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Abstract

In this note we describe surface reconstruction algorithms based on optimi-
zation techniques. The input are scattered 3D-data with specified topology.
The surfaces constructed are tensor product B-splines. To achieve local detail
and/or local fairness we make use of hierarchical tensor product B-splines.
Interpolation as well as approximation problems are discussed. The problem
of parameterizing a discrete point set which is crucial in this approach will be
discussed in more detail.
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1 Introduction

In the last 30 years, many interesting approaches for reconstructing smooth surfaces from discrete scattered
data have been presented. In [5, 10] surveys on the classical approaches for interpolating scattered data are
presented. More recent approaches are described in [1, 7]. In most approaches, the surface description is in
a format not suitable for further processing in CAD/CAM systems. There are few exceptions: the procedures
presented in [2] and [7] (see also these proceedings), which are similar to our approach.

In the following we describe an approach how scattered 3D-data can be approximated or interpolated
by either a single TP-B-spline patch or by hierarchical TP-B-splines. There is one restriction, the topology
of the point set has to be simple, i.e., it must be homeomorphic to a plane set. Thus e.g., complete spheres
or tori cannot be reconstructed, without an a priori segmentation. An approach which can handle arbitrary
topologies is presented in [1].

The paper is organized as follows. In Section 2 we recall some facts on interpolation and approximation.
Then, in Section 3 we outline the general approach which proceeds in four steps. In the following sections
these steps are described in more detail: In Section 4 we focus on the parameterization of the discrete point
set. How to define an appropriate TP-B-spline space, from which the interpolating/approximating surface
will be chosen, will be discussed in Section 5. In Section 6 we describe fairness functionals and in Section 7
we report how the linear systems will be solved. Finally in Section 8 we present some examples.

2 Interpolation and approximation

When reconstructing a “continuous” object starting from a number of discrete “samples” (e.g. measurements)
one has basically two choices: interpolation or approximation. Since interpolation is exact at the samples, one
might assume that it yields a more accurate reconstruction. However, if the samples carry some kind of noise
(e.g., due to measurement errors) approximation will be more adequate. Which one of the basic approaches
one should use will depend on the background of the problem.

In both cases we start having a point set {Pi } ⊂ R3. In order to formulate a well-posed interpolation/
approximation problem, one additionally has to specify the topology of the point set. That is, one has to
specify the neighbours of every point Pi . Usually this is done by specifying a triangulation of the point set,
leading to a set of “edges”. Figure 1 indicates, that a point set in general has many topologies, leading to
different interpolation (or approximation) problems.

The problem of interpolation can be formulated as follows: Given points {Pi } ⊂ R3 (with a triangulation
that is homeomorphic to a plane set), find a smooth, parameterized surface F : Ω→ R3 that interpolates all
points Pi , preserving the topology. That is, there are (consistently triangulated) parameter values Qi ∈ Ω⊆R2

such that F (Qi ) = Pi . Moreover, the interpolating surface has to belong to an a priori specified class S of
parametric surfaces.
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Figure 1: A point set (middle) with two different topologies.

There is an important special case, the scalar case, in which points (x i , yi ) in the plane and corresponding
scalar values z i are given. A scalar functions f : Ω→ R has to be found such that f (x i , yi ) = z i . The decisive
difference between the general and the special case is the following:

In the special case each 3D-data point (x i , yi , z i ) ∈ R3 has a natural parameter value Qi = (x i , yi ) ∈ R2. In
addition, any triangulation of the plane set {Qi } ⊂ R2 describes the (unique) topology. In the general case
however, the specification of parameter values to every data point is a major problem. It will be addressed in
Section 4.

When formulating an approximation problem, one has to specify, how the distance of the set of sample
points {Pi } to the surface F will be measured: One can either consider the maximum distance of the samples,
or sum up the errors of every sample, or one can consider the least square distance. We only consider the
least square distance

∑

i dist(Pi , F )2. Here dist(Pi , F ) denotes the distance of Pi to F . It may be the parametric
distance ‖Pi − F (Qi )‖ or the geometric distance inf(u ,v )‖Pi − F (u , v )‖.

