focus on tensor product B-splines,
because the special structure of the B-spline basis functions leads to very efficient
algorithms. After giving an introduction to this type of surfaces in Section 4.2
we discuss the variational approach to smooth surface fitting in Section 4.3
before presenting another more efficient technique in Section 4.4.

u

v

F

x

y

z (xi; yi; zi)

(ui; vi)

Figure 4.1: The parametric surface fitting problem.
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(xi; yi; zi)

(xi; yi)
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z

Figure 4.2: Scattered Data Interpolation.

4.1 Related Work

In the field of geology, meteorology, cartography, for example, the problem can
typically be stated as follows: given data points (xi, yi, zi) ∈ IR3, find a scalar
function F : Ω → IR, Ω ⊂ IR2 that approximates or interpolates the value zi
at (xi, yi), F (xi, yi) ≈ zi. This problem is generally known as Scattered Data
Interpolation (see Figure 4.2) and there exist many solutions to that problem
which include Shepard’s method [124], radial basis functions [63] and finite
element methods. Good surveys of these methods and further references can be
found in [118, 51, 101].
In contrast to this scalar problem there is the parametric problem, where

the task is to find a parameterized surface F : Ω → IR3 that approximates
or interpolates the data points. This is usually done by specifying additional
parameter values (ui, vi) ∈ Ω and determining F with F (ui, vi) ≈ (xi, yi, zi)
(see Figure 4.1). While the theory of parametric surfaces was well understood
in differential geometry, dating back to the time of Gauß [52, 30], their po-
tential for the representation of surfaces in the field of engineering remained
unknown for a long time. “The exploration of the use of parametric curves
and surfaces can be viewed as the origin of Computer Aided Geometric Design
(CAGD)” [39, p. xv].
The fundamental ideas in CAGD were developed in the French and US-

American car industry in the 1960ies. While de Casteljau at Citroën and Bézier
at Renault independently developed the theory of Bézier curves and surfaces,
Coons at Ford and Gordon at General Motors worked on transfinite interpolation
methods, which can be used to ‘fill in’ a network of curves. At the same time
mathematical splines, introduced by Schoenberg in the 1940ies, were used by
Ferguson at Boeing and Sabin at the British Aircraft Corporation.
Combining the ideas of Bézier curves and splines naturally leads to an effi-

cient and numerically stable representation of B-splines and further on to non-
uniform rational B-splines (NURBS), which is the de-facto standard of today’s
CAD systems. Detailed information about the theoretical and practical aspects
of B-splines and NURBS can be found in [23, 128, 39, 122, 26].



CHAPTER 4. FITTING SMOOTH SURFACES 92

4.2 Tensor Product B-Spline Surfaces

In the sections to follow we talk about B-spline surfaces with the tacit under-
standing that they are uniform and bicubic. A brief review explains how these
surfaces are defined and why they are well suited for our purposes.
Given the knot vector T = (t0, . . . , tm+k+1) with ti < ti+1, the normalized

B-spline functions Nk
i = N

T,k
i of degree k over T are defined by the following

recursion:

N0
i (u) =

{
1, if u ∈ [ti, ti+1[,
0, else,

N j
i (u) =

u− ti
ti+j − ti

N j−1
i (u) +

ti+j+1 − u
ti+j+1 − ti+1

N j−1
i+1 (u), j > 0.

The so defined functions Nk
i are polynomial of degree k on each interval [ti, ti+1[,

form a basis1 of all functions that are piecewise polynomial of degree k over
[tk, tm+1], and have a number of interesting properties:

1. Continuity: Nk
i is Ck−1-continuous,

2. Positivity: Nk
i (u) ≥ 0,

3. Local support: Nk
i (u) = 0, u /∈ [ti, ti+k+1[,

4. Partition of unity:
∑m

i=0N
k
i (u) = 1.

The B-spline functions are called uniform if the knot vector is equidistantly
spaced, ti+1 − ti = h. A d-dimensional B-spline curve C : [tk, tm+1]→ IRd over
T is defined as

C(u) =
m∑
i=0

ciN
k
i (u)

with control points or de Boor points ci ∈ IRd. The most important features of
B-spline curves are

1. Local control: changing the control point ci does not change the curve
C(u) for u /∈ [ti, ti+k+1[,

2. Local convex hull property: for u ∈ [ti, ti+1[ the curve C(u) is contained in
the convex hull of the control points ci−k, . . . , ci,

3. Variation diminishing property: the number of intersections of an affine
hyperplane H with C(u) is less or equal to the number of intersections of
H with the control polygon c0, . . . , cm,

4. Affine invariance: if the control polygon of a B-spline curve is transformed
affinely the curve itself is transformed by the same affine transformation,

1hence the name B-spline as an abbreviation of basis spline
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most of which derive directly from the properties of the basis functions. The
proofs of these propositions and many more details about the theory of B-splines
can be found in [119, 9, 23, 39, 74, 26].
A typical tensor product approach leads to the definition of tensor product

B-spline surfaces F : Ω→ IR3, Ω = [tk, tm+1]× [sl, sn+1] of degrees k and l over
a knot grid T × S:

F (u, v) =
m∑
i=0

n∑
j=0

cijN
T,k
i (u)NS,l

j (v)

with control points cij ∈ IR3. The three-dimensional grid formed by these
control points is called the control mesh. Analogously to the univariate case,
the (m + 1)(n + 1) basis functions NT,k

i (u)NS,l
j (v) are a basis of all piecewise

polynomial functions over Ω and similar properties as for curves can be stated
for B-spline surfaces:

1. Local control: changing the control point cij does not change the surface
F (u, v) for (u, v) /∈ [ti, ti+k+1[×[sj, sj+l+1[,

2. Local convex hull property: for (u, v) ∈ [ti, ti+1[×[sj, sj+1[ the surface
F (u, v) is contained in the convex hull of the control points cpq with
i− k ≤ p ≤ i and j − l ≤ q ≤ j,

3. Affine invariance: if the control mesh of a B-spline surface is transformed
affinely the surface itself is transformed by the same affine transformation.

The reason for using bicubic B-spline surfaces (k = l = 3) is that they are
sufficiently often (i.e. twice) differentiable on the one hand but relatively cheap
to compute on the other. Usually, B-spline curves and surface are evaluated with
the de Boor algorithm but for uniform knot vectors a more efficient method can
be applied. For a uniform knot vector T = (t0, t0 + h, t0 + 2h, . . .) the B-spline
functions differ by translation only, NT,k

i+j (u) = NT,k
i (u − hj) and evaluation

of any basis function can be reduced to evaluating the B-spline function Nk
0

defined on the integer knot vector, NT,k
j (u) = Nk

0 (
u−t0
h − j). For uniform,

cubic B-splines it is therefore advisable to use the explicit piecewise polynomial
representation of N3

0 over (0, 1, 2, 3, 4),

N3
0 (u) =




1
6u
3, u ∈ [0, 1[,

− 12u3 + 2u2 − 2u+
2
3 , u ∈ [1, 2],

N3
0 (4− u), u ∈ ]2, 4[,
0, else,

and Horner’s method to evaluate curves and surfaces. Note that first and second
order derivatives of a uniform, bicubic tensor product B-spline surface can be
computed efficiently in the same way.
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Figure 4.3: The configuration to the left is suitable for interpolation while ap-
proximation should be used for the noisy data points to the right.

