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Abstract

We present a simple algorithm to conformally map between two simple and bounded planar domains based on the concept of
harmonic measure, which is a conformal invariant. With suitable preprocessing, the algorithm is fast enough to compute all
possible conformal maps (having three real degrees of freedom) between the two domains in real time in an interactive system,
which seems to be the first to ‘bring to life’ the classical Riemann mapping theorem in this way. The same method can be used
to conformally parameterize genus-0 manifold 3D surfaces with a boundary over arbitrary simple and bounded planar domains

and interactively adjust the parameterization.
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1. Introduction

According to the (smooth) Riemann mapping theorem [Lan99],
any simply connected bounded domain €, C R? with (piecewise)
smooth boundary may be conformally mapped to any other sim-
ply connected bounded domain 2, C R? with (piecewise) smooth
boundary. Thismap f : ©2; — €2 has three real degrees of freedom,
manifesting in the choice of a correspondence between two interior
points x; € int2; and x, € int$2; and a correspondence between
two boundary points y; € €2, and y, € 92,.

A conformal map has many useful mathematical properties. An
important one is that locally it behaves like a simple similarity trans-
formation and, as such, is convenient to describe as a complex func-
tion. In fact, a conformal map is just a classical holomorphic (or an-
alytic) complex function whose derivative never vanishes in the do-
main.

Planar conformal maps have many important applications in mul-
tiple fields, such as science, engineering, geometry, and art, and they
have been studied extensively by mathematicians. Alas, conformal
maps can be described analytically only for very few canonical do-
mains (e.g., the unit disk), thus we must resort to numerical methods
for almost all other domains, and it turns out to be quite difficult to
compute such a map. Especially challenging is mapping between

domains that are significantly different from each other in shape or
even when the shapes are similar, but the constraints are not. The
distorted maps that result suffer from the crowding phenomenon
[DP93], namely, extremely dense clustering of points on the bound-
ary, making for a numerically sensitive scenario in which it is dif-
ficult to distinguish between the points and, more importantly, their
ordering along the boundary. Consequently, beyond the mathemat-
ical investigations, numerical computation of conformal maps has
been the subject of intense research for the last four decades.

Most of the numerical algorithms to compute conformal maps
have focused on the accuracy of the result, which is important for
engineering applications, thus are typically quite elaborate and em-
ploy sophisticated numerical techniques. The interested reader is re-
ferred to the book by Kythe [Kyt19] for a comprehensive review and
comparison of some of the most popular numerical algorithms. For
other applications, especially interactive ones in computer graphics
and geometry processing, the accuracy of the result is less impor-
tant and the primary goal is speed, namely, being able to compute
the map as quickly as possible, the holy grail being real-time. Our
work addresses this scenario: we describe an extremely efficient nu-
merical algorithm to compute conformal maps between two simple
domains. The key is some preprocessing of the two domains such
that the subsequent computation of the map depending on the three
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Figure 1: Our interactive tool allows the user to explore the space of all conformal maps f : Q) — 2, from a planar cinquefoil fo a maple
leaf by specifying and interactively changing two corresponding interior (green) and two corresponding boundary (magenta) points (left).
It can also be used to compute all conformal parameterizations of the Stanford bunny with boundary (at its base) over an arbitrary planar

domain (here the base itself) in real time (right).

degrees of freedom is very quick and can be done in real time as the
parameters are changed interactively (see Figure 4).

1.1. Related work

There are three main families of numerical methods to approximate
a conformal map of a given planar domain €2, to another planar do-
main €2,. In these approaches, the domain boundary is typically de-
scribed in discrete form as an ordered sequence of points in the plane
(or elements of C), forming a simple polygon oriented counter-
clockwise, essentially a dense sample of the continuous 9€2;. The
objective then becomes to position points on 92, corresponding to
those on 9€2;, defining the conformal map between the boundaries,
which can then be extended into the interiors. The traditional ap-
proach maps an arbitrary simple domain to or from the unit disk
D, bounded by the unit circle, as it is sometimes easier to operate
on the circle than on an arbitrary contour. A map between two ar-
bitrary domains €2; and €2, may then be constructed using D as an
intermediary, namely, computing the conformal maps f; : Q; — D
and f> : Q, — D. The function f = ;' o f; is then the required
one, since the inverse of a conformal map is also conformal, as is
the composition of two conformal maps.

The finite element methods (FEM) represent €2; by small mesh
elements (typically triangles) and minimize a so-called ‘conformal
energy’ for the images of these elements. For example, if 2, is dis-
cretised into a set of small triangles forming a mesh, the confor-
mal energy is a quadratic form on the coordinates of the images
of the mesh vertices, involving the geometric Laplacian matrix of
the mesh [DMAO02, LPRMO02, CG17]. The main challenge then be-
comes setting up the appropriate set of constraints which ensure
that 9€2; maps to 9S2,, the positional constraints f(x;) = x, and
f(y1) =y, are satisfied, and solving the resulting constrained op-
timization problem, which is typically no longer convex [KLY Y21,
TZ22]. A notable advance was made by Dym et al. [DSL19], who
realized that it may be better to use the equilateral triangle as an in-
termediary instead of the disk. The advantage is that the algorithm
to compute a conformal map to the triangle can then be described
as a sparse linear system of equations (essentially minimizing the

Dirichlet energy of the interior discretised in the FEM manner),
making for quite an efficient algorithm.

An alternative to the FEM methods are the boundary element
methods (BEM), where the computation of the conformal map is
done based on the boundaries alone. This is feasible thanks to the
fact that a conformal (and harmonic) map of a bounded domain
is uniquely determined by its boundary map. Indeed, according
to Cauchy’s integral formula [Lan99], any holomorphic function
f: Q2 — C can be expressed as the complex-valued boundary in-
tegral

1
F) = = f(w)

- dw. (1)
27 Jyq w—2

Within the BEM family are many classical iterative methods which
allow the boundary map to evolve over time, converging to the final
conformal map. Each iteration is typically the solution of a differen-
tial equation on the boundary. Well-known examples are the meth-
ods of Fornberg [For80] and Wegmann [Weg86], which map from
an arbitrary contour to the circle. The Zipper algorithm [MRO7] also
belongs to the BEM family.

A third family of methods that similarly focus on the boundary
are Schwarz—Christoffel mappings (see [DT02] and the references
therein), which conformally map in the opposite direction: from the
unit disk (or the upper half-plane) to a domain bounded by an ar-
bitrary simple polygon. They are based on the famous Schwarz—
Christoffel formula and require solving a set of nonlinear equa-
tions for the preimages of the polygon’s vertices. This technique
has led to a variety of sophisticated software packages, including
the SC Toolbox for MATLAB [Dri25].

An efficient way to describe and control planar conformal maps
is provided by Green coordinates [LLCOO08], derived from Green’s
third integral identity or the equivalent Cauchy-Green coordi-
nates [WBCGO9], obtained by discretizing the integral in Equa-
tion (1). Segall and Ben-Chen [SBC16] describe an iterative algo-
rithm, based on Cauchy—Green coordinates, for computing confor-
mal maps between two domains, However, their Achilles heel is the
inevitable crowding, which also causes the solution, in the case of
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significant distortion, to be very noisy and to tangle (i.e., not neces-
sarily respect the correct ordering of the points along the boundary),
which is fatal.