The pure approximation problem can be formulated as follows: Given points {Pi } ⊂ R3 (with a triangula-
tion that is homeomorphic to a plane set), find in a specified class S of parameterized surfaces the surface
F : Ω→R3 that minimizes

∑

i dist(Pi , F )2.
Since the handling of the geometric distance is very difficult, the parametric distance will be used instead.

The determination of the parameter values will be one of the main problems. In addition to being topological
correct, one tries to approximate the geometric distance well by carefully choosing or modifying the parameter
values.

Besides the pure approximation, there is approximation with fairing. For this approach a fairing functional
Jfair has to be specified (see Section 6 for examples). The problem then consists of determining the surface
F ∈ S such that

∑

i dist(Pi , F )2 +ωJfair(F ) will be minimal. The positive constant ω somehow measures the
tradeoff between fairing and fitting. A larger ω will lead to more fair surfaces but also will cause a bigger
approximation error.

There is a close relationship between interpolation and approximation with fairing. The following result
can be found in [11]. First we fix the notation:

J0(F ) :=
∑

i

‖Pi − F (Qi )‖, Jω := J0+ωJfair. (1)

Theorem 1. Assume that Jfair is a quadratic, positive definite functional and let S be a finite dimensional
subspace of parameterized surfaces. Let Fω be the unique minimum of Jω, i.e., Jω(Fω) ≤ Jω(F ) for all F ∈ S .
Then

1) F0 := limω→0 Fω exists,

2) J0(F0) =minF J0(F ), and

3) F0 is among all minima the one that minimizes Jfair.

We have J0(F ) = 0 if and only if F interpolates the data. More general, J0(F ) in some sense measures the
failure of interpolation. Minimizing J0+ωJfair yields the same result as minimizing 1

ω
J0+ Jfair. Thus making

ω smaller, the contribution of the error functional J0 becomes more important.
An immediate consequence of the theorem is the following corollary. It is the basis to a numerical solution

of the interpolation problem: the so-called penalty method (see [11]).

Corollary. If inS there is an interpolating surface, then F0 is the interpolant inS with optimal fairness!
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3 The general approach

The following basic steps have to be performed:

1) Assign parameter values Qi = (u i , vi )∈R2 to every data point Pi ∈R3.

2) Choose a rectangle [a ,b ]× [c , d ] that contains all parameter values. Consider the class S of bicubic
tensor product spline surfaces over [a ,b ]× [c , d ] by specifying an equidistant rectangular grid {(t j , sk )}
with t j − t j−1 = b−a

n u
= const and sk − sk−1 = d−c

n v
= const.

3) Choose a fairness functional Jfair :S →R.

4A ) Solve the unconstrained optimization problem

• J0(F )+ωJfair(F ) =min, F ∈S .

4I ) Solve the constrained optimization problem

• Jfair(F ) =min, F ∈S , subject to

• F (u i , vi ) = Pi for all i .

Then the quality of the resulting surface will be checked, i.e., the fairness and the approximation error. If the
result is not satisfactory, modifications of steps 1)–4) will be performed and, if necessary, repeated. In the
subsequent more detailed discussion of the method, these steps are called iteration steps or refinement steps.
More precisely, in each iteration we have to

i) improve the parameter values,

ii) refine the knot spacing (either globally or locally) thus obtaining a larger classS of TP-spline surfaces,

iii) modify the fairness functional,

iv) solve the (un)constrained optimization problem.

4 Parameter selection

To select parameters Qi = (u i , vi ) for every data point we use a spring model. The idea is the following: We
replace each edge of the 3D-triangulation by a spring. The boundary points are projected into a plane and
will be fixed there. The remaining vertices, when forced to stay in this plane, arrange themselves in such a way
that the spring energy will be minimized. The position of the vertices in this equilibrium is used as an initial
parameterization.