4.3 The Variational Approach

The process of reconstructing smooth surfaces from discrete data generally offers
two possibilities: interpolation and approximation. Since the solution of the
interpolation problem coincides with the data points one might assume it to
be the more accurate reconstruction. But if the samples carry some noise (due
to measurement errors, for example) an approximating solution is more ad-
equate. Therefore, the choice of the appropriate method depends on the specific
structure of the problem (see Figure 4.3).
In both cases we have to specify a parameterization that assigns a parameter

point pi to each data point Pi so as to be able to formulate the interpolation
conditions or the approximation error. In Chapters 1 and 2 we already discussed
several methods for finding such a parameterization. After briefly mentioning
how to optimize the parameter points in Section 4.3.1 we study the interpolation
and the least squares approximation problem in Section 4.3.2 and show how to
extend the concepts in order to find smooth reconstruction surfaces. A summary
of different smoothness functionals is given in Section 4.3.3. We further discuss
how the approximation problem can be optimized in three ways. Firstly, the
use of hierarchical surfaces is reviewed in Section 4.3.4. Secondly, we show how
to solve the Chebychev approximation problem in Section 4.3.5 and thirdly, an
efficient iterative linear method for reducing the maximum approximation error
is presented in Section 4.3.6.

4.3.1 Parameter Correction

Once an approximating reconstruction surface F : Ω→ IR3 is found, we can im-
prove the parametrization, thereby exploiting the additional information given
by the approximating surface itself [73, 115]. The standard method as intro-
duced by Hoschek in [73] is derived from the observation that the error vector
Q = P −F (p) will not be orthogonal with respect to the approximating surface
in general. Hence it does not represent the minimal distance between the data
point P and the corresponding point F (p) on the approximating surface and
the parameter value p should be corrected (see Figure 4.4).
This is done by linearly approximating the surface at F (p) and projecting

the data point P orthogonally onto this tangent plane. The correction term
∆p = (∆u,∆v) can be determined by solving L = F (p) + ∆uFu + ∆v Fv
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P

Q

F (p)

Q

F (p)

P

Figure 4.4: Distance between a data point and the corresponding point on the
approximating surface before (left) and after (right) parameter correction.

(see Figure 4.5), which can be rewritten as

∆p =
(
F 2u FuFv

FuFv F 2v

)−1(〈Q |Fu 〉
〈Q |Fv 〉

)
.

The approximation process will then be repeated with the improved parameter
values p̃ = p + ∆p. The underlying idea of this method is to split the non-
linear approximation problem, in which both the surface parameters and the
parameter values are unknowns, into two steps:

1. The approximation step, which finds the optimal surface parameters for
given parameter values.

2. The parameter correction step, which determines the optimal parameter
values while the surface parameters are fixed.

Solving these problems alternately leads to good results after a few iterations
only. Examples are shown in Figure 4.11 and Table 4.3 in Section 4.3.3 and
Figure 4.20 and Table 4.7 in Section 4.3.6.

P

L Fu

Fv

Q

�uFu�v Fv

F (p)

Figure 4.5: Parameter correction for surfaces.
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4.3.2 Interpolation and Least Squares Approximation

The interpolation problem can be stated as follows: given n data points
Pi = (xi, yi, zi) ∈ IR3 with corresponding parameter values pi = (ui, vi) ∈ Ω
and some class S of parameterized surfaces F : Ω → IR3, find F ∈ S such that
F (pi) = (Pi) for all i. The linear space S may consist of bivariate polynomi-
als, tensor product B-splines or NURBS, piecewise Bézier patches, or triangular
splines. Suppose S to be spanned by k basis functions Bj , S = span{Bj}j, then
the interpolation function F =

∑
j cjBj satisfies F (pi) =

∑
j cjBj(pi) = Pi for

all i, hence the unknowns c1, . . . , ck can be found by solving the linear system

Bc = P

with

B =


B1(p1) · · · Bk(p1)

...
. . .

...
B1(pn) · · · Bk(pn)


 , c =


c1...
ck


 , P =


P1...
Pn


 . (4.1)

Note that this problem will not be solvable in general if k < n and that the
existence of a unique solution requires k = n.
In case of curve interpolation with polynomials, B will be a Vandermonde-

Matrix, that is regular for mutually different parameter values pi. An inter-
polating B-spline curve can be found if and only if the Schoenberg-Whitney
conditions are fulfilled [23, 39, 26]. These results can be extended to surface
interpolation with polynomials or tensor product B-splines if the parameter val-
ues pi are distributed on a grid. The problem then decouples into a sequence of
curve interpolation problems [49, 95] (see Section 4.4).
However, if the parameter values are not gridded, the problem becomes more

complicated. For example, a biquadratic polynomial (k = 6) that interpolates
n = 6 given data points cannot be found if the corresponding 6 parameter values
lie on an algebraic curve of degree 2 (circles, ellipses, parabolas and hyperbolas),
although k = n. Another problem is that the interpolating surfaces might have
unwanted oscillations.
To overcome these difficulties, a variational approach can be used for solving

the interpolation problem. The idea is to start with a class of surfaces having
more degrees of freedom than necessary to fulfill the interpolation conditions
and to use the remaining degrees of freedom to smooth the surface [55, 56].
This is achieved by minimizing a functional that measures the smoothness (see
Section 4.3.3).
If J : S → IR is such a smoothness functional, the task now is to find F ∈ S

such that

1. F (pi) = (Pi) for all i and

2. J (F ) ≤ J (G) for any G ∈ S satisfying 1.

Many reasonable measures of smoothness can be expressed by a quadratic
and positive semidefinite functional, J (F ) = 〈F |F 〉J for a suitable positive
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semidefinite, symmetric, bilinear form 〈 · | · 〉J . By introducing Lagrangian mul-
tipliers λi, the smooth interpolation function F =

∑
j cjBj can be found by

solving the linear system (
A Bt

B 0

)(
c
λ

)
=
(

0
P

)
(4.2)

with

A =


 〈B1 |B1 〉J · · · 〈B1 |Bk 〉J

...
. . .

...
〈Bk |B1 〉J · · · 〈Bk |Bk 〉J


 , λ =


λ1...
λn


 ,

and B, c,P as defined in (4.1). An efficient way of solving (4.2) was presented
in [112].
However, interpolation is not always the best method for surface fitting. If

the data points are not exact it is advisable to give up interpolation and better
look for an approximating surface. The most common approach to this problem
is the classical method of least squares, whereby the approximation error in the
(squared) E2 norm

E2(F ) =
n∑

i=1

|F (pi)− Pi|2 = ‖Bc− P ‖22 (4.3)

is minimized. With the definitions from above the E2 error can be rewritten as

E2(F ) = (Bc− P )t(Bc− P ) = ctBtBc− 2ctBtP + P tP

and the minimum can be found by solving the normal equation

BtBc = BtP . (4.4)

Note that the matrix M = BtB is symmetric, positive semidefinite. In case
of approximation with B-spline curves or surfaces, M is also sparse and has
a band or multi-band structure. While the Schoenberg-Whitney condition is
sufficient for the solvability of the normal equation in the univariate case as
it guarantees the linear independence of B’s column vectors, such a simple
condition does not exist in the bivariate setting unless the given data is gridded
so that the uniqueness of the solution cannot be guaranteed for scattered data
approximation.
But even if the normal equation has a unique solution, the same problem

as with interpolating surfaces may occur: the surface tends to oscillate (see
Figure 4.7.f). In such cases it is better to minimize a combination of the error
functional E2 and a smoothness functional J ,

Kµ(F ) = µJ (F ) + E2(F ), (4.5)

with a smoothing parameter µ ≥ 0 that controls the tradeoff between smoothness
and approximation quality of the surface. Using the definitions from above the
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Figure 4.6: Triangulated data set of a tank cap with 3 374 data points.

minimum of this combined functional Kµ can be found by solving

(µA+BtB)c = BtP . (4.6)

Assuming J to be a symmetric positive definite smoothness functional, (4.6)
always has a unique solution, say Fµ, for which some interesting properties hold
[136, 67].

