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> e.g., software libraries
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Deadlines
Deadlines are firm!

m Exceptions may be granted

> attheinstructor’s discretion

» for documented medical conditions or other documented emergencies

m A late submission looses one third of the total value of the assignment

m Each full day of delay reduces the grade by an additional one third

» The grade of an assignment turned in more than two days late is 0



an introductory example...
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Johannes Gutenberg invents movable type and the printing press in Mainz, circa 1450
(already known in China and Korea, circa 1200 CE)
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Maybe More Fundamental Ideas

m The decimal numbering system (India, circa 600)

m Persian mathematician Khwarizmi writes a book
(Baghdad, circa 830)

» methods for adding, multiplying, and dividing
numbers (and more)

» these procedures were precise, unambiguous,
mechanical, efficient, and correct

] ’ ;ﬁ =
» they were algorithms! Muhammad ibn Musa
al-Khwarizm1
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m Asequence of numbers

0,1,1,2,3,5,8,13,21, 34,...

m The well-known Fibonacci sequence

Leonardo da Pisa (ca. 1170-ca. 1250)
son of Guglielmo “Bonaccio”
a.k.a. Leonardo Fibonacci




The Fibonacci Sequence

Mathematical definition:

0 ifn=0
Fr=41 ifn=1
Fooi+Fpy ifn>1



Mathematical definition:

Fn

0
1
Fn—l +Fn—2

ifn=0
ifn=1
ifn>1

The Fibonacci Sequence

Implementation on a computer:

(define (F n)
(cond
((=n o) 0)
(En 1)1
(else (+ (F (= n 1)) (F (= n 2))))))



Mathematical definition:

Fn

0
1
Fn—l +Fn—2

ifn=0
ifn=1
ifn>1

The Fibonacci Sequence

Implementation on a computer:

public class Fibonacci {
public static int F(int n) {
if (n == 0) {
return 0;
} else if (n == 1) {
return 1;
} else {
return F(n-1) + F(n-2);
}
}
3
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Mathematical definition: Implementation on a computer:
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return 0
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return 1
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The Fibonacci Sequence

Mathematical definition: Implementation on a computer:
0 ifn=0
F,=41 ifn=1 int F(int n) {
Foi+Fp, ifn>1 return (n<2)?n:F(n-1)+F(n-2);

3



Mathematical definition:
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0
1
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The Fibonacci Sequence

Implementation on a computer:

F(n)

1 if n==

2 return 0

3 elseif n==

4 return 1

5 else return F(n—1)+F(n-2)



Questions on Our First Algorithm

FIBONAcCI(n)
1 ifn==

2 return 0

3 elseifn==1

4 returnl

5 else return FIBONACCI(n — 1) + FIBONACCI(n — 2)



Questions on Our First Algorithm

FIBONAcCI(n)
1 ifn==

2 return 0

3 elseifn-==

4 returnl

5 else return FIBONACCI(n — 1) + FIBONACCI(n — 2)

1. Isthe algorithm correct?
> foreveryvalid input, does it terminate?
> if so, does it do the right thing?



Questions on Our First Algorithm

FIBONAcCI(n)
1 ifn==

2 return 0

3 elseifn-==

4 returnl

5 else return FIBONACCI(n — 1) + FIBONACCI(n — 2)

1. Isthe algorithm correct?
> foreveryvalid input, does it terminate?
> if so, does it do the right thing?

2. How much time does it take to complete?



Questions on Our First Algorithm

FIBONAcCI(n)
1 ifn==

2 return 0

3 elseifn-==

4 returnl

5 else return FIBONACCI(n — 1) + FIBONACCI(n — 2)

1. Isthe algorithm correct?
> foreveryvalid input, does it terminate?
> if so, does it do the right thing?

2. How much time does it take to complete?

3. Can we do better?



Correctness

FIBONAcCI(n)

1 ifn-==
2 return 0
3 elseifn ==
4 returnl
5 else return FIBONACCI(n — 1) + FIBONACCI(n — 2)
0 ifn=0
Fr=141 ifn=1

Fn_l+Fn_2 ifn>1



Correctness

FIBONAcCI(n)

1 ifn-==
2 return 0
3 elseifn ==
4 returnl
5 else return FIBONACCI(n — 1) + FIBONACCI(n — 2)
0 ifn=0
Fr=141 ifn=1

Fn_l+Fn_2 ifn>1

m The algorithmis clearly correct

> assumingn >0
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Performance

m How long does it take?

Let’s try it out...
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Comments

m Different implementations perform differently

> itis better to let the compiler do the optimization

> simple language tricks don’t seem to pay off

m However, the differences are not substantial

» allimplementations sooner or later seem to hit a wall...

m Conclusion: the problem is with the algorithm
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Complexity of Our First Algorithm

m We need a mathematical characterization of the performance of the algorithm

We'll call it the algorithm’s computational complexity

m Let T(n) be the number of basic steps needed to compute FIBONAcCI(n)

FIBONAcCI(n)
1 ifn-==

2 return 0

3 elseifn-==

4 returnl

5 elsereturn FIBONACCI(n — 1) + FIBONACCI(Nn — 2)

T(0)=2;T(1) =3
T(nN)=T(n=-1)+T(n-2)+3 =T(n) >F,
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m So, let’s try to understand how F,, grows with n

T(n) ZFn:Fn_l'i'Fn_z

Now, since Fy > Fp_1 = Fpp = Fr3 > ...

Fn > 2Fn_2 > 2(2Fn_4) > 2(2(2Fr_g)) > ... > 27

This means that

T(n) > (V2)" ~ (1.4)"

m 7(n) grows exponentially with n

m Can we do better?
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A Better Algorithm
0,1,1,2,3,5,8,13,21, 34, ... Idea: we can build F, from the ground up!

SMARTFIBONACCI(N)

1 ifn-==
2 return 0
3 elseifn==
4 return 1
5 elsepprev =0
6 prev =1
7 fori =2ton
8 f = prev + pprev
9 pprev = prev
10 prev = f

11 returnf
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Complexity of SMARTFIBONACCI

SMARTFIBONACCI(n)
1 ifn==

2 return 0

3 elseifn-==

4 returnl

5 elseprev =0

6 pprev = 1

7 fori=2ton

8 f = prev + pprev

© pprev = prev

0 prev = f

1 returnf

1
1

T(n)=6+6(n—1)=6n

The complexity of SMARTFIBONACCI(n) is linear in n



