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INTRODUCTION	  

Improving	  Hodge-‐star	  accuracy	  

Fdiag ' F

Prescribing	  Hodge-‐star	  values	  

Fdiag ⌘ mI ' F
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Mo@va@on	  SPECTRAL	  CHARACTERIZATION	  

[Lagae	  and	  Dutre	  2006]	  



Problem	  Statement	  BLUE	  NOISE	  AS	  MESHING	  
⇢

Ei =
Z

Vi

⇢(x)kx� xik2dx

Isotropic	  

mi =

Z

Vi

⇢(x) dx ⌘ m

Even	  

ri =
1

|Ni|
X

j2Ni

|Ei � Ej |

Unstructured	  



Problem	  Statement	  APPROACH	  
Isotropic	  +	  Even	  

min
X,V

E(X,V) =
X

i

Ei s.t. m = mi

Unstructured	  
ri > ⌧

Solu@ons	  



Voronoi	  Diagram	  

E(X,V) =
X

i

Z

Vi

⇢(x)kx� xik2dx

min
X,V

E(X,V) s.t. m = mi

Problem	  Statement	  LINK	  TO	  HOT	  MESHES	  

⌘ CVT-Energy



min
X,W

E(X,W ) s.t. m = mi

⌘ F0-HOT2,2E(X,W ) =
X

i

Z

Vw
i

⇢(x)kx� xik2dx

0.4	  
	  

Problem	  Statement	  LINK	  TO	  HOT	  MESHES	  

Power	  Diagram	  



Problem	  Statement	  RECAP	  

Minimize F0-HOT2,2 with constraints m = mi

Even and isotropic point distribution

mI ⌘ Fdiag ' FFdiag ' F
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Problem	  Statement	  CONSTRAINED	  MINIMIZATION	  
min
X,W

E(X,W ) s.t. m = mi

0 = rwiL(X⇤,W ⇤,⇤⇤) = �w(⇤⇤ +W ⇤)z }| {
⇤

⇤
+W ⇤

= constant

Extremize

X,W,⇤
L(X,W,⇤) = E(X,W ) +

X

i

�i(mi �m)

Extremize

X,W
F(X,W ) = E(X,W )�

X

i

wi(mi �m)



r
xiF = 0 =) xi = b

w
i =) Centroidal Power Diagram

r
xiF(X,W ) = 2mi(xi � b

w
i )

Problem	  Statement	  DERIVATIVES	  

rwiF(X,W ) = m�mi

rwiF = 0 =) m = mi =) Capacity-Constrained Assignment

[ Aurenhammer et al. 1998, Bosc 2010, Merigot 2011 ]

�

w
is PSD =) F(X,W ) is concave

r2
wF(X,W ) = ��w = �dF1d



Problem	  Statement	  UNSTRUCTURED	  SOLUTION	  

ri =
1

|Ni|
X

j2Ni

|Ei � Ej |

Extremize

X,W
F(X,W ) =) many solutions



Problem	  Statement	  UNSTRUCTURED	  =	  SHALLOW	  
F(X,W ) = E(X,W )�

X

i

wi(mi �m)

rwiF = 0 =) m = mi

F(X⇤,W ⇤) = E(X⇤,W ⇤)

less regular

more regular

E



Numerics	  



⇢

Problem	  Statement	  ALGORITHM	  AT	  A	  GLANCE	  

•  Enforce	  Constraints	  (Weight	  Update)	  
•  Minimize	  Energy	  (PosiGon	  Update)	  

•  If	  result	  has	  local	  structures	  
	  	  	  	  Break	  structures	  



Problem	  Statement	  WEIGHT	  UPDATE	  

Repeat:

1. �

w�w = (m�m1 . . .m�mn)
t

2. Find time-step ↵ along �w

3. W  W + ↵�w
Until krWFk2 < "

Newton’s	  method:	  



Problem	  Statement	  POSITION	  UPDATE	  

Gradient	  Descent:	  

1. d = rXF

2. Find time-step � along d

3. X X� �d

Lloyd	  itera@on:	  

xi  b

w
i 8 i
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Problem	  Statement	  SPECTRUM	  

[Chen	  et	  al.	  2012]	   [Ours]	  



Problem	  Statement	  PERFORMANCE	  
min
X,W

E(X,W ) s.t. m = mi

CCVT [Balzer et al. 2009]

O(n log n)

O(n2)}



Problem	  Statement	  POINTILLISM	  

40k	  points	  



Problem	  Statement	  A	  LOT	  OF	  POINTS	  …	  	  



But	  …	  CONCLUSION	  

o  Diagonal	  Hodge-‐star	  for	  0-‐forms	  

•  Power-‐DEC	  
o  BeYer	  numerics	  

o  Discrete/Smooth	  counterparts	  

•  Blue	  Noise	  as	  meshing	  with	  constraints	  



Thank	  you!	  