1. The function µ→ E2(Fµ) is monotonically increasing,

2. The function µ→ J (Fµ) is monotonically decreasing,

3. F0 = limµ→0 Fµ exists, and

4. F0 minimizes E2 and is among all minima of E2 the one that additionally
minimizes J .

The first and second property support the statements on the effect of the
smoothing parameter µ: the smaller µ is chosen, the smaller the approxima-
tion error is, while the smoothness of the surface increases with larger µ. An
immediate consequence of the last property is that if there exist interpolating
surfaces in S, then F0 is the interpolant with optimal smoothness. Thus, it will
also be the solution to (4.2).
Such penalized least squares methods have been studied thoroughly by von

Golitschek and Schumaker in [136]. The authors also describe a method for
automatically adjusting the smoothing parameter µ but their choice is very
costly to compute. Floater [43] suggests to set

µ∗ =
‖BtB‖
‖A‖

for some matrix norm ‖·‖, such that µ∗J and E2 contribute equally to Kµ∗ . For

the Frobenius Norm ‖A‖F =
√∑

i,j a
2
ij this is an inexpensive and good choice.

We propose to take this µ∗ as an initial smoothing parameter and iteratively
decrease it until a user-specified error tolerance is met.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.7: Surface reconstruction of the data set in Figure 4.6 for different
smoothing parameters.
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error in % mean curvature
µ

max average min max average

(a) 10−2 1.703330 0.536520 −0.022074 0.009693 0.005886
(b) 10−3 0.888876 0.252356 −0.040364 0.042386 0.010124
(c) 10−4 0.755660 0.139964 −0.073339 0.103838 0.014599
(d) 10−5 0.728642 0.119589 −0.092256 0.155166 0.017927
(e) 10−6 0.727063 0.116882 −0.168611 0.263485 0.019536
(f) 10−7 0.687708 0.114353 −0.484673 0.377598 0.020681

Table 4.1: Comparison of the different surfaces in Figure 4.7. The maximum

error, maxi=1,... ,n |F (pi) − Pi|, and the average E2 error
√

1
nE2(F ) are given in

proportion to the length of the diagonal of the axis aligned bounding box that
encompasses the data set. The curvature was evaluated on a regular 1 000×1 000
grid; the average corresponds to the arithmetic mean of the values.

Figure 4.7 and Table 4.1 show how the smoothing parameter affects the ap-
proximating surface. We reconstructed the data set in Figure 4.6 using MIPS
(see Section 1.3) for parameterizing the data points, the simplified thin plate
energy (4.8) as smoothness functional J and a 30× 30 tensor product B-spline
as reconstruction surface. In this example we have ‖BtB‖F = 67.7976 and
‖A‖F = 73 005.19, hence µ∗ ≈ 10−3 which relates to the surface shown in Fig-
ure 4.7.b. Table 4.1 proves the theoretical assertion that decreasing µ reduces
the average approximation error. But Figure 4.7 also shows the unwanted os-
cillations to occur in insufficiently dense sampled areas the closer we get to the
pure least squares solution without any smoothing.
In order to avoid these oscillations while further improving the approxima-

tion quality more sophisticated methods are needed. One solution is the use of
non-uniform smoothing proposed by Dietz in [27] where the constant smoothing
parameter µ is replaced by a function µ : Ω→ IR. This enables to enforce more
smoothing in those areas where the surface tends to oscillate and can improve
the results significantly, especially for irregularly distributed data. However,
the additional costs of this technique are immense and two other approaches
are discussed in Sections 4.3.4 and 4.3.6.
Figure 4.8 and Table 4.2 illustrate the effect of choosing different parame-

terizations for the reconstruction process. The data set in Figure 1.17.a was
reconstructed with 23 × 15 tensor product B-splines using the simplified thin
plate energy and 1

10µ
∗ as smoothing parameter. This example clearly shows

that the surface quality depends on the distortion introduced by the parameter-
ization and that shape preserving or most isometric parameterization should be
used in order to obtain good results. Note that the surface reconstructed with
MIPS was trimmed with the boundary of the parameterization and is therefore
controlled by 321 control points only as opposed to the 23 ·15 = 345 coefficients
that describe the other results.



CHAPTER 4. FITTING SMOOTH SURFACES 101

uniform parameterization

chord length parameterization

shape preserving parameterization

most isometric parameterization

Figure 4.8: Surface reconstruction of the data set in Figure 1.17.a on page 27
using different parameterizations.
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error in % mean curvature
max average min max average

(a) 2.001594 0.437398 −2.447136 1.815809 0.090254
(b) 1.103259 0.262610 −0.682774 0.489944 0.064370
(c) 1.082219 0.285898 −0.245731 0.418965 0.062680
(d) 1.090881 0.281849 −0.264913 0.438860 0.062929

Table 4.2: Comparison of the different surfaces in Figure 4.8.

4.3.3 Smoothness Functionals

The construction of ‘smooth’ or ‘visually pleasing’ surfaces is of vital impor-
tance in many areas of geometric modelling, especially in industrial design and
styling [114]. While the human eye can easily rate the quality of a surface, the
translation of this rating strategy to mathematical formulas is a crucial step. A
lot of work has been dedicated to this problem and lots of different approaches
how to measure the quality of a surface have been proposed by different authors.
In principal there are two approaches: one can either construct a functional

by physical analogy (e.g. minimizing the energy of thin plates) or by geometric
reasoning (e.g. minimizing area, curvature or the variation of curvature). But
since every reasonable physical quantity has to be a generic property of the
surface, it does not depend on the special parameterization that is used to
describe the surface. This is, by definition, a geometric property and therefore
every physical quantity is a geometric one.
When selecting a smoothness functional we have to consider two aspects.

1. Does the functional yield surfaces with a pleasant shape?

2. Can the functional be minimized in a reasonable amount of time?

It turns out that the functionals involving surface curvature yield surfaces of
high quality, but the computation of the solutions is very expensive. The thin
plate energy functional ∫

Ω

a(κ21 + κ
2
2) + 2(1− b)κ1κ2 dω

that describes the energy of a thin plate [22] is of that type. Here, κ1 and κ2
are the principal curvatures of the surface and a and b are constants describing
properties of the material of the thin plate (resistance to bending and sheering).
In [61] a special case (a = b = 1) of this functional,∫

Ω

κ21 + κ
2
2 dω, (4.7)

is used to determine smooth tensor product B-spline surfaces. To overcome the
difficulty that this functional is highly nonlinear and thus the numerical solution
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is very time consuming, the integrand of (4.7) is evaluated only at the corners
of the rectangular control grid. In [99] the functional∫

Ω

(
∂κ1
∂ε1

)2
+
(
∂κ2
∂ε2

)2
dω

with ε1 and ε2 denoting the directions of principal curvature is considered. Al-
though this MVC functional that minimizes the variation of the curvature has
proven to yield surfaces of perfect shape, the complexity and hence the numer-
ical treatment is even worse than for the thin plate energy.
In contrast to these highly nonlinear functionals there are simpler, quadratic

functionals that can be minimized by solving a linear system and are thus suit-
able for interactive use. The most commonly used functional is the simplified
version of the thin plate energy (4.7):∫

Ω

F 2uu + 2F
2
uv + F

2
vv du dv, (4.8)

where Fuu, Fuv and Fvv denote the second order partial derivatives of the sur-
face F . As this functional is quadratic and much easier to minimize than the
exact version, it is widely used [62, 103, 40, 59, 139]. However, it is a good ap-
proximation to (4.7) only in the functional case, whereas the surfaces obtained
in the parametric case may fail to have a pleasant shape. The more general
quadratic, second order functional∫

Ω

α11F
2
u + α12FuFv + α22F 2v + β11F

2
uu + β12F

2
uv + β22F

2
vv du dv

has been used in [18], where the coefficients αij , βij are chosen by physical
reasoning, and in [138], where the choice is based on geometric properties.
In contrast to the functionals based on the surface curvature, these simplified

versions depend on the parameterization of the surface and different parame-
terizations of the same surface lead to different values of the functional. This
statement also holds for energy functionals based on the third order derivatives,
like ∫