More precisely we proceed as follows. Let Pi (i = 1, . . . , p0, p0+1, . . . , p ) be the data points and assume that
{P1, . . . , Pp0} are the boundary points of the triangulation. First we determine the plane which fits to all the
boundary vertices {P1, . . . , Pp0} best in the least square sense. Then we orthogonally project Pi (i = 1, . . . , p0)
into this plane, thus obtaining parameter values Qi (i = 1, . . . , p0) for all the boundary points. The parameter
values Qi for the remaining data points are obtained by minimizing the following functional:

∑

(i ,j )∈ edges

Di j
�‖Qi −Q j ‖− L0

i j

�2
. (2)

This functional describes the potential energy of the system of springs that is forced to stay in the plane we
obtained by projecting the boundary vertices. Di j represents the spring constant of the spring connecting
Pi and Pj and is chosen to be 1

‖Pi−Pj ‖r for some r ≥ 0. L0
i j = α‖Pi −Pj ‖ is the initial length of that spring.

When applied to the problem of reconstructing curves, minimizing this functional will result in well-known
parameterizations. For r = 0 we will get the uniform, for r = 0.5 the centripetal and for r = 1 the chord length
parameterization. While the parameter α has no effect on the solution in this case, its choice is important in
the surface case:

Only for α = 0, the functional (2) is quadratic and positive definite in the unknowns Qi (i = p0+ 1, . . . , p ).
Therefore, to find the minimum, a positive definite linear system has to be solved. This system is also sparse:
In each row (representing some Qk ) only those entries are 6= 0 that correspond to neighbouring vertices of Pk .
By choosing different values for r , we will receive equivalents to the parameterizations in the curve case.

Since springs of zero-length are not realistic we also investigated the functional (2) forα> 0. The minimum
was found by an iterative process similar to the Gauss–Seidel iteration for solving linear systems.
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Figure 2: A triangulated point set with different parameterizations.

Having calculated the Qi we can now define a rectangular parameter space R = [a ,b ]×[c , d ] containing all
parameter values. This is achieved by determining the bounding boxes of the Qi (i = 1, . . . , p ) for several orien-
tations (= orthogonal coordinate systems) in the plane and choosing the one having smallest area. Figure 2
shows the results for a data-set representing a distributor cap: uniform refers to α = 0, r = 0, chord length to
α= 0, r = 1 and real spring to α= 0.5, r = 1.

When the procedure is iterated the parameters will be improved (step i). This is done by standard parame-
ter correction as described, for example, in Hoschek’s book [8].

5 Defining an appropriate TP-B-spline space

We consider a classS of bicubic TP-B-splines defined over the rectangle [a ,b ]×[c , d ] obtained in the previous
section. To specify such a set we have to describe the grid of knots. We only consider equidistant knot spacing.
This simplifies many of the calculations to be done later on.

Looking for an appropriate knot spacing one has to take into account that there are sufficiently many de-
grees of freedom. More precisely, if an interpolating surface has to be determined, we have to make sure that
interpolation is possible. For interpolation we heuristically start with a knot spacing such that in every 4× 4
sub grid of knots there are at most 7 data points (parameter values).1 Having specified the equidistant grid
{(t j , sk )} the normalized bicubic B-spline basis functions N j (u )Nk (v ) (−1 ≤ j ≤ n u + 1,−1 ≤ k ≤ n v + 1)
span the class S of all C 2-continuous functions in [a ,b ] × [c , d ] being piecewise bicubic over every sub-
rectangle [t j , t j+1] × [sk , sk+1]. Hereby, N j (u ) and Nk (v ) denote the (translates) of the univariate cubic B-
spline basis function, centred at t j and sk respectively (i.e., the interval ]t j−2, t j+2[ is the support of N j (u )).
Since these basis functions are linearly independent, every F ∈ S has a unique representation F (u , v ) =
∑n u+1

j=−1

∑n v+1
k=−1 c j k N j (u )Nk (v ). The control points c j k ∈R3 determine the shape of F .