Conformal maps originate in the planar setting, but the Riemann
mapping theorem extends also to arbitrary Riemann surfaces, in-
cluding 2-manifolds embedded in the ambient R, This can be ap-
plied to the important problem of 3D mesh parameterization, where
the 3D surface is to be conformally mapped to a planar domain. The
seminal (and equivalent) algorithms by Lévy et al. [LPRMO02] and
Desbrun et al. [DMAO02] compute an approximate conformal pa-
rameterization of a 3D mesh by solving a sparse linear system akin
to that based on Dirichlet energy in the 2D FEM scenario, but apart
from interpolation constraints at two boundary points, which essen-
tially fix the global translation, rotation, and uniform scaling of the
mapping, the user cannot control the shape of the planar parameter
domain. The same is true for an improved variant of this approach
[MTADO8], as well as for nonlinear, angle-based parameterization
[SdS01, SLMBO5] and its linearized version [ZLS07].

More boundary shape control can be achieved by conformal pa-
rameterization methods based on circle patterns [KSS06] or discrete
conformal equivalence [SSPOS]. They allow to specify metric data
(lengths or angles) at the boundary, but involve nonlinear optimiza-
tion. A similar approach, which allows to specify length or curvature
density along the boundary, was described by Weber and Gotsman
[WG10] and more recently by Sawhney and Crane [SC18]. The lat-
ter boundary first flattening (BFF) method comes with the advan-
tage of involving only sparse linear systems and provides sophis-
ticated interactive control over the shape of the parameter domain.
However, parameterization over an arbitrary given target shape still
requires an iterative procedure, akin to the method of Segall and
Ben-Chen [SBC16].

1.2. A simple interactive tool

A simple design for an interactive tool to explore all conformal maps
between two planar domains goes back to the idea of using the unit
disk as an intermediate domain (see Figure 2). We first compute
two arbitrary conformal maps g; : 2; - Dand g, : 2, > Dina
preprocessing step. During the online session, finding the conformal
map f : Q; — €2, with constraints f(x;) = x, and f(y;) = y, then
essentially boils down to computing the images a; = g;(x;) and b; =
gi(y:), i = 1,2 of the constraints under the precomputed maps, and
then defining f as f = g,' 0 ;' 0 ¢ 0 g1, where

(a; —2)(1 —a;b;)

Y= @ b —an)

is the Mobius transformation, expressed in complex number form,
of the unit disk to itself that maps ag; to 0 and b; to 1. It is now easy
to see that the desired constraints on f are satisfied.

While theoretically sound, this approach can suffer from signif-
icant numerical issues when implemented, due to the inevitable
crowding incurred in g; and g,. Consider, for example, the V-shaped
domain €2 in Figure 3, designed such that the exact conformal map
of Q to the unit disk D is g = hy o h,, where

Iy () = tanh(u ar:tanh(r))’ o) = i(l B m)’
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Figure 2: Given the precomputed conformal maps g, and g, of 2,
and 2, to the disk D, the specific conformal map from Q to 2,
that maps x, and y, to x, and y, can be defined, after computing
the images of the constraints under g, and g, and determining the
Mobius transformations that further map them to 0 and 1, as f =

&' opylopiog.
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Figure 3: The precomputed conformal map g from a V-shaped do-
main 2 to the unit disk D can exhibit crowding so severe that the
image a = g(x) of the interior constraint x lies on the boundary of
D in double precision arithmetic, making it impossible to apply a
Mobius transformation.

and r is the constant 1 — =27 Suppose that we have somehow
been able to precompute some conformal g, which happens to map
z=—itoc=gkz)=0andy =1+itob = g(y) = 1, numerically.
If the user now chooses, for example, x = 0.96 + 0.8432i as the in-
terior and y as the boundary constraint, then the method described
above will fail. This is because the image a = g(x) of x is so close
to the boundary of D that it equals » = 1 in double precision and the
subsequent Mobius transformation ¢ that is supposed to map a to 0
is not well-defined. We will revisit this example in Section 5.2. Note
that similar problems can occur for any other precomputed con-
formal map g and that even CRDT [DV98], a Schwarz—Christoffel
method specifically developed to deal with extreme crowding, can-
not prevent it. We conclude that using ID as an intermediate domain,
coupled with the Mobius transformation, leads to significant numer-
ical risks and it is better to map directly between domains. This is
our approach.
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Figure 4: Overview of our interactive tool. Preprocessing: (a) user loads two shape boundaries 32; (i = 1, 2); (b) uniformly sample 0<;,
create Delaunay meshes M;, and compute and store harmonic coordinates ®; of all mesh vertices. Online: (c) for a pair of interactively chosen
interior points x; (green) and boundary points y; (magenta), use ®; to approximate the Poisson kernel P; of Q; at x;; (d) starting at y;, integrate
P; to obtain the harmonic measure w; of x;; (e) match harmonic measures by computing the reparameterisation r = w," o wy; (f) use r to
construct f, which conformally maps the boundary vertices vi of M, to dM»; (g) use @, to extend f to a conformal map f of all the interior

vertices of M.

1.3. Contribution and overview

Our conformal mapping algorithm belongs to the BEM family and
overcomes the crowding problem to the extent possible by avoiding
using any intermediate domain. Instead, we map the boundary of the
source domain €2, directly to the boundary of the target domain €2,.
This mapping is then extended from the boundary to the interior.

Our method uses the concept of harmonic measure, exploiting the
fact that it is a conformal invariant. The key mechanism is an effi-
cient algorithm to ‘match’ the harmonic measure along the source
and target boundaries, resulting in a conformal map f : 9Q; — 9,
which can be extended to a conformal f : Q; — ;. The result is
fast enough to ‘bring to life’ the Riemann mapping theorem in an
interactive system.

After reviewing the definition of harmonic measure and its rela-
tion to the Poisson kernel (Section 2), we reformulate both in the
parametric setting and explain how they can be used to find the
unique conformal map f : Q; — €, that satisfies a user-specified
correspondence between two interior and two boundary points (Sec-
tion 2.1). To compute f numerically, we suggest approximating
the parametric Poisson kernel at any interior point with a piece-
wise linear function and its parametric harmonic measure with a
piecewise quadratic function (Section 3.1). We then approximate
the boundary map f by matching the harmonic measures of the
corresponding interior points and extend it to an approximation of
f (Section 3.2). Overall, this strategy (see Figure 4) leads to the
first real-time tool (Section 4) for interactively exploring the space
of all conformal maps between two given domains (see Figure 1,
left). A straightforward extension of our tool (Section 4.3) can be
used to compute all conformal parameterizations of a 3D mesh with
boundary over an arbitrary domain (see Figure 1, right) in real time.
Results and comparisons to the state of the art are provided in
Section 5.

2. Background

Given a simply connected compact domain  C R? with smooth
boundary, the Poisson kernel of 2 is the unique positive bivariate
function Pq, : int Q2 x 32 — R, such that

hx) = / Pa(x, y) h(y) dy ?)
Q2

for any harmonic function 4 : Q@ — R (i.e., Ah(x) = 0) and any in-
terior point x € int 2. Since constant and linear functions are har-
monic, it follows that

/ Po(x,y)dy =1, / Po(x,y)ydy = x, 3
Q2 Q2

hence the Poisson kernel has unit measure and reproduces lin-
ear functions.