Ω

F 2uuu + F
2
vvv du dv,

as proposed in [13] and∫
Ω

(Fuuu + Fuvv)2 + (Fuuv + Fvvv)2 du dv,

introduced in [56].
A compromise between the simplicity of the quadratic functionals and the

quality of the exact ones are data dependent functionals as introduced in
[55, 56, 59]. The basic idea is the following: since the simple quadratic func-
tionals approximate the exact energies well if the shape of the surface is nearly
planar and thus similar to the shape of the parameter space, one can take the
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FG




Figure 4.9: Parameter space Ω, reference surface G and surface F .

inverse approach and adapt the parameter space in such a way that its shape
is close to that of the surface (see Figure 4.9). The concepts needed to do
so are well-known in differential geometry [29, 80]. Given a reference surface
G : Ω → IR3 and considering gradient gradG, divergence divG and Laplacian
∆G with respect to this reference surface, we can introduce the data dependent
energy functionals ∫

Ω

gradG(F )
2 dωG

∫
Ω

∆G(F )2 dωG (4.9)

∫
Ω

gradG(divG(gradG(F )))
2 dωG

with dωG denoting the surface element ‖Gu ×Gv‖ du dv. These functionals are
still quadratic and can thus be minimized by solving a linear system. If the
reference surface G is close to F , the data dependent functionals will be good
approximations to the exact energies. Note that the functionals in (4.9) can be
proven not to depend on the specific parameterization of the reference surface G
[57]. Still their computation is very expensive compared to the simple quadratic
smoothness functionals which makes them unsuitable for interactive use.
An example of smooth surface reconstruction with different smoothness func-

tionals is shown in Figure 4.11 where the data set of a ship hull (see Figure 4.10)
was reconstructed with a 7 × 7 tensor product B-spline surface. The colour in
the pictures relates to the Gaussian curvature K of the surfaces:

blue ←→ K < 0, green ←→ K = 0, red ←→ K > 0.

This data set was part of a benchmark experiment organized by the Human Cap-
ital & Mobility Project FAIRSHAPE (ERB-CHRXCT-940522) and presented
at the International Benchmarking Workshop on “Creating Fair and Shape-
Preserving Curves and Surfaces” [6]. The reconstructed surface was asked to be
a bicubic B-spline surface with positive Gaussian curvature.
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Figure 4.10: Triangulated data set of a ship hull with 531 data points.

Using the simple thin plate energy (4.8) and a smoothing factor µ = 10−4

gives the results to the left. From the pictures and the values in Table 4.3
we can see that an iterative parameter correction as discussed in Section 4.3.1
improves the surface quality but does not lead to surfaces with positive Gaussian
curvature. In order to get rid of the change of curvature at the bow we have to
apply a third order smoothness functional that measures the curvature variation.
In Figure 4.11.d–f we used the smoothness functional∫

Ω

F 2uu + 2F
2
uv + F

2
vv du dv +

∫
Ω

αF 2uuu + βF
2
uuv + γF

2
uvv + δF

2
vvv du dv

with α = 20, β = γ = 5, and δ = 500, thus smoothing particularly with regard
to the curvature variation in vertical direction. After 8 parameter correction
steps we obtain a surface with positive Gaussian curvature whose approximation
quality can be improved by further iterations.

Gaussian curvature error in %
iterations

min max average max average

(a) 1 −0.091740 0.003311 0.002784 2.928813 0.507866
(b) 8 −0.006904 0.003057 0.001097 2.563619 0.436098
(c) 15 −0.003731 0.008313 0.000985 2.679641 0.439336

(d) 1 −0.005372 0.004111 0.002341 4.481793 1.072675
(e) 8 0.0 0.003747 0.001558 2.968360 0.509084
(f) 15 0.0 0.002587 0.001289 2.565349 0.474674

Table 4.3: Comparison of the different surfaces in Figure 4.11.
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(a) (d)

(b) (e)

(c) (f)

Figure 4.11: Surface reconstruction of the data set in Figure 4.10 using a
quadratic smoothness functional of order 2 (left) and 3 (right) after 1 (top),
8 (middle) and 15 (bottom) parameter correction steps (see Section 4.3.1). The
black dashes illustrate the distance between the data points and the surface.
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Figure 4.12: Approximating surface with one global and two local refinement
steps.

4.3.4 Hierachical Surface Fitting

A major problem that arises by using the surface fitting methods discussed
in Section 4.3.2 is the size of the linear systems that have to be solved. One
way to overcome this drawback is the use of hierarchical surface models like the
Hierarchical B-Splines introduced by Forsey and Bartels in [48]. Although these
surfaces were originally designed for the purpose of modelling, the ideas have
successfully been transferred to the surface fitting problem [49, 58, 91].
The basic idea is to subdivide the global approximation problem adaptively

into several local problems where only a comparatively small part of the data
has to be taken into account. These local problems will lead to linear systems
of small size which can be solved efficiently. The first step of this method is to
start with a class of surfaces S0 defined on a coarse control lattice, thus having
only a small number of control points, and determine the surface F0 ∈ S0 that
solves the problem

min
F∈S0

Kµ(F ),

where Kµ is the combined smoothness and approximation error functional (4.5)
from Section 4.3.2.
If the quality of F0 suits our needs, i.e. the approximation error is within

a specified tolerance and the surface is sufficiently smooth, nothing has to be
done. Otherwise we will either have to adapt the smoothing parameter µ or
increase the number of degrees of freedom. Halving the grid size of the control
lattice yields a new class of surfaces S1 ⊃ S0 whose dimension is roughly four
times the dimension of S0. However, this global refinement step increases the
size of the linear system that has to be solved by factor 16. The strategy of
local refinement offers a better alternative: only at those regions where the
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Figure 4.13: Triangulated data set of Franke’s test function with 500 data points.

approximation error exceeds the tolerance, local overlay patches Tk with finer
control lattices are added to the surface (see Figure 4.12). Now, instead of
solving the approximation problem in the globally refined space S1 we only look
for the optimal surface contained in the affine subspace S̃1 = F0 + T ⊂ S1 with
T =
∑

k Tk.
If the overlay patches are chosen such that they are orthogonal, i.e. having

disjunct support, this problem decomposes into several local problems. Indeed,
if F1 solves the optimization problem

min
F∈S̃1

Kµ(F ) = min
G∈T
Kµ(F0 +G),

then F1 can be written as F1 = F0 +
∑

kGk with the overlay patches Gk ∈ Tk
determined by solving the local problems

min
G∈Tk

Kµ(F0 +G).

These local problems can be solved efficiently due to their small size. Obviously,
this strategy can be applied recursively, as shown in Figure 4.12.
An example that illustrates the advantages of hierarchical surface fitting is

shown in Figure 4.14 and Table 4.4. The data set to be reconstructed (see
Figure 4.13) was derived by triangulating 500 randomly sampled data points of
Franke’s test function

F (x, y) =
3
4
e−

(9x−2)2+(9y−2)2

4 +
3
4
e−

(9x+1)2

49 − 9y+1
10 +

1
2
e−

(9x−7)2+(9y−3)2

4 − 1
5
e−(9x−4)

2−(9y−7)2 (4.10)

and the maximum error threshold was set to ε = 0.2%. The optimal approx-
imating surface F0 within the class S0 of all B-spline surfaces defined on a
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(a) (b)

(c) (d)

Figure 4.14: Surface reconstruction of the data set in Figure 4.13 using regular
(a–c) and hierarchical (d) B-spline surfaces.

number of time mean curvature error in %
control points in sec. min max average max average

(a) 13× 13 169 3.5 −28.884 23.166 1.9853 0.8873 0.0553
(b) 20× 20 400 7.1 −28.212 27.665 1.9935 0.3877 0.0340
(c) 43× 43 1 849 29.3 −28.745 28.740 2.0211 0.2036 0.0181