When the process of surface reconstruction is iterated (step ii), a simple strategy for selecting a new class
of B-splines is to half the grid size. This global refinement increases the dimension of the problem by a factor of
4. A better strategy is a local refinement, based on the hierarchical B-splines introduced by Forsey and Bartels
(see [3, 4]).

In fact, when the reconstructed surface is examined, in general, in some parts of the domain everything
will be fine, i.e., the approximation error will be below the tolerance and the surface is sufficiently fair. Only in
some critical areas either the approximation error is above the tolerance or the quality of the surface is poor.
Only in these parts we need additional degrees of freedom for better fitting and/or fairing.

This is achieved as follows: First, the critical areas (grid rectangles) are marked. Then we consider TP-B-
spline surfaces having the following representation:

F (u , v ) = Fold(u , v )+
∑

j ,k

c̃ j k Ñ j (u )Ñk (v )

where Ñ∗ denote the basis function corresponding to half the grid size and the summation is only over indices
j , k for which the support of Ñ j (u )Ñk (v )meets the marked area.

1In case one has to be sure that interpolation is possible, all local interpolation problems (with 4× 4 knots) are checked whether they
are solvable.
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Figure 3: Construction of the initial reference surfaceS (1D analogue).

6 Fairness functionals

When considering fairness functionals, one has to find a compromise between low numerical complexity and
high quality of the resulting surfaces. Low complexity is achieved by using quadratic functionals. High quality
can be obtained by using good approximations to the curvature functionals.

For example, one has low numerical complexity for the simple thin plate energy functional given by

Jsimple(F ) =

∫

Ω

Fu u
2+2Fu v

2+ Fv v
2du dv (3)

and one gets surfaces of high quality when using the exact thin plate energy (see [9]) (based on the principle
curvatures κFi ) given by

Jexact(F ) =

∫

Ω

κF1
2+κF2

2dωF . (4)

A compromise between these to extreme cases is the data dependent thin plate energy introduced in [6],

JS(F ) =

∫

Ω

trace
�

HessS(F )2
�

dωS . (5)

Let us briefly recall the basic ideas, definitions and properties: The basic object is a reference surface S, that
roughly represents the geometry of the surface F to be constructed by the (constrained) optimization process.
We consider F being defined over S. In other words, S serves as a non-planar parameter space for F . One
can differentiate functions defined on S. The second order derivative of F with respect to S (the Euclidean
analogue of the Hessian), is denoted by HessS(F ). The integrand in (5) is the trace of the square of the Hessian.
The functional JS defined by (5) is quadratic and (nearly) positive definite.

The relation to (3) and (4) is the following: When the usual Euclidean Hessian is used in (5) (i.e., S is planar),
we are back to (3). While when F itself serves as reference surface, then (5) and (4) coincide (for details see [6]).

JS will be a good functional, provided that S roughly represents the geometry of F . More precisely, S must
allow a parameterization of F with only little metric distortion. We try to achieve this in the following way.

In the initial step: The grid points lying within the triangulation of the parameter valuesQi are transformed
by linear interpolation to 3D-space. For the grid points not lying in the triangulation extrapolation is used
instead. The situation is outlined in Figure 3.

In the iteration steps: The surface of the previous step serves as the reference surface in every refinement
step.

7 Solving the optimization problem

The fairness functional J we use is quadratic and positive semi-definite hence Jfair(F ) = 〈F |F 〉J for a suitable
positive semi-definite, symmetric, bilinear form 〈·|·〉J .