For any boundary segment Y C 9S2, the harmonic measure of Y
at x € int Q with respect to 2 is defined as [Kral6]

wo(x,Y) = hy(x),

where Ay is the harmonic function with boundary values h(y) = 1
fory € Y and h(y) =0 for y € 92\ Y. It then follows from Equa-
tion (2) that the harmonic measure can be expressed as the integral
of the Poisson kernel over the segment,

wo(x,Y) = /Pg(x, y)dy.
Y

Alternatively, and equivalently, harmonic measure can be defined as
the probability that a random walk starting at x exits the interior of
2 at some point y € Y [Kak44].
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Figure 5: If the conformal map f : Q) — Q, with f(x;) = x, and
f(1) = y2 maps the boundary segment p,([0,t]) C 02 to the
boundary segment p,([0,1,]) C 0Q,, then w, (1)) = w,,(t2) and
vice versa.

An important property of harmonic measure is that it is a confor-
mal invariant [Kral6]. If f : Q; — €2, is a conformal map, then

wg, (X, Y) = we, (f(0), f(¥))

for any x € int 2, and any Y C 90€;.

2.1. Parametric setting

Fixing some boundary point y € 92 and denoting by ¢ the length
of 092, let p: [0, £] — 902 be the (counter-clockwise) arc length
parameterization (i.e., |p'(t)|| = 1) of the domain boundary with
p(0) = p(€) = y. We then define the parametric Poisson kernel at
x € int 2 as the positive function P, : [0, {] — R with

Pi(t) = Pa(x, p(t))

and the parametric harmonic measure relative to x as the non-
negative and monotonically increasing function w, : [0, £] > R
with

wx(t)=wsz(x,19([0,t]))=/ Pi(s)ds. @
0

In this parametric setting, the conformal invariance of harmonic
measure implies that if f : Q; — €, is the conformal map which
maps the fixed boundary point y; € 9, to y, = f(y;) € 92, and
some x; € int Q2 tox, = f(x;) € int 2,, then

wy, (1) = 0y, (12) (&)

forany#, € [0, ¢,], where t, is the arc length parameter of the image
of pi(#;) under f, thatis, f(p,(t,)) = p.(t2); see Figure 5. In other
words, if 7 : [0, £;] — [0, £,] denotes the reparameterisation of p,
induced by the image of p; under f, that is, f o p; = p, or, then
Wy = Wy, OT.

Conversely, given the harmonic measure functions w,, and w;,
for some x; € int 2, and x, € int 2,, we can find the confor-
mal map f with f(x;) =x, and f(y;) =y, in two steps. We
first use the harmonic measures to determine the boundary map
fopi=pro a);' o w,,. We then take advantage of the fact that
both components of a conformal map are harmonic. Therefore, f

can be expressed, using the parametric analogue of Equation (2), as

4
f(x)=/ P(0)f(pi(1))dr. (6)
0

Alternatively, we can use the parametric version of Cauchy’s
integral formula Equation (1) to write f in complex number
formulation as

L[ f®)

f@)=—

=mi) ;o _Zpl(t)dt. @)

3. Theory

The first step towards handling conformal maps numerically con-
sists of sampling the boundary of a given smooth domain €2 at m pa-
rameters 0 < s; < --- < s, < £ and approximating €2 by the poly-

gon Q = [vy,...,v,] with (boundary) vertices v, = p(s;) € 3.
In a second step, we discretize €2 by generating n interior vertices
Uptls - -+ » Upgn € INt  and computing the (boundary-conforming)

Delaunay triangulation of all vertices, resulting in a planar triangle
mesh M with m + n vertices and boundary 3<2.

3.1. Approximating Poisson kernel and harmonic measure

In order to approximate the Poisson kernel and the harmonic mea-
sure of €2, we first compute the m harmonic coordinates [JMD*07]
¢ = (i1, - .., i) of each vertex v; of M (see Appendix A). Har-
monic coordinates approximate the Poisson kernel P, in the sense
that they are positive and provide a discrete analogue of the proper-
ties in Equation (3),

m m
Z¢ik =1, Z¢ikvk =v;
=1 =1

fori=1,...,m+ n, and in Equation (2),

m

h(v) = ih(vy), ®)

k=1

but instead of this discrete, pointwise approximation, we need a con-
tinuous approximation of the parametric Poisson kernel.

To this end, let #; be the arc length parameter of the boundary ver-
tex v, k=1,...,m,and let £ be the length of 3<2. For every mesh
vertex v;, we then derive from its harmonic coordinates ¢; the values
Wi = (Y, - - ., Yim) of a piecewise linear function B,, : [0, £] — R
with PU,. (tx) = Yy, which approximates 13U,, (see Appendix B). We
apply linear interpolation to extend this construction to other do-
main points. If x is a point inside the triangle [v;, v;, v¢] of M with
barycentric coordinates (¢, o, 7), thatis, x = gv; + ov; + Tvy, then
the harmonic coordinates of x are

O =00 +od;+ 1P 9
and the parametric Poisson kernel at x is approximated by
15,C = QPU’. + O'ij + 1'13%,
the piecewise linear function over [0, £] with P.(z;) = v s, where

Yo=0oVi+ovy;+ . (10)
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its integral @, provides a very good approximation of the exact har-
monic measure w,. Note that the graphs of P, and @&, (and also ¢,)
are stretched slightly by the factor 27 /¢ in the horizontal direc-
tion, to allow for a better comparison to the graphs of P, and w,
in Figure 6.

3.2. Approximating conformal maps

Given two domains €2, and €2,, we can now approximate the confor-
mal map f : Q; — €, with the boundary point constraint f(y;) =
v, and the interior point constraint f(x;) = x, as follows.

We first discretize €2 by a mesh M| with m + n vertices v; := vy ;
and €2, by a mesh M, with m' + n’ vertices v; := v,; and assume
without loss of generality that the boundary point constraint requires
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Figure 6: Exact (blue) and approximate (black) Poisson kernel
(P, P.) and harmonic measure (v _, &) for x = (0.6, 0.2) (green)
inside the unit disk D, derived from the harmonic coordinates ¢, of x,
using a mesh M with m = 25 (top), m = 50 (middle), and m = 100
(bottom) boundary and n = 50, 273, 1152 interior vertices, respec-
tively. The first boundary vertex is (1,0) (magenta).

By construction, P, is positive for any x € int Q and satisfies

7 7
/ P()dr =1, / B.(t) p(r)dr ~ x,
0 0

the parametric analogue of Equation (3), at least in an approxi-
mate sense.

Following Equation (4), we finally approximate the harmonic
measure , by the piecewise quadratic function @, : [0, 1> R
with

o.(t) = / P.(s)ds, (1D
0

which is non-negative and monotonically increasing, because P, is
positive. Expressing ¢ € [0, £]ast = (1 — A)t, + Af,, forsome A €
[0, 1] and some k € {1, ..., m}, we find that
k—1
~ I;Z’x. i+ ‘//x. j+1 )‘(2 - )")wx,k + )‘zwx,k+l
wx(t):Zej ! 2 T 4o 2 .

12)

Jj=1

Figure 6 shows an example where 2 is the unit disk D. Using the
arc length parameterization of the unit circle, starting aty = (1, 0),

p:[0,2r] - 9, p(t) = (cost, sint),

the exact parametric Poisson kernel and the exact parametric har-
monic measure for x € int Q are known to be [Kral6]
L 1= x?

P(t) = o

' 200 — 1
2 lp(t) — x|’ a

(£ )
wy(t) e

where 0(¢) € [0, 2] is the angle between p(0) — x and p(t) — x.
While the approximating Poisson kernel P, tends to ‘zig-zag’ around
the exact Poisson kernel P, especially for low-resolution meshes,

f to map the first boundary vertex of M, to the first boundary vertex
of M, that is, y; = v, and y, = v}, and that x, and x;, are points in-
side some triangles of M, and M,, so that we can compute the values
V¥ =¥, and ¥ := 9, ,, of the piecewise linear approximations
of the Poisson kernels at x; and x, as in Equation (10).