13× 13
(d) 9× 9 9× 9 7× 5 401 9.3 −27.322 23.294 1.9429 0.1399 0.0254

7× 5

Table 4.4: Comparison of the different surfaces in Figure 4.14.
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uniform 13 × 13 control grid is shown in Figure 4.14.a. This surface fails to
fulfill the error criterion and we observe the largest errors to occur in the highly
curved regions of the three ‘bumps’ (see enlarged detail).
Refining the control lattice locally by adding two overlay patches with 9× 9

and one with 7 × 5 control points at those regions where the approximation
error exceeds ε and refining the overlay patch at the depression again by adding
another 7 × 5 patch gives the surface F̃2 ∈ S̃2 in Figure 4.14.d which clearly
meets the error requirement. This surface has three hierarchy levels and 401
control points altogether.
If we take the same number of basis functions defined on a uniform con-

trol lattice, i.e. a surface with 20 × 20 control points, we obtain the surface in
Figure 4.14.b whose maximum error is thrice as large. The superiority of the
hierarchical surface is due to the fact that hierarchical approximation concen-
trates the degrees of freedom at those regions where they are mainly needed.
Thereby the surface gains more flexibility to approximate the data points in
these areas.
Refining the initial control grid twice globally rather than locally results

in the surface F2 ∈ S2 shown in Figure 4.14.c. Although the globally re-
fined function space contains the locally refined one, S2 ⊃ S̃2, and therefore
Kµ(F2) < Kµ(F̃2), the hierarchical solution F̃2 is better than F2 which even
misses the error criterion marginally. This may seem strange at first glance but
please remember that Kµ does not measure the maximum but the least squares
error E2 and Table 4.4 confirms E2(F2) < E2(F̃2) indeed.
Let us recapitulate the three main advantages of using hierarchical surfaces

for solving the approximation problem. Firstly, the computation is speeded
up significantly (compare the forth column in Table 4.4) since only small local
problems with few unknowns need to be solved. Secondly, the number of control
points that define the approximating surface and thus the memory requirements
are reduced, and thirdly, the localization of the degrees of freedoms to ‘criti-
cal’ regions helps to minimize the maximum instead of the least squares error.
The next two sections will discuss how the maximum error can be minimized
directly.

4.3.5 Chebychev Approximation

Although the concept of smooth least squares approximation as discussed in the
previous sections is often appropriate we already saw in the examples that it is
not the best choice if a user-specified error tolerance needs to be complied with.
The disadvantage of using the (squared) E2 norm E2 from (4.3) is that it allows
the error to become rather big at a few data points as long as the average error
is small. In order to fulfil an error criterion we should better minimize the error
measured in the E∞ or Chebychev norm

E∞(F ) = max
i=1,... ,n

|F (pi)− Pi| = ‖Bc− P ‖∞
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Figure 4.15: Reconstructing the function in (a) by approximating 21 uniformly
sampled data points best in the E2 (b) and the E∞ norm (c).

directly. Since E∞ is no longer a quadratic functional, its minimum cannot be
found by solving a linear system and the method of linear programming has
to be applied instead [8, 38, 76]. Although the uniqueness of the solution and
the theoretical convergence of the linear programming algorithm can only be
guaranteed if the basis functions are a Chebychev or Haar system, like univariate
polynomials for example, the algorithm usually works as well for univariate B-
splines which are a weak Chebychev system only and even for B-spline surfaces.
Another theorem that is valid for Chebychev systems only but applies nicely

to B-spline curves and surfaces in practice is

Theorem 4.1 (Alternating Extremal Points Theorem) If S is a k-dimensional
Chebychev system S ∈ C[a, b] and F ∗ ∈ S is the best Chebychev approximation
to n > k data points (pi, Pi) ∈ IR2, and I∗ = {i : |F ∗(pi) − Pi| = E∞(F ∗)} is
the index set of all extremal points where F ∗ attains the maximum error, then
there exist at least k + 1 points a ≤ pi0 < · · · < pik ≤ b with ij ∈ I∗ such that
the sign of the error at pij alternates, i.e.

σ(−1)j(F ∗(pij )− Pij ) = E∞(F ∗), j = 0, . . . , k,

for some σ ∈ {−1, 1}.

Of course there is no equivalence to the alternating property in the bivariate
setting, but still there usually exist at least k + 1 extremal points although
counter-examples can be constructed.
The example in Figure 4.15 illustrates the effect of Chebychev approximation

compared to least squares approximation. We used univariate polynomials of
degree 13 (thus k = 14) to reconstruct the function shown in (a) by fitting it to 21
uniformly sampled data points. The maximum error of the Chebychev solution
is significantly smaller than the one of the least squares solution (see Table 4.6,
page 116) but the function oscillates due to the 15 alternating extremal points.
This effect also appears for bivariate approximation as shown in Figure 4.16,

where we randomly sampled Franke’s test function (4.10) at 400 data points
and computed the best-fitting bivariate B-spline function with respect to the E2
and the E∞ norm. Table 4.5 confirms the Chebyshev solution to have a smaller
maximum approximation error than the least squares solution but the surface
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(a) (b)

(c) (d)

Figure 4.16: Least squares (left) and Chebychev (right) approximation with
6 × 6 (top) and 10× 10 B-spline functions to 400 data points (red dots). The
yellow and green dashes symbolize the positive and negative maximal errors to
the data at extremal points.

k E∞(F )
(a) 36 0.126812
(b) 36 0.067878
(c) 100 0.020306
(d) 100 0.013613

Table 4.5: Comparison of the different surfaces in Figure 4.16.
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Figure 4.17: Smooth reconstruction of the function in Figure 4.15.a by interpo-
lation (a), least squares (b), and Chebychev approximation (c).

wiggles between its k+1 extremal points, especially at the boundary, in almost
the same manner as in the univariate example.
To avoid these oscillations we take the same approach as for least squares

approximation by combining the approximation error E∞ with a smoothness
functional J and minimizing

Kµ,∞(F ) = µJ (F ) + E∞(F ).

Using the definitions from Section 4.3.2 we can rewrite this minimization prob-
lem as a quadratic programming problem [41]. That is, the quadratic objective
function

µctAc+ ε

with k + 1 variables c and ε is minimized subject to the 2n linear inequality
constraints

‖Bc− P ‖∞ ≤ ε ⇐⇒ −ε ≤ F (pi)− Pi ≤ ε, i = 1, . . . , n.

Quadratic programming problems are well-known in literature and non-commer-
cial software code for solving them is available [133].
An example for smooth Chebychev approximation is given in Figure 4.17

where we reconstructed the function in Figure 4.15.a by univariate polynomi-
als of degree 30. While the smooth interpolation (compare Equation 4.2 in
Section 4.3.2) overshoots at the ‘kinks’, the two smooth approximations nicely
reconstruct the function. The maximum error of the Chebychev solution is one
third smaller than the one of the least squares solution (see Table 4.6, page 116).

4.3.6 Iteratively Reweighted Least Squares

While Chebychev approximation as discussed in the previous section is best
suited for fitting a surface to given data points within specified error bounds,
the main problem of this approach is that linear and quadratic programming
problems are very costly in terms of computation time in comparison to the
linear problems that have to be solved for least squares approximation. However,
the following theorem from [100] hints at a way out of this dilemma.
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Theorem 4.2 (Motzkin, Walsh) Let S be a Chebychev system S ∈ C[a, b] and
F ∗ ∈ S be the Chebychev approximation to n data points (pi, Pi). Then there
exist weights w = (w1, . . . , wn) such that F ∗ also minimizes the weighted least
squares norm

Ew(F ) =
n∑

i=1

wi|F (pi)− Pi|2.

The minimum of this quadratic functional can be found by solving the linear
system

BtWBc = BtWP ,

where W = diag(w) is the diagonal matrix containing the weights w1, . . . , wn.
It was Lawson [88] who utilized these facts to create an algorithm for finding the
Chebychev approximation in an iterative procedure which was later extended
by Rice and Usow [110] to find best Ep approximations (2 < p <∞).

