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Need for Integration

=
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Force vector: F¢ = NG; )T F(»; ")det(J)d»d”
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" A
Goal

N Constructing Gaussian-like quadratures for n-gons, n>3

(polynomial precision)
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" A
Goal

N Constructing Gaussian-like quadratures for n-gons, n>3

(polynomial precision)

N Weighted quadratures: quadratures for polygonal basis

functions (rational polynomials)

Mousavi and Sukumar 5



Outline

g Moment equations
g Node elimination algorithm
g Quadratures on the fly

g Weighted quadratures
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" A
Moment Equations

= Z fxi)w; =~ / wix) f(x)dx

i=1 L
For a set of basis functions ® = {(/5]} * L over the domain 2, find

the quadrature Q = {Xz,wz i—1 such that:

[ y )\( \

(J::z.“*!{x,}"?ﬁl{x,}'dx d10x1)  drixa) ... o1(x,

Jowix)oz(x)dx dolx1)  dolxa) ... @o(xy) wi

k jg:' U”’t X} ax / K ':.;'i-'rr.'.[)":l;| @'HL{K'J:' r\;;}'.lrt.{x'hl.} } \ Wiy, )
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" A
Moment Equations

= Z fxi)w; =~ / wix) f(x)dx

i=1 £

For a set of basis functions ® = {(/5]} * L over the domain 2, find

the quadrature Q = {Xz,wz i—1 such that:

(J::z."‘*!{x,}"@f']l{x,}'dx\ ( o1(x1)  @{xe) ... ¢ \ ( \

1 (X, ) U

Jowix)oz(x)dx dolx1)  dolxa) ... @o(xy) wi

\ Jow)on(x)ydx |\ Onlx) Gulxe) o dndx) [\ v
g Newton iterations

o time-consuming, fewer points: n = m/(d+1)
g Least squares solution

o faster, more points: n=m
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" J
Node Elimination Algorithm
[ y A

( JEE L{J{KJ ':':I]]- {K} dx 6.:}1 {le ) {\Kg) - ol {K“) wh

Jo w{x)o2(x) dx dalx1)  Polxa) ... @a(x,) wiy

k jg:' U”’t X} ax / K ':.;'i-'rr.'.[)":l;| @'HL{KE] r\;;}'.lrt.{x'hl.} } \ Wiy, )
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Node Elimination Algorithm
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( Jow(x)or(x) dx ( d1(x1)  @1{x2)
Jow{x)oe(x) dx | ¢ (x1)  @2ixs)
k jg: ' U”’t X} dx / K ':.;'j!fr.'.[)":l;I @'HL{KE] N 'JJ’:.{X'H.

[Xiao and Gimbutas, Comp. Math. App., 2010]

11



Node Elimination Algorithm

( Jow(x)o1(x) dx V[ o1(x1)  @r{xa)
Jo wix)oe(x)dx B Ga(x1)  d2(xa)
k jg: ' U”’t X;:' dx / K ':.;'j!fr.'.[)":l;I @'HL{KE] N 'JJ’:.{X'H.

[Xiao and Gimbutas, Comp. Math. App., 2010]

q Expected number of integration points:

(in two dimensions)

m=3

g Start from a quadrature over the partitions

X

q Significance factor: s; =1;  A#(x;)

Mousavi and Sukumar
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Polygonal Quadratures: Accuracy
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Displacement Patch Test
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Quadratures on the Fly

[

( J {g w{X)o(x)dx

@1 {le (i {K-'_;-)

Jow(x)oz(x) dx Galx1)  G2(x2)

k jgi' f-:'srt X,:'d)(/

K {-ﬁfr-'-lixl} @'HL(KE]
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Quadratures on the Fly

[ » )\( \

d1(x1)  oxz) ... @1(Xe

( J {g w{X)o(x)dx

Jowix)oz(x)dx dolx1)  dolxa) ... @o(xy) wi

kk). X )G x}dx/ K{.ﬁrr.’.[xl} G (X2) ... 'i'i'?'m{X-”_}j \tt;”)

q For strong discontinuity: replace the weight function with the

generalized Heaviside function

g For weak discontinuity: construct two quadratures on the two sides

of the interface

Mousavi and Sukumar
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Homogeneous Quadratures