Next, we generate the approximate images of the other boundary
vertices of M, under f by exploiting the fact that harmonic measure
is conformally invariant. Using the approximate parametric har-
monic measures @; := @y, and &, := @y, relative to x; in €, and
to x, in §2,, we approximate the reparameterisation » = a);z' o wy, by
the piecewise linear function 7 : [0, 7,1 = [0, &) with 7(ty) = ry for
k=1,...,m+ 1, where r, is the unique parameter that satisfies

@1(tx) = @2(re).

Clearly, r, =0 and 7,4+ = Z,. To find the remaining parame-

ters ra, ..., 1, that match the parameters t,, ..., t,, we use Equa-
tion (12) to compute A, = @; () as

A=0, A=At BT
and likewise, B; = @»(t)) as

! + ’

Bl Z=0, B[+1=B[+€;%, l=1,...,m’.
We further conclude from Equation (12) that r, = (1 — A)t; + At |,
where [ € {1, ..., m'} is the unique index such that

B; < Ay < By
and
s A =0,
sign(A)/E2 +2u +pn — &, A#0,
where
] , Ay — B Y
A=y, — Y, =, §=—.
I+1 1 B — B A

This matching algorithm is the core component of our interactive
tool (see Section 4). Using 7 and the arc length parameterization p,
of 3$2,, we define

wi = po(F(t) = pa(r) = (1 = v + Avyy s 13)
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Figure 7: Approximations f and f (right) of the conformal Mébius map f: 1D — D (left), which maps x; = (0.6, 0.2) (green) to x, =
(0, —=0.5) (yellow) and y, = (1, 0) to y, = (1, 0) (magenta), using meshes M, = M, with m = 25 (top), m = 50 (middle), and m = 100 (bot-
tom) boundary vertices (cf. Figure 6). Both approximations are based on the approximations (black) of the exact (blue) boundary vertex images
(wy, ), using harmonic and Cauchy—Green coordinates, respectively. The points wy are computed with the piecewise linear approxima-
tion (black) of the exact (blue) reparameterisation (7, ), which in turn is determined by matching the approximate harmonic measure (grey) at
x1 with the reparameterised approximate harmonic measure (black) at x, (<, @, o 7). Note that f reproduces the boundary mapping, whereas

f does not necessarily do so.

which approximates f(v,) = f(p1(#)) for k =1, ..., m, because
fopir=prof.

Finally, we recall that f on the interior can be expressed using
the Poisson kernel Equation (6) and thus can be approximated us-

ing harmonic coordinates Equation (8). Consequently, we define the
approximation f : Q; — R? of f as

m

Foy =" peswn, (14)
k=1

where ¢, are the harmonic coordinates of x in Equation (9).

Alternatively, we may use Cauchy’s integral formula Equation (7)
and approximate f with the complex function f : @, — C,

f@ =) n@uw, (15)
k=1
where
1 Vi1 — 2 Vi1 — 2 V-1 — 2 Vp — 2
(@) = — log - log
271\ Vg1 — Uk Uy — 2 Vg — VUp—1 V-1 — 2
for k =1, ..., m are the Cauchy—Green coordinates of z with re-

spect to €2, [WBCG09].

Figure 7 shows an example where we use our approach to approx-
imate the conformal map f from the unit disk D to itself that satisfies
the boundary constraint f(1,0) = (1, 0) and the interior constraint
f(0.6,0.2) = (0, —0.5). This is a Mobius transformation and can

be written using complex numbers as

1 — 5i + 6iz

Ry

To visualize f and its approximations, we use the uniform polar
grid G with grid points g = T]o exp(§2ni) eCforj=0,...,9
and k =0, ..., 23 and consider the Mobius transformations
3+i4+ (3 —4i)z
8@ =—F—"F7"—"F—".
54+ (1 —=3i)z

which both map (1,0) to y; =y, = (1, 0) and the origin (0,0) to
x1 = (0.6,0.2) and x, = (0, —0.5), respectively. Applying g, and g,
to G gives the conformal grids G| = g,(G) and G, = g,(G), which
are centred at x; and x,, respectively. Since f = g, o g(l, it follows
that f(G,) = G, (see Figure 7, left), and we can appreciate the ap-
proximation quality of 7 and f by comparing f(G,) and f(G,) with
G, (see Figure 7, right). Note that we did not include the unit circle
in the polar grid G, because f and f are only defined over &, which
is inscribed in the unit circle. Instead, we show f(3€2;) and f 02),
which approximate f(9€2;), that is, the unit circle, as dashed curves.
Figure 7 confirms that conformal maps are very sensitive to noise:
although @, (cf. Figure 6) and @, approximate the exact harmonic
measures w; and w, very well, even for low-resolution meshes, and
thus lead to a very good approximation 7 of the exact reparameter-
isation r, the error is amplified significantly when we use 7 to ap-
proximate the boundary vertex images f(v;) with wy, because the
derivative of r is large near the origin. However, since all errors seem
to be on the order of O(1/4/m), according to our experiments (see
Figure 15), they decrease rather quickly as the number of boundary
vertices increases.

=51+ (6 + 8i)z

T T
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Table 1: Preprocessing times (in seconds) of our method for triangulating Q2 and determining the values V of the piecewise linear approximations of the
Poisson kernels at all mesh vertices and of the other methods for computing a conformal map from 2 to D.

our method

m n N triangulation compute W BFF zipper SC Toolbox
gingerbread man 500 13620 27738 0.005 0.119 0.165 0.342 ~180
heart 1000 90181 181360 0.048 1.633 0.835 1.047 ~1800
blob 1000 97649 196296 0.043 1.731 0.888 1.064 ~2400
cinquefoil 1000 101985 204968 0.044 1.843 0.946 1.063 ~1700
V-shape 2000 62668 127334 0.028 2.119 0.598 4.242 ~9600
maple leaf 3200 344911 693020 0.145 33.22 3.300 10.04 —
4. Practice These preprocessing tasks have to be carried out for both the

To turn the considerations from Section 3 into an interactive tool,
which allows the user to explore the space of conformal maps from
a source domain €2 to a target domain €2,, we exploit the fact that
all compute-intensive tasks can be dealt with in a preprocessing step,
while the computational effort during the exploration phase is min-
imal. We implemented this tool in C++ on a MacBook Air with an
Apple M3 (8 cores) processor and 24 GB RAM. The pseudocode
can be found in Appendix C.

4.1. Preprocessing

In our tool, we assume the boundary of a domain 2 to be given in
terms of the vertices of a (possibly dense) polygon. After loading
the data, we uniformly resample this polygon with the desired num-
ber (m) of boundary vertices, providing the user with the option to
include the given vertices as samples, so that actual corners of the
domain are reproduced. Moreover, the user loads a texture image /
associated with the source mesh, whose image under the conformal
map will be shown on the target side.

We use Triangle [She96] to create a conforming Delaunay tri-
angulation of the resampled boundary with no additional boundary
points, no angles smaller than 20°, and a user-specific maximal tri-
angle area A, which is set to #%/2 by default, where £ is the av-
erage boundary edge length. The resulting mesh M has n € O(m?)
interior vertices and N = m + 2n — 2 € O(m?) triangles, and it is
typically generated in O(n log n) time.