Lawson’s algorithm:

1. Let w(0)1 = · · · = w
(0)
n = 1 and r = 0.

2. Find the minimum F (r) of Ew(r) by solving BtW (r)Bc(r) = BtW (r)P .

3. Update the weights,

w
(r+1)
i = w(r)i |F (r)(pi)− Pi|, i = 1, . . . , n,

increment r and continue with 2.

Lawson proved that the sequence
{
F (r)
}
converges to the Chebychev approxi-

mation,
lim
r→∞

F (r) = F ∗,

and that the sequence
{
Ew(r)(F (r))

}
increases monotonically with

lim
r→∞

Ew(r)(F (r)) = E∞(F ∗).

Furthermore, if I∗ is the index set of F ∗’s extremal points (compare Theo-
rem 4.1) then

lim
r→∞

w
(r)
i = 0 ⇐⇒ i /∈ I∗,

and if w(r)i �= 0, i ∈ I∗ and w(r)i = 0, i /∈ I∗ for some r, then the algorithm
converges after 2 more steps, otherwise the convergence is linear [21]. This
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motivates to speed up the iterative process by making the weights tend to zero
faster, for example by updating them with

w
(r+1)
i = w(r)i |F (r)(pi)− Pi|2 or w

(r+1)
i =

(
w
(r)
i

)2|F (r)(pi)− Pi|,

and setting w(r)i = 0 if w(r)i < τ for some small τ > 0. But it was already
observed by Lawson that these modifications sometimes lead to divergence.
The strategy of updating the weights in Lawson’s algorithm can be under-

stood by looking at the Ep approximation problem. In fact, if we minimize the
Ep norm (to the power of p)

Ep(F ) =
n∑

i=1

|F (pi)− Pi|p = ‖Bc− P ‖pp

for 2 ≤ p <∞ via Newton iteration, then we have to solve

BtW ′(r)Bc(r) = BtW ′(r)P

in the r-th Newton step, exactly as in Lawson’s algorithm, but with weights
w′

i
(r) = |F (r−1)(pi) − Pi|p−2 instead. Further details on Ep approximation for

1 ≤ p ≤ ∞ can be found in [137].
Lawson’s algorithm can therefore be seen as a kind of Newton iteration for

solving the Ep problem with p → ∞. It starts with p(0) = 2 and iteratively
applies one modified Newton step for the Ep(r) problem with p(r+1) = p(r) + 1
while accumulating all previous errors

w
(r+1)
i =

r∏
j=0

|F (j)(pi)− Pi|

in order to get the weights rather than taking the most recent error to the power
of p(r+1) − 2 = r + 1,

w′
i
(r+1) =

r∏
j=0

|F (r)(pi)− Pi|.

Besides these theoretical aspects, the iteratively reweighted least squares (IRLS)
method is of particular interest because it usually reduces the maximum error
significantly after just a few iterations. Furthermore, it can easily be combined
with a smoothness functional and as an iterative process it matches nicely with
the concept of parameter correction (see Section 4.3.1) while the extra costs for
updating the weights are negligible.
Figure 4.18 shows some examples of function reconstruction after four IRLS

steps. As in Figures 4.15 and 4.17 we used univariate polynomials of degree 13
(a,b) and 30 (c) respectively and added a smoothness term to the error functional
for the reconstructions in (b) and (c). Table 4.6 summarizes the results of the
different reconstruction methods. Note that for k = 14 the maximum error of
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Figure 4.18: Different IRLS reconstructions of the function in Figure 4.15.a.

method smoothing k E∞(F )
Figure 4.15.b E2 no 14 0.046318
Figure 4.18.b IRLS(4) yes 14 0.041512
Figure 4.18.a IRLS(4) no 14 0.035286
Figure 4.15.c E∞ no 14 0.035173

Figure 4.17.b E2 yes 31 0.033317
Figure 4.18.c IRLS(4) yes 31 0.023781
Figure 4.17.c E∞ yes 31 0.022973
Figure 4.17.a interpolation yes 31 0.0

Table 4.6: Comparison of the different reconstructions of the function in Fig-
ure 4.15.a.

the IRLS solution with smoothing is less than the one of the E2 solution without
smoothing which clearly indicates the ability of IRLS to reduce the maximum
error after just a few iterations.
The behaviour of the maximum error during the IRLS process is shown in

Figure 4.19. We took the same 400 data points sampled from Franke’s test
function as in Figure 4.16 and bivariate B-spline functions over a uniform 6× 6
knot grid for reconstructing them with IRLS approximation without smoothing.
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Figure 4.19: Convergence of the maximum error and the number of zero weights
for IRLS approximation with 6× 6 B-spline functions to 400 data points (com-
pare Figure 4.16).
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(a)

(b)

(c)

Figure 4.20: Surface reconstruction of the data set in Figure 4.11 with IRLS
approximation. The yellow dashes illustrate the distance between the data
points and the surface.
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error in % mean curvature
iterations IRLS

max average min max average

(a) 0 0.755660 0.139964 −0.073339 0.103838 0.014599
(b) 1 yes 0.515890 0.131807 −0.079671 0.102377 0.014519
(c) 2 yes 0.396737 0.130225 −0.085258 0.103718 0.014748

1 no 0.716089 0.132498 −0.070113 0.093952 0.014670
2 no 0.662751 0.126273 −0.070991 0.085567 0.014794

Table 4.7: Comparison of the different surfaces in Figure 4.20.

Again, we can see that the maximum error is reduced significantly after a few
iterations (k ≤ 5) only and although it increases temporarily for 7 ≤ k ≤ 22 and
95 ≤ k ≤ 112 it is always smaller than the maximum error of the E2 solution
(top dashed line). We also plotted the number #{i : w(r)i = 0} of zero weights
per iteration so as to show that it increases almost monotonically (sometimes it
decreases by one or two) and that the maximum error converges to the maximum
error of the E∞ solution (bottom dashed line) as soon as the maximum number
of zero weights (n− k − 1 = 363) is reached.
In Figure 4.20 we finally present an example demonstrating that the concept

of IRLS approximation can also be successfully applied to the parametric surface
fitting problem. As in Figure 4.7 we reconstructed the data set in Figure 4.6
using MIPS for parameterizing the data points, the simplified thin plate energy
as smoothness functional with smoothing factor µ = 10−4, and 30 × 30 B-
spline surfaces. In (a) we can see the smooth E2 reconstruction, the same as
in Figure 4.7.c. If we now apply Lawson’s reweighting strategy and iterate the
smooth approximation process we obtain the result in (b) and another IRLS
step gives the surface shown in (c). The close up view to the right clearly
demonstrates how the approximation error decreases with each iteration step
while the smoothness of the surface does not vary (see Table 4.7). In fact,
the maximum error is reduced by almost 50%. Note that we also optimized the
parameter values after each approximation step. Table 4.7 also shows the results
for iterating the smooth approximation process with parameter correction only.
This also helps to reduce the approximation error but the effect is less significant
than with concurrent reweighting.

4.4 Indirect Approximation

So far we have discussed smooth surface reconstruction from discrete scattered
data and have discovered several problems thereby—and solutions as well. From
a theoretical point of view, the hardest problem is that adequate interpolation
conditions like the Schoenberg-Whitney conditions for curves are yet unknown for
tensor product B-splines. Therefore, the solution of the interpolation problem
can not be guaranteed to exist in general and the solution of the approximation
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problem may not be unique. As we saw in Section 4.3 we can regularize inter-
polation and approximation of scattered data by adding smoothness functionals
but this also increases the computation costs significantly.
We believe that the main reason for these problems is that scattered data

points are unstructured while tensor product surfaces have a natural rectangu-
lar structure and that scattered data and tensor product surfaces are simply
not compatible for this reason. This assumption is confirmed by two obser-
vations. If we organize the scattered data points in a triangulation and use
bivariate spline surfaces that are piecewise continuous over this triangulation
instead of tensor product splines, then the data and the surface have the same
structure and there exist several interpolation methods which give pleasing re-
sults. For a good survey on recent developments in this field we refer the reader
to [102]. If on the other hand the data is organized in a rectangular grid and
thus has the same structure as a tensor product surface, then interpolation and
approximation become much simpler and decouple into a series of curve fitting
problems.
Let us consider a general tensor product surface

F (u, v) =
m∑
i=0

n∑
j=0

cijAi(u)Bj(v)

with basis functions {Ai} and {Bj} and gridded parameter points prs = (ur, vs),
r = 0, . . . ,m, s = 0, . . . , n with associated data points Prs. Then the interpola-
tion conditions F (prs) = Prs can be written as the matrix equation
A0(u0) · · · Am(u0)

...
. . .