L

For f: K" — R areal, g-homogeneous function, < _

J(Ax) = A1 f(x) for A > 0, x € R", we have:

. Tl | d(ﬂ, H,) . .
/ﬂ Flx)dx = Z n+gq L Tau

i=1

i

1
./gz,-,ﬁ’” n+q—1 [Z{ o Th)

[Lasserre, Proc. AMS, 1998]
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/ fdv + [ <V f,xy > n’;x]
2 Je;
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Homogeneous Quadratures

=
X

For f:R" — R a real, g-homogeneous function, 2 -

J(Ax) = A1 f(x) for A > 0, x € R", we have:

' TLdlo,Hi) f .
dx = ' it
| rxjax Sy,

1
/ fdu = T [Z di(xy. u) frfr,r—l— f;‘Vf X( o> n’;x
S, — ;

n 4+ ¢ , €
37 ;

[Lasserre, Proc. AMS, 1998]

nsp

g wa,f Xa n + C_I / f
(convex domalns)
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" A
Discontinuous Quadratures
Qul /(%) = w?f f FooHdx = [ fidx— [ fx)ax
QO+ e
( [” H(x)p(x) dx \ U](xlj O1(x2) ... @1(xp) \ ( 1w \

Jo H (x)d2(x) dx P2(x1)  P2(x2) ... @a(xy) wy

\ Jo Ho)om(x)dx |\ dnlx) dulx2) oo dulxa) | \ wn |
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" A
Discontinuous Quadratures
Qul /(%) = w?f f FeOHMix = [ fxdx— [ fx)dx
QO+ e
( [” H(x)p(x) dx \ U](xlj O1(x2) ... @1(xp) \ ( w \
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Discontinuous Quadratures

ﬂ

Qa(f(x)) = w?f

g—=1

( Jo H(x)¢1(x) dx

_ﬁgg H(x)g2(x) dx

| Ja /(

/f VH (x)d

U](le

Pa(x1)
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2 fou flx)dx — [, £
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p2(x2)

i [X'E} Uni( } ) K
T\ o
™ =
I!I_"'S‘s.x -HHT'“ I
T'n “‘H""‘:\ llll'h + H‘H.H“- 7

[r f(x)dx — - f(x)dx

\ (
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'f.'1-52 (Xw }
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PN P +\}&

Illh___,..--"'"--'

x)dx if @ is convex.

(x)efx U Q7 is convex,

[Mousavi and Sukumar, Comp. Mech., 2011]
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Discontinuous Quadratures
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order = 6, numa =28, e= 10711
‘ ¢ —1h
order = 3, numa =20, e = 1071

[Mousavi and Sukumar, Comp. Mech., 2011]
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Weighted Quadratures: mass matrix

Typical element mass matrix M€ = N@; )T N»; ")det(J)d»d”
Qo

@x @y
Jacobian of the transformation J= & &

[

X ) X )
Xx= N> WX y=  Ni(»")yi

Polygonal basis functions N; = pC>: ") (e.g., for hexagon: Q =3 j »2 j "?)

1
=) det(J) » o3

e, — /Q p(g;?) at dn‘
Q
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Weighted Quadratures: stiffness matrix

Element stiffness matrix

Inverse of the Jacobian

Basis function derivative

K= B(x;y)" B(x;y)dxdy

(FBO; )N @B (; 7))det(I)drd”

ao P(;7)Q°

Mousavi and Sukumar
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" J
Weighted Quadratures: Accuracy
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Displacement Patch Test
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Displacement Patch Test
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Conclusions

qg Polygonal quadratures are more efficient than triangulation

q Polygonal quadratures need one level of mapping, whereas

partitioning requires two levels of mapping

q For higher accuracies, weighted quadratures are more

efficient than polynomial precision polygonal quadratures

Mousavi and Sukumar
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