We then recall that the harmonic coordinates of the bound-
ary vertices ¥ = (vy, ..., v,) are given by & = ], and determine
the harmonic coordinates & of the interior mesh vertices 9 =
(Ums1s « - - s Umsn) by solving Equation (A.1). To this end, we use
CHOLMOD [CDHRO08] to compute and store the sparse Cholesky
factorization of the sparse, symmetric, positive-definite matrix £ in
approximately O(n'?) time, followed by back-substitution for each
of the m columns of . Since CHOLMOD generates Cholesky fac-
tors with O(nlogn) non-zero elements, the latter has a time com-
plexity of O(mnlogn). Moreover, we compute and store W, the
values of the approximate Poisson kernels, by appropriately scal-
ing the columns of &, which can then be deleted, and (option-
ally) compute and store the Cauchy—Green coordinates for all v;
in a matrix I' € C”+>*" with T, = y(v;), which can be done in
O(mn) = O(n'?) time.

source and the target domain and must be repeated for either, if the
user changes m or A, for that domain. For concrete timings, we
refer to Section 5.2 and Table 1.

4.2. Online

During the exploration phase, the user can move the interior con-
straint point x to any position inside the polygon defined by the
boundary vertices of M, while keeping track of the triangle 7' of
M that contains x as well as the barycentric coordinates of x with re-
spect to T'. Likewise, the boundary constraint point y can be moved
along the boundary to any boundary vertex of M.

Whenever there is a change of either a source or target constraint
point, we update the conformal map from source to target by first
computing ¥ and ¥ as in Equation (10) and then using the matching
algorithm from Section 3.2 to find the images of the source bound-
ary vertices w = (wy, ..., w,) as in Equation (13). Note that the
matching algorithm runs in O(m) time with just one pass through the
sequences (Aj,...,A,) and (B, ..., B,/), because they are both
strictly increasing. We then find the images w = (W, @) of all ver-
tices either by keeping @ and determining @ = f(9) = &, us-
ing the precomputed Cholesky factors of L to solve Lib = —L in
O(nlogn) time or by letting w = f (v) = I'w (which overwrites w),
following Equation (15) and using the precomputed Cauchy—Green
coordinates in O(mn) time. To visualize the image of I under f or
f, we finally render the source mesh M; with the mapped vertices
w and texture coordinates v on the target side.

Besides this forward mapping, our tool can also use backward
mapping to show the conformal image of /. In this setting, we re-
verse the roles of M, and M,, compute the approximation of the
constrained conformal map from €2, to €, and render M, with its
vertices v’ using the mapped vertices w’ as texture coordinates.

Our tool runs with at least 25 frames per second (fps) on our plat-
form, if both meshes have up to N = 400K triangles. Again, we
refer to Section 5.2 and Table 2 for concrete timings.

4.3. Conformal parameterizations

The concept of harmonic measure and the fact that it is a confor-
mal invariant both carry over to manifolds with smooth boundaries
in R”, in particular to genus-0 manifold surfaces with a boundary
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Table 2: Processing times (in milliseconds) of our method for updating the
conformally mapped target mesh whenever the user changes a source or
target constraint.

update v or ¥" + matching compute f(v)
Figure 11 0.059 0.833
Figure 12 0.344 3.462
Figure 13 0.383 22.82

in R3. As the uniformization theorem [Abi81] guarantees the exis-
tence of a conformal map from such a surface to the unit disk and
it is possible to map the unit disk conformally to any other simply
connected planar domain, it follows that our framework can also be
used to approximate all conformal parameterizations of a 3D trian-
gle mesh with boundary over a given simply connected planar do-
main.

To compute and visualize these parameterizations with our tool,
we let the parameter domain be M, load the triangle mesh as M,,
and use backward mapping with harmonic coordinates to map the
texture associated with M, onto the 3D mesh. Note that harmonic
coordinates depend only on angles and areas, hence carry over to
the 3D setting, but that it is not possible to use Cauchy—Green co-
ordinates in this case.

5. Examples
5.1. Conformal maps

Figure 8 shows the four different options that our tool offers for
approximating a constrained conformal map. Forward mapping the
source mesh to the target domain can exhibit ‘undercuts’ in regions
near the target boundary where the source boundary vertices are
spread far apart by the conformal boundary map. In contrast, the

forward mapping
harmonic

Cauchy—-Green

target domain is always perfectly covered by definition if backward
mapping is used. Of course, backward mapping does not avoid un-
dercuts, but since they affect the texture instead of the geometry,
they are less evident. Both mappings can be carried out in two dif-
ferent ways. While mapping with harmonic coordinates interpolates
the boundary by construction, mapping with Cauchy—Green coordi-
nates does not and may cause the mapped boundary to ‘shrink’ or
‘bulge’. The advantage of Cauchy—Green coordinates is that they
provide a smooth conformal map, while maps based on harmonic
coordinates are piecewise linear by construction, but this advantage
does not manifest itself in our setting, since we map only the vertices
of the mesh and then let the graphics hardware interpolate the tex-
ture linearly over each triangle. Overall, based on our experiments,
we found that backward mapping with harmonic coordinates gives
the best visual results and recommend using this option. However,
Figure 8 also shows that differences between the mapping meth-
ods are noticeable only at low-resolution, but not at high resolu-
tion, since they all seem to converge to the exact conformal map in
the limit.

This convergence behaviour is illustrated in Figure 9 for the case
of the approximate conformal map with harmonic coordinates f
from the maple leaf (M,) to the cinquefoil domain (M;). For each
triangle T of M, we color-coded T and its image f(T') by the quasi-
conformal error Q = o, /0,, where o, 0, are the singular values of
the linear map from T to f(T). As the resolution increases, the re-
gions with big conformal errors shrink and concentrate at the bound-
ary points corresponding to local curvature extrema, and the area-
weighted average error Q,,, approaches the optimal value of 1. Our
experiments suggest that Q,,, = 1 + O(1/m), but it remains future
work to prove this. The results of a second numerical convergence
test can be found in Section 5.2 and Figure 15.

More examples of our tool’s capabilities to create and interac-
tively explore conformal maps between two arbitrary planar do-
mains can be seen in Figure 10 and the supplementary video.

backward mapping

harmonic Cauchy—-Green

S

N
5
i

LRSS

Figure 8: The four different options (forward or backward mapping with harmonic or Cauchy—Green coordinates) for approximating a
constrained conformal map from the hand fo the blob domain with our tool give notably different results (top), if low-resolution meshes (hand:
my = 300, Ny, = 4346; blob: m, = 200, N, = 7788) are used, but these differences disappear (bottom) at higher resolution (hand: m; = 1800,

N, = 158512, blob: m, = 1200, N, = 282304).
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my =200, N| = 2784 my =400, Ny = 11052

Quve = 1.2173 Quve = 1.0999

my = 800, N; = 43852

Qavg = 1.0456

Q. Chang et al. / Real-Time Conformal Maps and Parameterizations

my = 1600, N; = 174258 my = 3200, Ny = 693020

Quave = 1.0120

Figure 9: Our approximate conformal maps (here with harmonic coordinates from the maple leaf to the cinquefoil domain with the constraints
used in the leftmost example in Figure 1) seem to converge to an exact conformal map (Qa., = 1) as the resolution of the source mesh increases,
while the resolution of the target mesh (m, = 1000, N, = 204968) remains fixed.