...
A0(um) · · · Am(um)




︸ ︷︷ ︸
A


 c00 · · · c0n...

. . .
...

cm0 · · · cmn




︸ ︷︷ ︸
C


B0(v0) · · · B0(vn)...

. . .
...

Bn(v0) · · · Bn(vn)




︸ ︷︷ ︸
Bt

=


P00 · · · P0n...

. . .
...

Pm0 · · · Pmn




︸ ︷︷ ︸
P

and the unknown control points {cij} of the interpolating surface can be found
by first solving AD = P with a (m+ 1)× (n+ 1) matrix D, in other words,

Adj = Pj , j = 0, . . . , n, (4.11)

where dj and Pj are the j-th column vectors of D and P respectively, and then
solving D = CBt which is equivalent to BCt = Dt or

Bc̄i = d̄i, i = 0, . . . ,m, (4.12)

where c̄i and d̄i are the i-th row vectors of C and D respectively. Note that
(4.11) and (4.12) are curve interpolation problems of rather small size relative
to the surface interpolation problem and that only two matrix factorizations are
required, one for A and one for B.
We therefore propose to use the regular quadrilateral remeshing algorithm

from Section 3.3 to replace a set of given scattered data points Pi with a set
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of gridded data points Prs. Then we interpolate the gridded data, thereby
approximating the original data values indirectly rather than approximating
them directly as in the previous sections. If we consider interpolation with
uniform, bicubic tensor product B-spline surfaces we can make this interpolation
process very efficient by interpolating the data points at the knots of the grid
formed by the knot vectors in u- and v-direction since this leads to tridiagonal
matrices A and B. In detail, we proceed as follows.
Given the (m+1)·(n+1) data points Prs of a quadrilateral remesh, we define

the knot vectors T = (−3,−2, . . . ,m+2,m+3) and S = (−3,−2, . . . , n+2, n+3)
and consider the space of bicubic tensor product B-spline surfaces F : Ω→ IR3,
Ω = [0,m]× [0, n] over the knot grid T × S:

F (u, v) =
m+2∑
i=0

n+2∑
j=0

cijNi(u)Nj(v).

Note that in order to have full support of the basis functions over the parameter
domain Ω we need (m+ 3) · (n+ 3) basis functions as opposed to the (m+ 1) ·
(n + 1) interpolation conditions F (r, s) = Prs, r = 0, . . . ,m, s = 0, . . . , n. We
therefore have to add further conditions so as to obtain a uniquely solvable
problem. A typical choice are the natural end conditions which demand the
second derivative of the surface to be zero along the boundary. This results in
the 2(n+ 1) + 2(m+ 1) + 4 additional conditions

Fuu(0, s) = Fuu(m, s) = 0, s = 0, . . . , n,

Fvv(r, 0) = Fuu(r, n) = 0, r = 0, . . . ,m,

and
Fuuvv(0, 0) = Fuuvv(m, 0) = Fuuvv(m,n) = Fuuvv(0, n) = 0,

so that all conditions sum up to the number of basis functions and unknown
coefficients cij respectively.
If we write the additional natural end conditions in terms of coefficients and

add them to the matrix notation of the interpolation conditions, we obtain the
system ACBt = P with

A =



1 −2 1
1
6
4
6

1
6

. . . . . . . . .
1
6

4
6
1
6

1 −2 1


 , C =


 c00 · · · c0,n+2

...
. . .

...
cm+2,0 · · · cm+2,n+2


 , P =



0 0 · · · 0 0
0 P00 · · · P0n 0
...
...
. . .

...
...

0Pm0 · · · Pmn 0
0 0 · · · 0 0


 ,

and B with the same layout as A but of size (n + 3) × (n + 3) rather than
(m+ 3)× (m+ 3). The first and last row of A and B relate to the natural end
conditions and the other rows reflect the interpolation conditions. Note that
due to the compact support of the basis functions and because we chose knots
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as parameter points these matrices are tridiagonal except for one entry in the
first and one in the last row. However, multiplying A and B by

M =



− 16 1
1
. . .
1
1 − 16


 ,

from left gives tridiagonal matricesA′ =MA andB′ =MB. We finally consider
the (n+ 3) + (m+ 3) curve interpolation problems

A′dj =MPj and B′c̄i =M d̄i,

each of which can be solved in linear time since A′ and B′ are tridiagonal. As-
suming m = n we conclude that this indirect approximation approach amounts
to O(m2) computations in contrast to the O(m6) operations needed for solving
the scattered data approximation problem which makes it extremely fast.
Another advantage of this approximation method is that it does not require

to introduce smoothness functionals. We observed in our examples that when-
ever the remesh is of a nice shape the interpolating surface somehow inherits
this smoothness, probably due to the energy minmizing properties of B-splines,
a result that needs further investigation. So instead of applying rather compli-
cated smoothness functionals to the approximating surface we can consider the
discrete and therefore much simpler problem of smoothing the regular quadri-
lateral remesh. Furthermore, this method can easily be combined with the
hierarchical spline surfaces from Section 4.3.4. We can start by interpolat-
ing the vertices of a coarse quadrilateral remesh and further refine the remesh
only at those regions where the interpolation surface does not approximate the
given data points sufficiently well. The refined regions can then be interpolated
by overlay patches which are added to the coarse interpolation surface as in
Section 4.3.4.
The drawback of this method is that it seems impossible to establish a priori

error bounds of the approximation error to the data points altough it poses
no problem to actually compute this error after having determined the surface.
It is also difficult to specify the approximation order of this method, except
for the obvious proposition that the error tends to zero as the refinement level
of the quadrilateral remesh increases. However, since solving the interpolation
problem is very fast, it might be possible to establish an iterative process in
which the data points that are interpolated are changed in dependency of the
approximation error at the data points nearby so that the error decreases after
solving the interpolation problem again.
Let us close this section with two examples of the proposed indirect approx-

imation method. Figures 4.21–4.23 show the interpolating spline surface of the
quadrilateral remesh in Figure 3.23 with 35 ·35 = 1 225 control points and com-
pare it to a smooth least squares approximation of the data points with the
same number of control points. As we can see from the mean curvature plots in



CHAPTER 4. FITTING SMOOTH SURFACES 122

(a) (b)

(c) (d)

Figure 4.21: Smooth least squares (left) and indirect (right) approximation of
the data set in Figure 3.22 on page 89.
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(a) (b)

(c) (d)

Figure 4.22: Smooth least squares (left) and indirect (right) approximation of
the data set in Figure 3.22 on page 89.
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(a) (b) (c)

(d) (e) (f)

Figure 4.23: Different reconstructions of the data set in Figure 3.22 on page 89.

error in % mean curvature ( · 10−4) timemethod
max average min max average in sec.

(b) indirect 0.652034 0.103547 −1.951587 1.770751 0.300773 6
(c) E2 0.807107 0.102735 −1.478671 1.578625 0.291950 37
(d) IRLS(1) 0.499620 0.096863 −2.445003 1.829205 0.297460 75
(e) IRLS(2) 0.379449 0.121866 −3.212197 1.707961 0.285877 112
(f) IRLS(3) 0.357732 0.139740 −3.857718 1.641943 0.279558 150

Table 4.8: Comparison of the surfaces in Figure 4.23.
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Figure 4.24: Indirect approximation of the data set in Figure 3.16 on page 86.