Lagrangian multipliers. When the interpolation problem has to be solved, the constrained optimization
problem has to be solved exactly. We achieve this by introducing Lagrangian multipliers, one λi for every
interpolation condition. Solving

• Jfair(F ) =min, F =
∑M
µ=1 cµNµ subject to

• F (u i , vi ) = Pi for all i
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Figure 4: A triangulated data-set (left) and a smooth approximation (right).

then leads to a linear system in block matrix form

�

A0 B t

B 0

��

c
λ

�

=

�

0
P

�

. (6)

For simplicity, we omit double indices j k for the basis functions and control points resp. Instead we use the
single index µ, µ= 1, . . . , M = (n u +3)(n v +3). A0 is an M ×M -matrix, B is an p ×M -matrix given by

A0 =
�〈Nµ|Nν 〉J �1≤µ,ν≤M and B =

�

Nµ(u i , vi )
�

1≤i≤p ,1≤µ≤M .

The unknowns are c = (cµ)1≤µ≤M and λ = (λi )1≤i≤p . On the right hand side the data points P = (Pi )1≤i≤p

appear.
The normal equation (6) is solved iteratively by a block Gauss–Seidel method. The unknowns (cµ and λi )

are grouped in such a way that in each step a local interpolation problem over a sub grid of size 4× 4 has
to be solved. That is, each subproblem has the following unknowns: 4× 4 control points cµ plus the λi ’s
corresponding to interpolation conditions lying in the sub grid.

Penalty method. Often exact interpolation is not necessary and approximation will be sufficient. In these
cases the penalty method is more appropriate. In the initial step we consider the functional Jω(F ) = J0(F ) +
ωJS(F ), with J0 being defined in (1), JS the data dependent thin plate energy defined in (5). The penalty
parameter ω typically is chosen between 0.1 and 0.01. If there are at least three data points, Jω is positive
definite (see [6]), hence has a unique minimum, call it Fω. Its control points {cµ} are obtained by solving the
linear system

(A0+ωB t B )c = B t P

with A0, B , and P as defined above. Depending on the size (which is M×M ), this linear system is solved either
by Cholesky method or by cg-method.

In each iteration step of the whole reconstruction process (consisting of: parameter correction – (local)
refinement of the space S – selection of the new reference surface S – solving the linear system) the penalty
parameterω is decreased by the factor 0.1.

8 Examples and conclusion

We conclude with a selection of examples. In all our examples we use bicubic TP-B-splines defined over the
unit square with equidistant knot spacing. We start our iterative approximation process with a TP-B-spline
having 6, 8, or 12 control points in either direction, depending on the number of data points.

Figure 4 shows the result if we use the real spring parameterization for the parameter values, the data de-
pendent thin plate energy as fairness functional and the penalty method with an initialω= 0.05, two iterations
and global refinement.

The effect of different fairness functionals is shown in Figure 5, where we solved the constrained optimiza-
tion problem to obtain interpolating surfaces. While the use of the simple thin plate energy leads to a surface
with lots of wrinkles, the result becomes smooth with the data dependent version of this fairness functional.
In this case, the reference surface was a least square fit to the data.

After solving the optimization problem we calculate the approximation errors to the data points. Patches
containing data with an approximation error ≥ 0.1% will be locally refined, taking into account that neigh-
bouring patches are grouped to rectangular regions. If more than 50% of the parameter space are to be refined
locally, we advise global refinement instead. Figure 6 shows the result of such an approximation process.
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Figure 5: Reconstruction using different fairness functionals.

Figure 6: Approximation with one global and two local refinement steps.

To sum up, one can say that the use of hierarchical tensor product B-splines leads to a promising approach
to reconstruct smooth surfaces. Combined with the techniques of finding parameter values for the data points
representing the geometric arrangement of the triangulated data, it leads to surfaces having a low number of
control points due to the fact that the degrees of freedom are concentrated at the problematic regions. The
use of data dependent fairness functionals results in smooth surfaces and the penalty method allows the user
to control the tradeoff between fairness and approximation.
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