Figure 10: With our tool, we can conformally reshape a gingerbread man into a disk, a square, a heart, and, somewhat non-conformingly,

into a roasted turkey.

5.2. Comparison

To compare our conformal mapping algorithm with the state of the
art, which map domains to the unit disk D, we follow the standard
approach outlined in Section 1.2.

During the preprocessing stage, we uniformly resample the
boundary of a domain €2 (like in our tool) and generate some con-
formal map g from €2 to D. In the case of SC Toolbox [Dri25] and
Zipper [MRO7], we compute the one that maps a manually chosen
point (approximating the Fréchet mean) to the origin. In the case
of BFF [SC18], we use the ‘flatten to disk’ option (with the default
value of 10 iterations), which does not provide any further control
over the result, and we normalized the boundary vertices, since they
are not guaranteed to be exactly on the unit circle.

During the exploration phase, we first find the images a and b of
the interactively chosen constraints x and y under g. While the SC
Toolbox provides the function evalinv for this purpose, we use har-

monic coordinates (w.r.t. the same triangulation that we use in our
tool) for Zipper and BFE. We then apply the Mobius transformation
¢ that maps a to 0 and b to 1 to all boundary points.

Once this has been done for both the source boundary vertices
Vi, ..., U, and the target boundary vertices v{, ..., v/, it remains
to match the mapped boundary points. To this end, we express
the latter in terms of their polar angles «; and g, find, for each
ke {l,...,m}, the unique index / € {1,...,m'} and the unique
value A € [0, 1), suchthatoy = (1 — A)B; + AB;41, and define wy, =
(1 —2)v; + Avy,,. This procedure is not only very similar to our
matching algorithm, but actually mathematically equivalent, be-
cause the parametric harmonic measure of the unit disk’s centre is
just wo(t) = t/(2m), that is, the polar angle, divided by the size of
its range.

Finally, we extend the conformal boundary map to the interior us-
ing harmonic coordinates, just as we do in our tool. Figure 11 shows
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Figure 11: Approximate conformal maps and corresponding reparameterisations from the gingerbread man domain (m, = 500, N, = 27738)
to the heart domain (m, = 1000, N, = 181360) with the constraints shown in Figure 4(b).
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Figure 12: Approximate conformal maps and corresponding reparameterisations from the V-shape domain (m; = 2000, N, = 127334) to
the blob domain (my = 1000, N, = 196296). The source constraints are identical to those in Figure 3.

the results for an example where the source domain was discretised
with a low-resolution mesh. All methods give nearly identical re-
sults (see, e.g., region 2), except for some minor visible differences
in the marked region 1. The reparameterisation plot, which shows
the accumulated arc length at the mapped boundary vertices wy over
the accumulated arc length at the boundary vertices vy, confirms that
the BFF mapping traces out the target boundary slower than the oth-
ers in this region, while the Zipper mapping is a little bit ahead of
our mapping and the one obtained by SC Toolbox. Overall, it is hard
to say which mapping is closest to the ground truth, but they all are
very reasonable approximations.

The example in Figure 12 goes back to the crowding problem
described in Section 1.2 and Figure 3. In addition to knowing the
exact conformal map from the V-shape domain to D, we know that

472 + 47+ 1 n 50
40 12722 + 257+ 25

3-5i (1LY (2 (202 =45 4 36i
6 10° 2 J 30

is the exact ‘ground truth’ conformal map from the unit disk to the
blob domain. Hence, we can compare the approximate conformal
maps from the different approaches with the ground truth. While
our result is visually identical to the latter, all other methods suf-
fer from the numerical issues mentioned in Section 1.2. On the one
hand, the image a; of the interior source constraint x; under the pre-
computed map g is incorrect and too far from dID. While this can be
seen as an advantage, since it at least leads to a well-defined Mobius
transform ¢,, even tiny inaccuracies in a; magnify due to the ex-
treme crowding, and the final image f(x,) (yellow dot) is far from
X, (green dot). On the other hand, g maps several source boundary

g'@ =

points to the same position on dID, hence their final images on 9£2,
are identical, too, which is confirmed by the vertical ‘jumps’ in the
reparameterisation plot.

Figure 13 shows the results for two domains that were discretised
with high resolution meshes. While the Zipper mapping is basically
identical to ours (see Figure 9, right), the BFF mapping is visually
different and tends to trace out the boundary slower than ours. It is
also the one with the highest area-weighted average error Q,,,. We
do not show the SC Toolbox mapping, because SC Toolbox did not
manage to generate a conformal map for the Maple leaf domain with
3200 boundary vertices in reasonable time (less than 12 h).

Table 1 lists the CPU time needed by the different methods for
preprocessing the six domains used in the previous three examples.
BFF turns out to be the fastest algorithm for computing an approx-
imate conformal map to D. It scales similarly to our method with
n, which is not surprising, because it is also based on the classical
FEM discretization of the Laplace equation and uses CHOLMOD
for solving the corresponding linear system, but our runtime addi-
tionally depends (linearly) on m, because we have to solve this sys-
tem for each of the m harmonic coordinates. Note that the time for
computing W for the maple leaf mesh is larger than suggested by
the asymptotic runtime, because the matrices L, its Cholesky fac-
tors, and W are so big that they (slightly) exceed the available RAM,
and so our machine started using virtual (disk) memory. The Zipper
algorithm is also very fast, with the advantage of having an O(m?)
runtime that does not depend on n. However, it only generates a
conformal boundary map and additional time would have to be spent
for preparing the precomputed result, such that the interior user con-
straint can quickly be mapped to the unit disk during the exploration
phase. The SC Toolbox is by far the slowest, which can only be
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Quvg = 1.0121
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f’/

reparameterization

Quave = 1.0182

Figure 13: Approximate conformal maps and corresponding reparameterisations from the maple leaf domain (m; = 3200, N; = 693020)
to the cinquefoil domain (m, = 1000, N, = 204968) with the constraints used in the leftmost example in Figure 1. Compare to the results

obtained by our method in the rightmost column of Figure 9.
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Figure 14: Constrained conformal maps from the hemisphere mesh (m = 900, N = 4800) to L-shaped domains. The leftmost example re-
produces the result that BFF [SC18] delivers when asked to map the hemisphere to a polygonal domain with six right-angled corners (five

convex, one concave).

partially attributed to the fact that the timings are based on MAT-
LAB code, while we used compiled C++ code for the other meth-
ods.

Our method does not offer the fastest preprocessing, but we be-
lieve that this disadvantage is compensated for by the fact that it is
the only method that can handle situations like the one in Figure 12.
Note that Zipper (but not SC Toolbox) gives similarly accurate
results, if it is used to compute the conformal maps f; = ¢; 0 g;
(i = 1, 2) that directly map x; to O and y; to 1, but according to the
timings in Table 1, this is too slow for an interactive application.
Moreover, Figure 15 shows that even in this setting, Zipper’s bound-
ary map, in contrast to ours, does not seem to converge to the ground
truth. The plots show the maximum and the average distance

~ 1 & ~
Emax = max ”f(vk) - f(vk)llv Emean = - § ”f(vk) - f(vk)”
m

k=1,....m
k=1

between the images of the m boundary points of the V-shape domain
under the exact conformal map f and the approximate conformal
maps f generated by Zipper and our tool, for increasing m.