Figures 4.21.c, 4.21.d, 4.22.c, and 4.22.d, and the profiles in 4.23.b, and 4.23.c,
the surface obtained by indirect approximation is almost as smooth as the one
computed with the variational approach. Furthermore, Table 4.8 states that it
clearly outranges the classical solution in terms of approximation error. How-
ever, this table also confirms that we can diminish the error of the smooth
approximation significantly by applying the IRLS method from Section 4.3.6
and Figure 4.23 shows that this also improves the shape of the approximation
surface. Taking a closer look at the profile of the nose we observe that the indi-
rect approximation (b) nicely matches the shape of the original nose (a) whereas
the smooth least squares solution (c) features a snub nose. But as we iterate
the smooth approximation process with reweighted least squares, the nose is
straightened out (d–f). Still, the result of the indirect approximation method
is remarkable if we keep in mind that the quadrilateral remesh and the inter-
polating surface can be computed in a few seconds while solving the smooth
approximation problem takes up to several minutes on an SGI Octane with a
400 MHz R12000 processor.
Another example is shown in Figure 4.24 where we interpolated the quadri-

lateral remesh in Figure 3.21 yielding a spline surface with 83 · 51 = 4 233
control points. This example illustrates the rigidity of the tensor product struc-
ture which leads to oscillations along crest lines in the given data that do not
align with the iso-parameter lines of the surface. In order to avoid this effect,
such feature lines need to be detected in advance. Then we can either dissect
the data set into several patches which are reconstructed individually or align
the edges of the remesh and thus the iso-parameter lines of the interpolating
surface to the features.



Conclusion

Das Chaos will anerkannt, will gelebt sein,
ehe es sich in eine neue Ordnung bringen läßt.

Hermann Hesse (1877–1962)

The subject of this dissertation has been a thorough investigation into the pa-
rameterization of triangulations in principle and practice. But this work seems
to be incomplete without a summary of the results and an outlook on possible
future investigations in this field.
In the first part of this thesis several methods for parameterizing triangu-

lations were reviewed and their advantages and disadvantages were discussed
from a theoretical point of view. The most efficient methods can be expressed
in a common framework where every parameter point is an affine combination
of its neighbours and found by solving a sparse linear system. They only differ
in the way how the weights of the affine combinations are chosen and the results
of the applications in the second part of this thesis suggest that the quality of
the parameterization is the higher the more knowledge about the triangulation
enters the computation of these weights.
While uniform weights, for example, only depend on the number of neigh-

bouring vertices, chord length weights also take the distance to these neighbours
into account which improves the parameterization considerably. Both choices
are derived from an edge-based spring model and do not utilize any information
about the triangles of the triangulation. On the one hand this is advantageous,
because the methods thus also apply to the parameterization of point clouds
with connectivity structure as discussed in Chapter 2, but on the other hand,
the resulting parameterizations are rather poor for triangulations, probably be-
cause they lack the ability to reproduce planar triangulations.
In contrast, the computation of harmonic and shape preserving weights re-

quires the neighbouring vertices to be ordered in a triangulation since both
choices depend on triangle information. It is due to this extra knowledge
that the corresponding parameterizations have the reproduction property and
give much better results in the applications than the spring model param-
eterizations. In practice, harmonic and shape preserving parameterizations
are almost identical but the latter are to be preferred as they also guarantee
injectivity.
The only disadvantage of linear methods is that they need the boundary

of the triangulation to be parameterized in advance and it is not always clear
how this is done best. The new concept of most isometric parameterizations
overcomes this drawback and can be used to determine the parameter points
of all vertices in the same manner. But although the computation of MIPS
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can be speeded up considerably by a hierarchical approach it remains a com-
paratively slow method. As the results obtained by using shape preserving
and most isometric parameterization are very similar it is advisable to use
MIPS only if no reasonable parameterization of the boundary can be found
otherwise.
It might be worth noticing that harmonic, shape preserving, and most iso-

metric parameterization all aim at preserving angles at the expense of areas.
And while this concept of conformality in the form of the Mercator projection
safely navigates sailors over the oceans, in the context of parameterizations it
steers the geometric modeller soundly through the seas of applications which
were discussed in the second part of this thesis.
In Chapter 2 a method for triangulating point clouds with patch topology

was reviewed and extended to spherical topology. Both strategies are based on
the fact that the triangulation problem is rather easy to solve in two dimensions
and that the three-dimensional problem is reduced to that simple case by means
of a parameterization of the point cloud. But the triangulations obtained that
way tend to look crinkly and need to be postprocessed, for example with the
newly developed optimization method in Section 2.3 which can generally be
used to optimize triangulations without modifying the vertex positions.
The same concept of reducing the problem’s dimensionality was used in

Chapter 3 to remesh a given triangulation with a subdivision connectivity tri-
angulation. Again, remeshing in two dimensions is quite straightforward and
sufficient to solve the general problem provided that a suitable parameterization
of the triangulation is given. Chapter 3 also treated remeshing with another kind
of regular surfaces, namely quadrilateral meshes which leads to a new indirect
smooth surface approximation scheme.
This method was discussed and compared to the classical variational ap-

proach to smooth surface fitting in Chapter 4 and found to be competitive in
terms of the results but substantially more efficient. In the variational approach
the approximating surface is usually determined by minimizing a weighted com-
bination of some quadratic smoothness functional and a norm quantifying the
approximation error. Normally the least squares norm is used because it leads
to sparse linear systems, while the Chebychev norm which should rather be re-
duced in order to guarantee error tolerances requires to solve a costly quadratic
programming problem. A convenient compromise between both choices is the
concept of IRLS which was successfully adapted to the context of smooth
surface fitting. This method repeatedly solves sparse linear systems and re-
duces the maximum approximation error significantly after a few iterations
only.
While discussing parameterizations of triangulations and their applications,

this thesis mainly focussed on the case of disc-like topology, in other words, sim-
ple triangulations and surface patches with one boundary and no holes, because
more complex topology can always be handled by segmenting and reducing it
to that case. In Section 1.4 such a segmentation strategy was developed for
triangulations and adapted to point clouds in Section 2.2.3. But it remains to
improve that method and to further research on the segmentation problem.



Future Work

I accept chaos,
I’m not sure whether it accepts me.

Bob Dylan ( ∗ 1941)

As the investigations in the applications part indicate that the results are the
better the less distorted or more conformal the parameterization is, it seems
reasonable to consider this observation as a segmentation criterion. A triangu-
lation could, for example, be split into subtriangulations such that the shape
deformation energy of the single parameterizations is below a certain threshold.
Obviously the subtriangulations can be parameterized without distortion if they
consist of one or two triangles only so that it is important to find the proper
balance between number of segments and shape deformation.
Another important issue of segmentation are feature or crest lines along

which a data set should be cut. One way of modifying triangulations so as
to enhance such structures was presented in Section 2.3. However, a robust
strategy to reliably detect feature lines is not available yet. Especially in the
context of smooth surface fitting, segmentation of the given data leads to the
further question of how to join the single surface patches that approximate the
individual subsets of data to give an overall reconstruction surface. While a
non-differentiable joint along a crest line might be realized by trimming two
neighbouring surface patches along the common intersection curve, blending
with a higher order of continuity remains an open and unsolved problem.
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Gött., 6:99–146, 1827.

[53] G. H. Golub and C. F. van Loan. Matrix Computations. The John Hopkins
University Press, Baltimore, Maryland, 1989.

[54] M. Gopi, S. Krishnan, and C. T. Silva. Surface reconstruction based on
lower dimensional localized Delauney triangulation. In Computer Graphics
Forum (EUROGRAPHICS ’00 Proceedings), volume 19, pages 119–130,
2000.

[55] G. Greiner. Surface construction based on variational principles. In P. J.
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gen, 1851.

[112] A. Riepl. Interpolation gestreuter Daten mit krümmungsminimierenden
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