Table 2 reports the CPU times during the exploration phase of
our tool for the three examples above. We observe that updating the
Poisson kernel at x; or x, by finding the triangle that contains x; or
X, (the so-called ‘point location’ problem), computing ¥ or v as
in Equation (10), and executing the matching algorithm comes at a
negligible cost. Although we did not implement the equivalent step
(computing a; = g;(x;) and b; = g;(y;), applying ¢; to the boundary
points and matching them) for the other methods, we can safely as-
sume that it would be similarly fast. The bottleneck is clearly the ex-
tension of the boundary map to the interior, but any other tool would

Ennax Emnean
o o
0.03 0034 e, T PP
0.02 == 0.02 ---0(1/v/m)
0.01 SR 0.01 — ours
1 m

0.005 4 } — > 0.0054 I ———

1 2 3 45 1 2 3 4 5 1000

Figure 15: Maximum and average distance between the exact im-
ages of the source boundary points and the images obtained by our
method and Zipper for the example in Figure 12 with different m.

have to perform this step, too. However, despite the additional cost
for tracking the triangles that contain the interior constraints and ac-
tually rendering the mesh, our tool remains interactive, even for the
high-resolution mesh used in Figure 13.

5.3. Conformal parameterizations

The parameterization example in Figure 14 was inspired by
Figure 15 in [SC18], which shows that BFF can find the unique con-
formal parameterization of a 3D hemisphere over an L-shaped do-
main and the domain itself, such that six equidistant boundary points
correspond to the domain corners. Using this domain, one boundary
and one interior correspondence from their result, we can reproduce
this parameterization with our tool. We can further approximate all
other conformal parameterizations over this and any other L-shaped
domain with different edge lengths, but given the finite number of
mesh boundary vertices, it is impossible to interactively find a map
where all six domain corners correspond exactly to a mesh vertex.
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Qavg = 1.0647

Qavg = 1.0580 1 1.1 1.2

Qavg = 1.0602

Figure 16: Quasi-conformal error per triangle for different conformal maps from the cow head mesh (m = 97, N = 29999) to the unit disk.
The average errors of the maps computed with our tool (centre and right) are similar to the average error of the map generated with BFF

(left).
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Figure 17: With our tool we can conformally parameterize the tace mesh (m = 168, N = 34144) over arbitrary planar domains and use this
parameterization to conformally map a texture given inside these domains to the mesh surface.

In Figure 16, we compare the quality (in terms of angle distor-
tion) of our approximate conformal maps from a 3D mesh to the unit
disk to the map obtained by BFF. Forcing the nose of the cow to be
mapped to the centre of the disk gives a result that it very similar to
BFF, but with a slightly smaller area-weighted average angle distor-
tion. This average value grows only marginally if we move the inte-
rior constraint point closer to the boundary of the disk, even though
this noticeably increases the quasi-conformal errors for some trian-
gles near the opposite boundary, where the conformal factor of the
boundary map is large.

More examples of conformal parameterizations over different
planar domains, computed with our tool, can be seen in Figure 17
and the supplementary video.

6. Conclusion and Discussion

Computing conformal maps between arbitrary planar domains is a
notoriously hard problem, but it seems that harmonic measure is
just the right tool for approximating these maps with good accuracy
at low computational cost. We have shown that harmonic measure
can be derived very precisely from harmonic coordinates, which we
compute in our preprocessing step. Once harmonic measure is avail-
able, a simple online matching algorithm very efficiently determines
the boundary behaviour of the conformal map. In this context, a
novel idea is the conversion of harmonic coordinates, which are a
discrete approximation of the Poisson kernel, into a parametric and
continuous approximation. The latter is crucial for the matching al-

gorithm, because it needs to evaluate the harmonic measure (i.e.,
the integral of the Poisson kernel) at arbitrary parameter values, not
only at those corresponding to the mesh boundary vertices. Once the
conformal boundary map is known, it can easily be extended to the
interior of the domain, and the fact that the precomputed harmonic
coordinates can also be used for this is a fortunate coincidence.

Besides exploring planar conformal maps in real time, our inter-
active tool can also be used to conformally parameterize a genus-0
manifold 3D surface with boundary, given as a triangle mesh, over
an arbitrary planar domain. The only existing method that addresses
this problem is BFF [SC18], but it requires several iterations be-
fore converging to the desired shape and finds only one of the in-
finitely many conformal maps from the mesh to the parameter do-
main, while our tool allows to interactively compute and inspect all
of them. In future work, it would be interesting to generalize it to an
optimization method that finds the best conformal map with respect
to some secondary criterion, for example, area distortion.

A potential limitation of using our tool for 3D mesh parameteriza-
tion is because the cotangent weights of an arbitrary triangle mesh
(in contrast to planar Delaunay triangulations) are not guaranteed
to be positive. Consequently, the harmonic coordinates ¢;; can be
negative and may result in approximate harmonic measures @, in
Equation (11) that are not monotonically increasing, which in turn
can cause the matching algorithm to not respect the ordering of the
mapped boundary points. In practice, in all of our 3D examples we
experienced no such problem in the mapping, despite the presence
of many negative cotangent weights and some negative harmonic
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coordinates. In any case, a possible solution to prevent this com-
pletely would be to use the cotangent weights derived from an alter-
native intrinsic Delaunay triangulation of the mesh vertices [BS07].
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Appendix A: Harmonic Coordinates

The harmonic coordinates of the vertices of a mesh M stem
from the standard finite element discretization of the Laplace equa-
tion with Dirichlet boundary conditions. We represent the harmonic

coordinates ¢; = (¢;1, . . . , Pin) Of v; as the i-th row of a matrix
@ - .
(I) — N , q) e R}?l)(ﬂl’ @ e Rnxm.
P
While the harmonic coordinates of the boundary vertices vy, ..., v,

are just the standard basis vectors of R, that is, ® is just the m x m
identity matrix, the harmonic coordinates of the interior vertices ®
are obtained by solving the linear system

Ld=-L, (A1)

where the non-zero off-diagonal elements of £ € R™" and the non-
zero elements of L € R"*" are the cotangent weights

Lij = _%(COt Cppti,m+j =+ cot am+j.m+i)7

7 1

Lix = —5(cot eyt + COt i)
fori=1,...,nandall j € {1,...,n}andk € {1, ..., m} for which
[Vp+is Vmgj] is an edge between two interior vertices of M and
[Uim+i, V] is an edge between an interior and a boundary vertex, and
with «,, denoting the angle of the triangle [v,, v;, v.] at v., hence

(va — Ve, Up — vc)

det(v, — v, vp — V)

cota,, =

Moreover, the diagonal elements of £. are
n m
Li=— Y Lj-) Lu
=1, k=1

fori=1,...,n (see [CAGDS13, Section 6.2] for a derivation).

Q. Chang et al. / Real-Time Conformal Maps and Parameterizations

Appendix B: Approximating the Parametric Poisson Kernel

Denote the length of the k-th boundary edge [vi, vii1] by e =
lvggr — vi|l for k=1, ..., m and their sum by f=e + - +ep
Here, and whenever we work with indices related to boundary ver-
tices of M, we treat these indices cyclically over [1, ..., m], thatis,
Uny1 = v and vy = v,,. We further let t; = 0 and #,, | = 1, + ¢, for
k=1,...,m—1 be the parameters of the boundary vertices with
respect to the piecewise linear arc length parameterization j of 3%,
that is, p(z;) = vy. In addition, we let t,..| =1, + e, = L.

For any vertex v; of M, we then approximate P,, by the piecewise
linear function P,, : [0, ] — R with B, (t;) = yry fork = 1,...,m
and ISUI, (£) = ;1. To determine the unknowns v, we recall that the
k-th harmonic coordinate ¢;; of v; approximates the value A (v;) of
the harmonic function 4, that is linear along the boundary edges
of M and zero at all boundary vertices, except v, where it is one,
that is, h(v;) = 8 for j =1, ..., m. Therefore, by the parametric
equivalent of Equation (2),

t
G ~ hi(v;) %/ P, (1) e (p(1)) dr. B.1)
0

Since we assume 13,,,. to be piecewise linear, we can write the integral
in terms of the unknowns ¥ as

4
- _ 1+
/ PO h(p)dr = Sy 4 AL
0

Vut Sy
3 ik 6 ik+1
and express Equation (B.1) compactly as ® ~ WE, where ¥ ¢
RO+m>m js the matrix of all unknowns and E € R™" is the sym-
metric matrix with non-zero elements
€r—1 1 e €

kk 3 k+1,k ko1 6
fork =1, ..., m. This suggests to set & = ®E~!, but this may lead
to negative values ;. To avoid this problem, recall that ¥, ,_; and
Y1 converge to ¥, with increasing boundary sample density,
hence

'3
/ B (1) (1)) di ~
0

€1+ e
2 1ubltk
and ® ~ WE, where E € R"*" is the diagonal matrix with elements
Ej = (er1 + ex)/2. We therefore set the values of W to

2
Y = ——— ., (B.2)

which is guaranteed to be positive. In the FEM literature, the process
of replacing E with E is known as ‘mass lumping’ with row sums
[ZTZ13].

Appendix C: Pseudocode

To facilitate the implementation of our work, this appendix pro-
vides pseudocode for our interactive tool, as described in Section 4.

In the MAIN program, the routine LOADIMAGE loads the tex-
ture image that is used during rendering. The vertices of mesh M;
(i =1, 2) are stored in a vector v; = (v;, ¥;), where v; are the m;
boundary vertices and ?; are the n; interior vertices of M;. Likewise,
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Algorithm C.1. MAIN(0S2y, 082, my, mp).

Algorithm C.3. UpPDATE(x, M, W).

Input: Boundaries €21, d€2; of source and target domain, and desired
numbers (m, my) of boundary vertices.

Output: Exploration of all conformal maps from €2; to €2, by interactively
changing the positions of the interior constraints x; and x, and the
indices i1 and i, of the boundary constraints y;, and y;, .

1: I := LoADIMAGE > load texture image
2: [My, ey, Gl, Ly, W] := PREPROCESS(92, m1) > prepare source
3: [Ma, es, G, Ly, Wy] := PREPROCESS(9S20, my) > prepare target
4: repeat

5: wait until user changes xj, x2, i1, or ip

6: Y1 := UPDATE(x, My, W) > only if x| was changed
7. Yo := UPDATE(x2, M2, W7) > only if xo was changed
8: if forward mapping then > forward mapping
9: w1 = MATCHING(?y, ey, €2, V1, Y2, i1, 12) > images of v
10: BACKSOLVE(L;, @1, —L1w;) > images of 9,
11: render M| with vertices w; and texture coordinates v

12:  else > backward mapping
13: Wy = MATCHING(?s, €2, ey, 1/12, 1,01, i, 1) Dimages of 03
14: BACKSOLVE(Ly, s, —Lri2) > images of 0
15: render M, with vertices v, and texture coordinates wy

16: until terminated by user

Algorithm C.2. PREPROCESS(S2, m).

Input: The boundary 02 of a domain (given, e.g., as a dense polygon) and
the desired number of m boundary vertices.

Output: A mesh M with boundary edge lengths e, the Cholesky factor G of
the Laplace matrix, and the approximate Poisson kernels W at the
mesh vertices.

1: ©:= UNIFORMLYSAMPLE(JS2, m) > generate boundary vertices
2. fork=1,...,mdo

3: e; = |1 — vill > compute boundary edge lengths
4: M := DELAUNAY(D) > Delaunay triangulation of v using Triangle
5. [L,L] := BUILDLAPLACE(M) > system matrix and r.h.s. of

Equation (A.1)

6: G := CHOLESKYFaCTOR(L) > using CHOLMOD
7: BAckSoLvE(L, &, —L) > harmonic coord. of interior vertices
8 &=, d) > add harmonic coord. of boundary vertices
9: E :=DIaG((em + €1). (e1 + €2), ..., (em—1 + €m))/2

10: W := ®E~!
11: return [M, e, G, L, V]

> scale @ as in (B.2)

their images under the conformal map are stored as w; = (W;, W;).
The CHOLMOD routine BACKSOLVE(A, x, b) solves the linear sys-
tem Ax = b by back substitution, using the Cholesky factor of A.

During the PREPROCESS phase, the routine UNIFORMLYSAMPLE
generates m uniformly spaced vertices along 9€2, which is given
as a polygon itself in our implementation, but could also be given
as a B-spline or some other curve. DELAUNAY computes a conform-
ing Delaunay triangulation with the parameters stated in Section 4.1,
the routine BUILDLAPLACE fills the matrices £ and L with the cotan-
gent weights and their sums as explained in the text following Equa-
tion (A.1) in Appendix A, the CHOLMOD routine CHOLESKYFAcC-
TOR computes the sparse Cholesky factor of the Laplace matrix L,
and DIAG generates a diagonal matrix.

Input: A point x inside some triangle of mesh M and the approximate
Poisson kernels W at the mesh vertices.

Output: The approximate Poisson kernel ¢ at x.

1: T := FINDTRIANGLE(x, M)

2: [o,0, 1] := BARYCOORD(x, T')

30 Y i=ovitoy;+ T

4: return

>x €T =[v;, v}, vkl
>x=0v;+0ov;+ TV
> see (10)

Algorithm C.4. MATCHING(v, e, €', ¥, ¥, ko, lp).

Input: The source boundary vertices v, the source and target boundary
edge lengths e and ¢/, the approximate Poisson kernels ¥ and v/ of the
source and target interior constraints, and the indices k¢ and [ of the
source and target boundary constraints.

Output: The approximate conformal images w of the boundary vertices.

1 A] =0

2: fork=1,...,mdo

3 Ak+1 = Ak + ertkg—1 (Vkakg—1 + Vktky)/2

4: By :=0

5: forl=1,...,m do

6 Bri=Bite (Wi + V)2

7. =1

8 fork=1,...,mdo

9: while Ay > By do

10: =141

I A=y, —w

12: w:=(Ay — B)/(Bi41 — By)

13: £:=19y//A
14: if A =0 then
15: A=

16:  else

17: A= sign(A)/E2 +2uE +pu—§&
18: Witky—1 *= (1 —k)v;+10_] -‘r}»v;_HU
19: return w

In the UPDATE routine, the FINDTRIANGLE procedure identifies
the unique triangle T of M that contains x. We simply loop through
the list of triangles until we find 7', which turns out to be fast enough,
but a more efficient point location method (e.g., a greedy walk from
the previously identified triangle towards x) can be used. The routine
BaryCoorp implements the standard formula for determining the
normalized barycentric coordinates of x with respect to 7' as ratios
of areas.

In the MATCHING algorithm, the variables m and m’ represent the
numbers of source and target boundary vertices, and they can be
obtained, for example, by querying the sizes of ¢ and ¢'. The pseu-
docode follows the explanation in Section 3.2, except that it does not
assume the indices of the boundary constraints to be 1 and instead
handles all necessary index shifts.
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